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ABTRACT

In this paper, we introduce the concepts of conditional expectations of
fuzzy events with respect to A-additive measures given a @g-subalgebra and

a mapping, respectively. Some properties of them are investigated.
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1. Preliminaries

Throughout this paper, let X be a non-empty basic set, A be a g—-algebra
of subsets of X, and A>-1. We will denote by P(A) the class of A-measur-
able functions from X to [0, 1], and the elements of F(A) are called fuzzy
events by Zadeh 4 . A set function u,: A —> [0, 1] 1is said to be a A-addi-
tive measure on (X, A)f1], if it satisfies u, (@) = 0, u,(X) = 1 and

(1) {A ,neN} S &y A (A ﬁlme u,(%) = u,(4) (1.1)

(i1) A,B €A, ANB = @ ==>uA(AUB) = u,\(A)mA(B)i-Jx,uA(A)-uA(B) (1.2)
The triplet (X, A, u,) will be called a )\~additive measure space. We say
that two fuzzy events h11’ h2 are u, -equialent, written as h1=h2 u, ~2.e, 1if
there ézist“s:EQ'A," such that {xeX: h #hz}EE and u,(E) =

Obviously, if u, is a a-additive measure, then u’mlog, (1+2u,) is a
probebility measure?) . M™ms we can use the u*-integral to define the

A-integral of fuzzy events £ € P(A) over A€4 as

S, ran *

Syrauy = (1) A7 L 1), vVzema), Ae€a (1.3)



The A-integral of f over X, E,(f) = fodu,‘, is called ) ,~expectation of f.
In order to introduce the conditional A-expectations of fuzzy events, we

may prove the following Radop-Nikodym-like theorems

TN T e

Theores 1.1. Let (X, A, u,) be a A-sdditive measure space. If v, :k —>{0, 1]
is a set function satisfying (1.1), (1i.2) and w«u,, l.e.

ux(A) = 0 (vA€A) —=>v,(4) =0 (1.4)
Then there exists a.unique fuzzy event h € P(&) in the sense of u,-equival-
ence such that vy(A) = Jhau, (VvA€A). (c£.[8])

2. Conditional A-expectation Given a 0=-subalgebra

Let (X, &, u,) be a A-additive measure space, B be a Q-subalgebra of A.
It £€P(A), then v,(A) = §fdu, (VA€A) is a set function A — [0, 1]
satisfying (1.1), (1.2) and (1.4). If we restrict u, and v, to B, then it
follows from theorem 1.1 that there exists a unique fuzZy event h €¥(B)
in the sense of u,-equivalence on B such that f.fdur = fhau, ( vBEB).

Definition 2.1. Let (X, A, u,) be a A-additive measure space and B be &
0-subalgebra of A. For any f € *(A), the conditional A-expectation of £
given B, written as E,(f|B), is a B-measurable function defined up to a

u,-equivalence on B by

S'BB,\(I,\;)dw, = .th_duM vBEB (2.1)

The conditional A-expectation defined above has the following properties:

Theotem 2.1. Suppose f,f €F(A), n>1. Bis& O-subalgebra of A. We have:
(1) EA(EA(£|B)) = E (£)
(2) If £ €P(B) or B= A, then E,(£|B) = £ u,-a.e.
(3) 1 B = {@, X}, then E,(£|B) = E,(f) u,-a.e.
(4) If £ = ¢ u,-a.e., then E,(f|B) =c u,-a.e.
(5) 1t £,4f, €P(A), then E\(f,+f,\B) = Ex(£,| B)+E, (2, | B} EA (£, E(£ D)
(6) 1f £ 4(})f u,-a.e., then E,(£,|B) *d) EA(£1B) =m0



Proof. Straightforward.

Theorem 2.2. (Smoothing Properties)
(1) On every non-null atom B €B (i.e. u,(B) >0 and if C €M CSB then
Q= Bor C= @), E,(£|B) is a constant, the average of values of f on B,

EA(2|B) = 5y Sau, (2.2)

(2) 1f £ ¢ B), ge¥(A), then

i €

E,(fg|B) = £.E,(g|B) u,-a.e. (2.3)
(3) 1f B &B, are two -subalgebras of &, then
EAlEA(2]B,)|B,] = EA[B,(f)uz)\u;;) = E,(£|B;) u,-a.e. (2.4)

