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ABSTRACT, In this paper the definition and theorems of grey
subgroup are introduced And on this basis, the re(ationship
between grey swbgroup and fuzzy and general subgroup is
discussed. There are also studies of grey normal subgroup.
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[. INTRODUCTION

A - Rosenfeld defined fuzzy group in (97(. Wu Heqin and
Wang Qingyin gave the concepts and properties of grey set
in 1988.We shal( study the grey group on this basis,
Definition {, Let G be a non-vacuous set If G satisfies,
() G is closed under product, or X,y € G—xy € G.
(@) The product in G salisfies (aw of association, or

VX, ¥, 2 € G—~(xy)z=x(yz).
3) There exists a unit in G,or 3e€h,s.t. VX€G—rXez-ex=x,
@) Every element in G are invertible,or ¥Wx€G, Ix*€G,
s.t.xx?=xx=e,

Then G is cal(ed a group,

If G satisfies ﬂ),ﬁﬂband @3), then 6 is called a monoid,
If G satisfies (1) and (2), then G is called a semigroup.
Definiion 2, Let G be a semigroup,A he a non-vacuous subset
of G.If [Jacxy)>min{ Jax), Ta (), Uaxy)>ain{ Lp(x),
KaC¥)}, WX,y €06, then A is called a grey subsemigroup of G.

If Upaxp)=ain{ Jax), Ua¥)), VX yE€G, then A is
called a strong grey subsemigroup of G.

[t’s obvious,a strong grey subsemigroup is a grey sub-
semigroup.



Definition 3, Let G be a monoid, A be a grey subsemigroup of
6.1f [ate)> Upa0), UpCe)> [a(X), VXEG, then A is
called a grey submonoid of G,

Definition 4, Let A be a strong grey subsemigroup of the
monoid G, if [Jp(e)> [L\(x), vwx€G, then A is called a
strong grey submonoid of G.

It’s obvious, a strong grey submonoid is a grey submonoid.
Theorem [, Let G be a monoid, A be a non-vacuous grey subset
of G, Aa,:(xlx(EG, LLA(X);aa}(a(E[ﬂ,[})be a non-vacuous sub-
set of G.If A is the strong grey submonoid of 6, then for any
a€ (0,1],Aa is the submonoid of G.

Proof,() Let A be the strong grey submonoid of G and x,y € Aa,
then Up(x)>a, QA(y),}a_Hence QA(xy)>ni'n{ .ﬂA(x),ﬁA(y)}
=>nin{ LJa(x), Jp(¥)}>a,s0 Xy € Aa,

(2) Since G is the monoid, hence for any X,y € G, (Xy)z=x(yz).

So for any X,y € Aa, (xy)z=x(yz).

(3) Since A is the a strong grey submonoid of G, hence for any
x€Aa, [a(e)> [p(x)> La(x)>2.S0 e€ Aa,

From (1), (2) and (3) we have Aa is the submonoid of G.

[1.CONCEPTION OF GREY SUBGROUP |
Definition 5, Let G be a group,A be a non-vacuous grey sub-
set. If (1) Jpxy)>nin{ Ty x), JaCH)), Upxy) >min{ s (x),
HaH ) VX, y €6,
@ Uaxh> Ta0), Laxh> Ha(x), vx, ¥ EG.
Then A is called a grey subgroup of G.
Definiin 6, Let A be a grey subgroup of the group G, if for
any x,y€G, [Lg(xy): [LQ(yx), AJA(XV): 4£A(yx),then A is
called a commutative grey subgroup.
Definitin 7, Let A be a non-vacuous subset of the group G.
If () Upxy)>mind Jacx), A, v,y €6,

@ Upx )> Oa(x), VXEG.

Then A is called a strong grey subgroup.



[t’s obvious,a strong grey subgroup is a grey subgroup.
Theorem 2, Let G be a group, A be a gery subgroup of G, then
) Tax™h= Ua0, UaxhH= Upx), VX EE.

@ Oger> JUax), Uale)> Ua(x), v, y €6,
Proof, (1) Since A is the grey subgroup of G, then

Opxh> Jacx, vx€6,  Atse Jax)=JaxHH>UaxH,
vx€G,s0 Jax™h= Jpx), VX €6,

[n the same way we can also have [Jp(x)= QaA(X), VXEG.
@ UpCe)= JpxxH>ming JOACx), atxh)= JpaCx), ¥XEG.

[n the sawe way we can also have [Jp(e)> Lp(Xx), VXCBG.
Corollary, Let G he a group,A be a strong grey subgroup, then
Uate)> Ja(x), YXE€G.
Theorem 3, Let G be a group,A be a non-vacuous grey subset
of G and Let Aa,b:{xlxéG,ﬂA(x)aa,uA(x)>b}. Then A is the
grey subgroup of G if and only if for any a, b€ [0, (], non-
vacuous subset Aa,b is the sﬁbgrouﬁ of G,
Proof, We have known for any a,b¢€ [(, [], non-vacuous subset
Aa,b is the subgroup of G.Cheoose any X,y € G, Let min{ [Ja(x),
JUay) }=a;, min{ MACX), JpCy)}=by . Then Aai, by is a subgroup
of G and X,y € Aa;, b,, hence xy€ Aa;,b;. So

Upxy)>a =nin(Jax), A} My (x¥) by =min{ {5 (x), Yo,

Choose x €6, Let [Ja(x)=ay, jJp(x)=by, then Aa,, b, is a
subgroup of G and x€ Aa,, b,  Hence x"'€ Aa,,b,, So
Uaxh > a,=0px), UaxH>ba=fia(x).

