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ABSTRACT. The notion of probability measure for fuzzy intu-
itionistic sets is introduced and some of its properties are des-

cribed. Also, the notion of a fuzzy intuitionistic random variable

and its basic characteristics are presented.
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INTRODUCTION

K. Atanasov and S. Stoeva have recently introduced the notion
of a fuzzy intuitionistic set [2,3,5] as a generalization of the
notion of Zadeh’s fuzzy set [10]. There were published articles
concerning problems of lattice fuzzy intuitionistic sets [6] and
fuzzy iﬁtuitionistic relations [1]. Then there were disscused fuzzy
intuitionistic programs [4] and the problem of a correlation bet-
ween fuzzy intuitionistic sets [7]. The next article [9] describes
some concepts of measuring the fuzziness and the nonfuzziness of

such sets.



In our article we introduce the_concept of probability for
fuzzy intuitionistic set theory such that, in the case when a fuzzy
intuitionistic set is an ordinary fuzzy set, the introduced pro-
bability reduces to the fuzzy probability measure proposed by Za-
deh in [11] which is - as it seems - the simplest (see [8]).

To simplify our considérations, we assume in this paper that
the space E is finite, i.e. E = {xl,xz,...,xn}. The extension

to more general spaces is possible and it is now being worked on

by the authors.

1. PRELIMINARIES

By an intuitionistic set [5] in the universum E we mean

the structure A = {(x,u,(x),v.(x)): x € E} where the functions
A

A

UprVy * E = [0,1] are such that 0 s uA(x) + v, (x) s 1 and de-

al
fine, respectively, degrees of the belonging (the function uA)
and the non-belonging (the function vA) of thelgiven element x
from E to the fuzzy intuitionistic set A.

An example of such a set is disscussed in [3]. The basic re-

lations and operations on fuzzy intuitionistic sets are defined

as follows:

A cCB <=> uA(x) < uB(x) and vA(x) ZvB(x), VX € E, (1.1)
A =B <=>A¢cB and B<aA, (1.2)
ANB= {(x,uAnB(x),vAnB(x)): X € E} where

uAnB(x) = uA(x) AuB(x) and vAnB(x) = vA(x) V'vB(x),

VX € E, (1.3)



A UB = {(x,uAUB(x),v (x)): x € E} where

AUB
Yaug (X) = Up (X)) V ug (x)  and Vaug (¥) = vp (X) A vB(x) '
VX € E, (1.4)
A' = {(x, uA,(x),vA,(x)); X € E} where
uA.(X) = vA(x) and VA,(X) = uA(x),. ¥vx € E, (1.5)
A « B = {(x,uA.B(x),vA.B$x)): X € E} where
Ma.p(X) = Wa(x) « ug(x) and vA.B(x5.=vA(x)}+vB(x)-vA(x) *vg (),
¥Yx € E, (1.6)
A+ B = {(x,uA+B(x),vA+B(x)): X € E} where
Upup (X)) = Bp (X) +ug (x) -uA(x) -uB(X)
and vA+B(x) =vA(x) -vB(x), ¥X € E; ‘ (1.7)
the symbol A stands for the minimum, and for the maximumm. It can

easily be checked that the operations n, u, -, ', +, are commuta-
tive, associative and satisfy the laws of the Morgan. An ordinary fuzzy
set written down in the convention of an intuitionistic set is the
structure A = {(x,uA(x), 1 - uA(x)): X € E}. The empty fuzzy intu-
itionistic set ¢,={(x,0,1): X € E} and the universum E ={(x,1,0)}.
Moreover, two fuzzy intuitionistic sets A and B are called dis-

joint when A N B = §.

2. THE NOTION OF PROBABILITY

Let in the universum E = {xl,xz,...,xn} a probability measure
n
P = {pl,pz,...,pn} be defined such that P 2 0 vi and i P; = 1

i=1



and p; = p({xi}). Let us define in E . any fuzzy intuitionistic

set A = {(x,uA(x),vA(x)): x € E} treated as an intuitionistic event.