Proof. (1) If we set B= {xex: E,(£|B)(x) = ‘E,(le)(xo)}ﬂB, where x € B,
then it follows from the fact that B =B because B is an atom that E,(f|B)
is a constant. In addition, as E,(£IB.u,(B) = JBE,(f\B)au, = Jifdu, and
u,(B) >0, (3.3) holds at once.
(2) For every A,B€MB, we have jAE,.(IB.sll).'du,, = SA(IB.g)du, = JynEBiua
= J‘nBE;(g\B)du,\ aSAIB.E,\(g\B)duA; where I, is the indicator function of
B. Therefore (2.3) holds for the simple functions f € F(B). By theorem 2.1
(6), we know that the assertion holds for any fuzzy event f = limit £ €X(B).
(3) Since B,S B, implies that E,(£|R) is B -measurable, we rl:lx;;gofrom
(2.3) that B,(E.(£|R)|BJ] = Ex(£|B,).E\(1|B,)) = EX(f B;) u,-a.e. In
addition, forevery A €A &M, ve have SAEA(E,‘(f\BZ)\H)du, = SAE,(fllz)duA
= Jpfdux = SyEa(21B)au,. Hence E,[(EA(£1B,)IN] = Ex(f\R) uA-a.é. There-
fore (2.4) holds, and we finsh the proof of theorem 2.2.

3. Conditional )-expectation @Given a Mapping

let (X, A, u)) be a )\~additive measure space, and T be a mapping from
X to X', If we set A' = {A's A'SX', T7'(A') €A}, then it is easily to
prove that A' is a ¢g~algebra on X' which makes that T is a measurable
mapping from (X, A) to (X', A'), and O(T) = ™ () 1s a J-subalgebra



of A. By definition 2.1, we know that E,(£|0(T)), the conditional ) -expec-
tation of f given O(T), is a G(T)-measurable function.

Definition 3.1. We write B,(f£}T) instead of E (£|0(T)), and call it the
conditional ) ~expectation of fuzzy event f given T.

Mram 3.1. Let (X, A, u,\) be a A-additive measure space, and T be a meas-
urable mapping from (X, A) to (X', &'). If & is a A'-measurable function
from &' to [0, 1], and we define u",[:(A') = ﬁ,(T°1‘(A')), VA'€A', then

(1) uf is a )-additive measure on (X', A')

(2) S = ST-1(A.)?0Tdu,\ , WA'EA (3.1)
We may call uj the f-additive measure induced by T on (X', A').
:

Proof. The frist assertion is straightforwards To prove the second asser-
tion, we have r(uf)*(A') = 1og1+)\(1+ Ku{(A‘)) =u*(r1(a")) for wA' €xr,

and by the transformatiom theorem of u*-integrals, we get Jy,Pdu, =

3 -1 (ar)PoTdu*
: A"-((HA)J"yd(u)) -1] = o 10 T (A7) Y JT-1(A.)990Tdu,\

iees (3.1) holds, the second assertion is proved.

Theorem 3.2. Let (X, A, u,) be a \~additive measure space, and f € IA).
If T is a measurable mapping from (X, A) to (X', A'), then |

E,(£|T) =@T w,-a.e. on O(T) ’ (3.2)
Where Pis a A'-measurable function from X' to [0, 1], defined up to a
u, ~equivalence by JA.QduE = jT—1(A,)fduA y VA'EA',

Proof. We define v,: A — [0, 1] end v{ : A' — [0, 1] by vx(4) = J,fdu,,
VACA; vi(A') = v,\(T-"(A')), VA'€ A', respectively. Then v, satisfies
(1.2) and (1.4). Applying theorem 1.1 to u,"? and v, we get a A'-measurable
function @ from X' to [0, 1], defined up to a u.-equivalence by

jA.?duf = vi(A') = JT-1 (A,)fduA s VA' €A’ (%.3)

By the definition of E,(£|T), we have



il'-“(A' )de)\ = JT—1 (A')EA(f‘T)duA » VA' e‘t' (304)
It follows, upon applying (3.1), (3.3) and (3.4), that
Hence (3.2) holds, and the assertion is proved.

On account of the foregoing theorem, we see that E,(f|T) is a function
of the mapping T. As defined, E.(f|T) is a g{T)-measurable function on
the original space (X, A, u,). Hence both interpretations are possible:
either E,(f\T) is considered as a function of the mapping T with.values
E,(£1T)(y) for y = T(x), or it is considered as a fUnctibn on X with
values E,(fIT)(x) for x ¢X, defined up to a uf— or ux-equivalence, respec-

tively. We prefer to consider E,(fIT) as the function on the origrnal spacee.
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