From definition 5 we have A is the grey subgroup of G.
Also,we known A is the grey subgroup of G.Choose any a,
b€ [0,1] and Let Aa,b#~f# and choese any x,y(—:Aa,.bl,Fron theo-
rem 2 we have BA(y"):ﬂA(y);}a,L__J_A(y"):gA(y)>b, hence
Datxyhzaint Jax), OatyHi>a, Uptxy)>ain( LJa(x),

HaCyDl=b, thus xy™€ Aa, b,
So Aa,b is the subgroup of G.

{



[11.RELATION BETWEEN GREY SUBGROUP AND FUZZY AND
GENERAL SUBGROUP

Let G be a group,A be a grey subgreup of G If the upper
and (ower subordinate functions of A are equal(, or
JOAC)= UpA(X), YXE G, then change the grey subset A of G into
the fuzzy subset Hence change the grey subgroup A of G into
the fuzzy subgroup. :

Let G be a group,A be a fuzzy'subgroup of G.If subordinate
function of A, [Jp(X) €{0, 1}, VX €G, then change the fuzzy sub-
set A of G into the geaerat‘subse{,ﬂance change the fuzzy
subgroup A of G into the general sabsreup.

Hence general subgroup is a particular example of fuzzy
subgroup, Fuzzy subgrbug is a particutar example of grey sub-
group.

So grey subgroup = fuzzy subgroup = gemeral subgroup.
Theorea 4, Let G be a group. If A is a stroag grey subgroup
of G, thean A is the fuzzy subgroup of G,

Proof, Since A is the strong grey subgroup of G, then for all
X€6, Up(0)= PplxHNm TatxH> Paxh> Oacx).
Also, from the definition of grey set we have [Ja(x)>
> UpCx), Yx €6, Hence [Jp(x)= LUa(x), WxEG.
So A is the fuzzy subgroup.
[V, GREY NORMAL SUBGROUP
Definition 8§, Let A be a grey subgroup of the group G,a be
a any e¢lenment in G Then grey subgroup aA and Aa of G de-
fined by [Jaa (x)= UACEX), Ugp (X)= JJACHIX), WX € G and
Hag (0= Ta(xa™), Upg (XO=Lq(xa™), W€ G,

aA and Aa are called the (eft and right cosets of the
grey subgroup A, '
Definition 9, Let A be a grey subgroup of the group G, If
the (eft and right cosets of A are equal;or XA=AX, WX €G,
then A is calted a grey norma{ subgroup.



Theorem 5, Let A be a grey subgroup of the group G, the
following are equivalent,
() A is the grey norma( subgroup of 6.
@ UptxyxhH> UA(y), Malxyxh> UA(yLVxEG
@ UaxyxhH= Jay), HaxyxH= Laly), ¥x €6,
@ A is the commutative grey subgroup.
Preof, ()~——@)
A is the grey norma( subgroeup of G, ~wx €6, xA = Ax,
—~vxy €6 JaCx)= Uxp(¥)= Uag (9= DA, Yo xHy)=
= Maa (V)= Upg (9= Layx),
—~ V%, ¥ €6, UACxy)= TAWYR), WACXY)= JpCyx0).
—A is the commutative grey subgroup of 6.
In the same way we can also prove A is the commutative
grey subgroup of G—A is the grey normal subgroup of G,
Hence ({)~—@).
@—@
HA(xyx“)> JOAW), VX, y€G, — EA((X")y(x")“): Jacxtyx)
> JUa)= Datxitxyx)x)> Oacxyx)> Jay), VX, ¥€G.
— JatxyxH= Tay), vx,y €6, |
[n the same way we can a(so prove UA(xyx ) > UA(.V),
VX, ¥ €6~ Lp(xyx = Haly), VX, y €6,
@—@
Let yx=y, then y=yx™ Thus,UA(y)—UA(xyx“),QA(y)—UA(xyx“)
— )UA(yx) L!A(xy),,UA(yx) Ha(xy).
@—Q@)
Dalxyx¥)= ;UA(x"‘yx) }JA((x“x)y)>nin{ ,UA,(x“x),,UA(y)}
= min{ JacCe), Ua}= Jay), vx, y€G.
In the same way we can a(so have}:_JA(xyx")DgA(y),Vx,yGG.'
Hence @)+——@)«——@).
S0 ()——@——@)——=@).
Theorem 6, Let G be a group,A be a non-vacuous grey subset
of G ,Then A is the grey norma| subgroup of G if and onty if



for any a, b€ (0, 1], non-vacuous subset Aa, b={x|x€G, [Ja (x)>a,
Hp(x)>b}is a normal subgroup of G,

Proof, If A is the grey normal subgroup of G, then for any a,
b€ [0,1],Aa,b is the subgroup of G (from theorem 3 we have
it),

Now we sha(l( prove the normality of Aa,b,

[f wx€G,\Vy€Aa,b, then ﬁA(xyx")> ﬂA(y)}a,gA(xyx“)
> Ua(y)>b, hence xywi€ Aa, b,

So Aa,b is the norma( subgroup of G,

Now suppose the non-vacuos subset Aa,b is the normal sub-
goup for any a,b¢€ (0, [].From theorem 3 we have A is the grey
subgroup of G.

We shal( prove the grey normality of A,

Let x,y€ G and ﬂA(y):a,A_J_A(y):b, then y € Aa, b,

Also Aa,b is the normal subgroup, hence xyx~'€ Aa, b, Thus
for all x,y€6, Upaxyx)>a= Upy), UpxyxhHab= Uacy).
So A is the grey norma( subgroup of G.
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