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Abstract

In papers [11 and [2] we: gave the definition of fuzzy pan-integral,
discussed its elementary properties and proved some convergence
theorems of sequence of fuzzy pan-integrals, In this paper, some
transformation theorems for fuzzy pan-integrals are proved, These
results reveal the relations between the fuzzy pan-integrals on fuzzy
sets and the pan-integrals on c¢lassical sets.

§ 1. Definition of Fuzzy Pan-integral

Throughout this paper, let X be a nonempty set and?;’(X) f H A.X—->
[o, 1]} be the class of all fuzzy subsets of X, Also we adopt the

conventions: Om-%), infreglat; at €0, 0]} =00,
m
Definition 1.1 A& nemempty Subset %:"‘o_fvgﬁx)“;&u‘:eall&d:a fuzzy

6-algebra if the following conditions are satisfied:
(1. @, Xe3F;

(2). if AeSF, then A6e9;,

(3). if {An)c“i then UAne_C,?;

Definition 1.2EW Suppose that g is a fuzzy 6-algebra, A function
A _‘Z —>R, is called a fuzzy measure, if it satisfies the following
conditions:

(1. }1(¢)=09

(2). for any A, BeZf, if ACB, then p(A)<u(B);

(3). whenever {ﬁg}c?;, AnChn,1, n=1,2,---, then p(UAn)slimp({-}_n);

n-»o0 r~

(4) o whenever {Anyc %, ApAn+i, n=1,2,---, and there exists Ng,
such that n(Aa)<oo , then p(fyay)=lim p(an).

Definition 1,3 ['JA mapping £: X—*(- 00,00) is called a meagurable
function on‘J if for any €f-00,00] , we have F, ={x. f(x)?c&)eg;

Denote the set of all measurable functions on 9; by M, and write
M*={f: £€M and £=0],

Definition 1.4 Let (X,Z%) be a fuzzy measurable space, (Rg,® ,O
be an ordered commutative semi-ring, PB={E: E€¢ZF and E is a classi-
cal set} (It is clear that ﬁ is a classical 6-algebra contained in

%). Then



(1)¢ If I is the unit element of (R,, ® ,0), the extended real-valued
function on X:

XE(X)={
O if x€E

is called the characteristic function of E, where E€_13;
(2)« The real-valued function s(x):
s(x)= @ (}OXE,(x))
is said to be a simple functlon on X, if 0s%;<®™, Ej€B, i=1,2,"
and ii‘oti,lotj, Ej NEj=@, 1f£J; UE1==X .
We denete the set of all simple functions on X by S.
Definition 1.5 7 Let (X, 3, B, R,, ® ,0) be a fuzzy pan-space,

A€, For any S(x)_jé (d‘@/"—/Ei(x)) €S,

we write py(s)= @ (0O p(ANE;)) «
When f €M%, the .fuzzy pan-integral of f on A with respect to B is

defined by (p)JAf dpa-: su fl)’A(s), where s(f)= {s. s€&S, 0<s<f}
s€8

I ifix€lE

‘1,

§ 2. Transformation Theorems for Fuzzy Pan-integrals

Theorem 2.1, For any given A€%, if we define p*(E)aE'(AnE)
for any E€{, then u* is a fuzzy measure on B. It is called the
fuzzy measure induced by B and A,

From this theorem and definition 1,5, we can obtain the following
result:

Transformation Theorem I. Let A €%, f€M*, and p* be the fuzzy
measure defined in Theorem 2.1. Then (p)J A nE;{ d;’._tf(p)jEf dn*, when-

ever E € B, Particularly, (P)ng %=(p)fxf @1*, where (p)j gt dn* is
the pan-integral given in [3].

Proof. For any E €3, we have

(0)f 4 it = sup ( @(otigp(AnEﬁEj_))F sup ( @ @i0p*(ENEL)))
S€s ses(f) i=l
a(p)jEf du*. The theorem is proved.

Definition 2,1 Let f €M+, f is called a homeomorphic function, if
f is a bijection and f(E)€ 93, whenever E€ 73, where %3,1is the class
of all Borel-sets on R_,.

Theorem 2,2 Let A€%, £fE€M*. If we define p(B)-&(Aﬂf’(B)) for
any B&®,, then u is a fuzzy measure on (R,, D,) .



It is very easy to prove Theorem 2,2 according to the definition
of the fuzzy measire. '

Transformation Theorem II, Let (X,%, li) be a fuzzy measure space,
A€ g, feMNt be a homeomorphic function, u be the fuzzy measure de-
fined in Theorem 2,2 and g: Ry—>R, be a Borel function. Then

(P)I’A_gdd}h(lb)jR_l_g du. Where gof is the composition of f and g and

(p)jR*_g du is the pan-integral of g on R, with respect to .
Proof. We denote s(gef)={s: ssgef, seS}. 5(g)={5: S<g and § is
a nonnegatlve simple function on (R,, B} Obvz.ously: gof € M¥,
If s(x)= @ (di@XE (x)) € s(gef), we take s=2°(if(Ei), then Se3(g).

5o we have P, a(8)= @ CO(ANE;)) =@ (4o (AN (2(E1))))
= é (0‘10}1(1'(31)))=P (8) = su{) PR (3)'(P)5R g dn. and there-
fore (ij'Asof d}zs(p)jR+g gu. Sesle)

On the other hand, if s=>; 8383 €s(g), we take
s(x)= e (QjOﬂ/f-v(B )(x)), obviously s € s(gef). Thus we have
PR, (s)= @ (B;0n(B3))= @ (B;0m(ANT(B4)))

= A(B)< sup 1)’A(s) (p)jAgd‘ dp.

ses(gof
It follows that (p)j R,8 dps(p)jAgof dua. The theorem is proved.

References

(1J. Li Xiaogi, Fuzzy Pan-integral, BUSEFAL, 33(1988), 104-112 .

[2]. Li Xiaoqgi, Further Dispussions on Fuzzy Pan-integral, BUSEFAL,
35(1988), 38-44 .

[3]. Yang Qingji, The Pan-integral on the Fuzzy Measure Space,
Fuzzy Math, 3(1985), 108-114(in Chinese).

[4]. Wang Zhenyuan and Qiao Zhong, Transformation Theorems for Fuzzy
Integrals on Fuzzy Sets, FSS, 32(1989).