DEFINITION. By a probability of a fuzzy intuitionistic event

in the universum E with a probability measure P defined we mean

-~

the number
-~ n _
P(A) = iil 7 (ua(xy) + 1 = vy (x,))p;- (2.1)
Let us notice that, when A is a Zadeh fuzzy set, formula
(2.1) reduces to .
n _
P(A) = iil uA(xi)pi, (2.2)

which expresses the probability of a fuzzy event defined in [11] by

Zadeh.
For probability measure (2.1) introduced above, the following

properties (which constitute .Kdlmogorov axiom system) hold:

Al) P(@g) = 0, (2.3)
A2) P(E) = 1, | (2.4)
A3)  ANB=g =>P(AUB) = P(a) + P(B). - (2.5)

For example, we shall prove property A3. We have

~ n
P(AUB) = ¢ % (uAUB(xi) + 1 - vAUB(xi))pi =
i=l - ®
no
= B gllua(xg) upley)) +1 = (va (xy) Avg(x;))lp; =



i
WM
D=

[ (uA-(xi) +uB(xi) -uA(xi) Aug(x)) +1 - (yA(xi). +

i=1

+ ovg(x) = v (%)) vB(xi))]pi =

+ igl 3L (xp) + ug(xy) +0) +1 = (vy (x;) +vg(x;) =1 1By =
- n
_ = _%_[ (Bp (%)) = va(x,) +1) + (ug(x)) -vp(x,) + )]p; =
i=1 ~
ool S
= iil 3 (U (xg) + 1 -vA(xi))pi+i§l 7 (ug(xy) +1 -vg(xy))p;=

= E(A) + ;(B).

We use here the remark on the fuzzy intuitionistic empty set and

the property which states that
aVb=a+b-aAb for all numbers a and b.

It can also be shown that

P(a') = 1 - P(a), | (2.6)
A< B => B(A) s P(B), | (2.7)
P(A U B) = P(A) + P(B) - P(A n B). _ (2.8)

3. INDEPENDENCE OF EVENTS

Let two fuzzy intuitionistic events A ‘°and B be given 1in some
finite spaces E, and E,, respectively. Let a probability distribu-
tion P = {p;,Pyse--sPp} be defined in E, and a probability distri-

bution Q = {ql,qz,...,qm} in E2. Let us consider a combined occur-



rence of the events A and B in the universum E = El x E2 in which
the probability distribution is given by Py 5 where Pig = Py ¢ 95
for i=1,2,...,n and j =1,2,...,m.

DEFINITION. We say that events A and B are independent in E
when P(A . B) = P(a) - E(B) where A « B is the intuitionistic
fuzzy set described by (1.6).

The above definition is analogous to that of independence for

ordinary fuzzy events, introduced in [11]. It can be proved that

Tl) Any fuzzy intuitionistic event A and the universum E are
always independent as well as any fuzzy intuitionistic event A and

the fuzzy intuitionistic empty set #.

T2) If intuitionistic events A,C and B,C are independent and

ANB=¢, then the events A UB and C are independent too.

In consequence, we have the following

DEFINITION. By the conditional probability of a fuzzy intu-

itionistic event A, given B, we mean

B(a|p) = 2A : B) (3.1)
P(B)
If A and B are independent, then E(AlB) = E(A).

The theorems-below are wvalid.

THE THEOREM ON TOTAL PROBABBLITY. If Bl’BZ""’Bk are pair-
wise disjoint fuzzy intuitionistic events such that Bl UB2U...UBk=E

and P(Bi) >0 for i=1,2,...,k, then, for any event A in E,

L)



we have
BP(a) = P(B,) +P(A]B}) +...+ B(B,) - P(A]B,). (3.2)

THE BAYES THEOREM. If Al’AZ""’Ak are péirwise disjoint fuzzy
intuitionistic events such that Al U A2 U oo. U Ak = E and Bl’BZ'
...,Bm are also pairwise disjoint fuzzy intuitionistic events such
that B) UB, U ... UB =E and P(A,) >0 for i=1,2,...,k and

P(Bj) >0 for j=1,2,...,m, then, for all i and j,

P(Bj) . P(Ai|Bj)

= = = = | (3.3)
P(B,) -P(Ai[Bi) +...+ P(B ) iP(AiIBm)

holds.

4, FUZZY INTUITIONISTIC RANDOM VARIABLE

DEFINITION. If, to any fuzzy intuitionistic event A in E =
= {xl,xz,...,xn}, we assign any real number, then such a function

will be called a fuzzy intuitionistic random variable for the event A.

1l

(uA(xi) + 1 - v (x.)

Any set of pairs ( . Xi’pi)’ i=1,2,...,n}

2
will be called a distribution of a fuzzy intuitionistic random var-
iable A, where the number x; is its value, and p; = P({xi}).

By an expected value of such a variable we mean the number

7 (uplxg) + 1= v (xy)) - %y

; ° Py (4.1)

with the properties



1) ‘EA(CX) = Cc EA(X), ¢ = constant : ' (4.2)

2) E,(I) = p(a) | (4.3)

where I is the function identically 1,

3) EA(X + Y) = EA(X) + EA(Y) (4.4)

where X and Y are fuzzy intuitiohistic random variables for the

same event A.

(1]

[5]
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