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Abstract: On the base of the continuous grey function, we stu-
dy the continuity of -elementary grey tunction in this article.
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In classical mathematics, we know that the elementary func-
tions are all continuous in their domains (except that the do-
mains is acnode). How are about the elementary grey functions?

Similar to the classical mathematics, we can give out the |
elementary grey functions as follows.

The functions obtained from the basic elementary real func-
tions after extension are called basic elementary grey func-
tions.

The functions obtained from the basic elementary grey func-
tions after the élgebraic operations and the compositions are
called the elementary grey functions.

Now, we study the continuity of the elementary gray function.
Lemma. If y=f(x) is a continuous real function. [a,D1], [2e,be]
lie inside the domains of the function f(t), then there must be

a real number >0, such that if max{|a-as|, |b-bol}sd , then

max{|inf £(t) - inf £(t)[, |Sup £(t) - Sup £(t)]|y<max{2Sup | £(t)

t¢fa, b] t€ [20,bo] te [a,b] t€ [a, , bo] [t-Qdlsla~a0]
- f(ae)|, 2Sup |£(t) - £(bo)]}
[t=Dol< | D~Dy

Proof. (1) If both supremum and infimum of £(t) on [a.,blare



obtained from inside (ao,be), then as f(t) is a continuity,
there must be a real number §>0, such that if max{la-a,l,|b~b,|}<d

?

then inf £(t) = inf f£(t) sup f£(t) = sup f(t)
t €[a,b] t€[a,,be]  te[a,b] t€[ao,bo]

Such the inequality in lemma is true.
(2) If only one of supremum and infimum of f£(t) on [ao,bdlis
obtained at the endpoints of [a,,bs]. Suppose sup f(t) = f(ao)
teao,bo]
1) If £(ae) > £(bo) |
Since f(t) is a continuity, mamely lim £(t) = £(&,), lim £(%)
t"ao t"bo

= f(bo) there is a number &,>0, such that if max{|a-zo|, |b-bol}

< &, , then sup £(t) = f(a). Therefore we have

t€a, b]
|sup £(t) - sup £(t) | = | £(a) - f(as)|'< 2sup|f(t) - £(ay)].
t€fa,b] t€[2.0 5 Do) B | =Py P W PY

2) If f(ao) = f(be)
With the same reason that £(t) is a continuity, & number &:>0

exists, such that if max{|a -ao|, [b - bol}<{,, then sup £(%)
! : t€a, b]

| = f(a) or f£f(b). Now, there is

Isup £(5) - sup £(t) | (=]£(a) - £(ae)] or |£(b) - 2(by)|)
t€[a,b] t€[ao, bo]

smax{ 2sup |£(t) - f£(ao)| , 2sup |f(t) - f(bo)l}.
[t-2algla—ao| [t=Delg | b=bs]

In short, & number &30 exists, such that if max{[a - aqly |b -

bo|}<3, then

[sup £(t) - sup £(t)]|g ax { 2 £(t) - £ y 2 £(t) -
S Teefare P LAY - 2ol 2o (o)

(0o )|}
From (1), we know that there is a number 5o>0, such that if

max{[a - ao|, [b - bo]}<d, then inf £(t) = inf £(%).
t€f2, ) t€[ao,bo]



From (2), we know that there is a number $>0, such that if
max{la - ag|,|b - b°|}<5l, then

Isup £(t) - sup f£(t)lsmax {2sup | £(t) - £(a,)}, Zsup‘lf(t) -
t€fa, 1) tefa, 4 o) | t~8o[<|a~8o] [ t=bol€[b~1,|

£(be)l}.
Similar to the discussion of (2), we know that there exists
a number §’>0, such that if max{la - ao|, |b -b|}<d} then

[inf £(t) - inf f£(t)| < max { 2sup |£(t) - f(ae)|, 2suplf(t) -
t¢[a, b] t€[a, , o] [t-adsia—ao| [t=Dbolg[b~bol

f(bo)l}.

Let &= min{§,§%. If mex{la -ao|, |b - bo|}<§, then the ine-
quality in lemma is true. That's all.

Theorem. Assuming y = f(t) is a continuous real function, we |
obtain a grey function after its extention, which is denoted
y = £(x) x€D. D is the subset of classical rational grey numbers.
Therefore, the grey function y = f(x) x €D is a continuous grey
function.

Proof. VXo€D. Suppose xo = [ao,b,] . VE>0, V€D, since xo =
[80,bo] , SO we suppose x = [a,b] (because if x = [a,b], then
dfx,x0]21).

Now, we come to the proof. There exists a number §»0, such
that if d[x,xe]J<§ , then d[f(x), f(xe)] <€ .

In fact, since y = £(t) is a continuity real function, for
above £>0, there exists two numbers §;>0 and §,>0, such that

If |t - agl<d , then |£(t) - f(as)[< &5; |

if |t - bol<& , then |£(t) - £(bo)|< €.

From the lemnma, we know that there exists a number 53>O, such

that if max {|a - ag), |b - bol}< &5 , then



max { |inf £(t) - inf £(t) |, |sup £(t) - sup £(t)]}
te[a,b] té[aqs, 0] - - té[a,b] tefa,,bo}-

gmax{ 2sup [£(t) - £(a,) , 2sup |£(t) - (Bo)| }.
[t-8o0l¢ [a-a.0] |t~Dol< =Dl

Let &= min{§,,§ 4,1} . When d [x,%X, ] = max{ |2 .-a0l,|b - bol,
linf[x]- inf[x.]|}= max{|a -ae|, |b - Dbo|}<§, We have

aff(x) , f(xe)] |
= max{|P[£(x)] - Ple(xo)]], lQ[e(x)]- Q[£(x)]], |inf[£(x)]-
inf [£(x,)]]}
max{|P [£(x)] - p[f(xa)]l,‘lQLf(x)] - Q[f(xa)l]}

max{|inf £(t) - inf £(t)|, |sup £(t) - sup £(t)|}
té[a,b) tefa,,be]  teE[a,b] t€[a,,Dbo)

max{2sup | £(t) - £(ao)| , 2sup | £(t) - (be)|} £ 2¢4<E
[t-acigja-ao] {t-Do|< |b=bo|

IN

So far, we have proved that the grey function y = f(x) xeD
is a continuous grey function.

From the algebraic operations and the compositions proper-
ties of grey limit and the definitions of a continuous grey ¢
function, we know it's trivially true that the continuous grey
functions after élgebraic operations and compositions are con-
tinuous grey functions. Again from this theorem and the al-
ready known results of thevelementary continuous real functions,
we can obtain the following results: -

The elementary grey,fundtions”are continuity in their domains
(except that the domains is acnode) and the grey functions are
continuity that obtained from the continuous diselementary real

functions (such as the piecewise continuous function) after

extension.

This is an important result. If f(x) is either an elementary



grey function or a grey function that obtained from the conti-
nuous diselementary real functions after extension, xo lies
inside the domains of f(x), then f£(x) is continuity at point xo .

According to the definitions of continuity of a grey function,
we obtain the following formula

lim f(x) = £(X,) = £(1lim x)
X-»Xo X-»Xo

This shows that the order of "limit" and "f" can be reversed.

This is helps lot to the calculating of the limit of an elemen-

tary grey function.
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