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In this paper, following Sugeno's fuzzy measure, we introduce the con-
cept of ¢ -~ fuzzy measure which can be more suitable in describing subjec—~
tive measure problems than fuzzy measure in some cases, Then, refering to
[2], we extend the concepts of autocontinuity and null - additivity of
fuzzy measure to c - fuzzy measure and obtain that autocontinuity and
null - additivity of ¢ = fuzzy measurs are equivalent,

1 INTRODUCTION

The concept of measure describes the character in problems which have
the property of additivity. Sugeno ([1], 1972) introduced the concepts of
fuzzy measure and fuzzy integral which reduce the additivity of measure to
monotonicity and continuity so as to be suitable to the nature of subjec-
tive measure. wWang ([2], 1984) introduced the concepts of autocontinuity
and null - additivity of fuzzy measurs and got a lot of famous results about
fuzzy measures and fuzzy integrals, especially about convergence theorems.

In this paper, first, we modify fuzzy measure into c - fuzzy measure
which satisfies continuity not only to monotone sequences, but also to
arbitary monotone set classes whose powsr are not more than c (i.e. ).
The reason that we introduce the concept of c - fuzzy measure is that
subjective measure should be continuous not only to monotone sequences,
but also to arbitary monotone set classes. In addition, subjective measure
problems rarely meet monotone set classes whose nowsr are more than c. So,
in definition of ¢ - fuzzy measure, we confine the set classes to be ones
whose power are not more than c. Second, similar to [2], we introduce the
concepts of autocontinuity and null - additivity of ¢ - fuzzy measure and
obtain they are equivalent,

? FUZZY MEASURE AND c - FUZZY MEASURE

Let X be a non - empty set and £ be a o - algebra of subsets of X.

Definition 2.1 set function u: % — [0, +) is called a fuzzy maasure
if u satisfies

(1) u(g) = 0;
(2) for all A, 3 € ¥, A B, there hold u(A) < ul(B);

(3) for all monotone sequences {A }°, — %%, there hold uflim A ) =
nin=1 naewo N _

lim u(An). {(Xy %, u) is called a fuzzy measure spacs.

n >

Definition 2,2 Fuzzy measure u is called null - additive if for all E, F €
I, ulF) = 0, there hold u(EUF) = u(E).

Definition 2.3 Fuzzy measure u is called autocontirunus from above (resp,
from below), if for all A € % , {Bnin";c; %%, u(B_) = 0, there hold

u{AlJBn) —> u(A) (resp. u(A - Bn) — ufa)),



u is called autocontinuous if u is autocontinuous not only from above,
but also from below,
Definition 2.4 A non - empty set class ¥ C % is called a chain if for
all A, B¢ Z, there hold ACB or BCA, A
Definition 2.5 ¢ - algebra ¥ is called ¢ - algsbra, if for all chains
3y %1% c (1E| means the power of ¥), there hold U¥ =Al&J§A €F and NE

=MNA € F.
ALY

If ¥ is a c - algebra, we call (X, &%) a c - measurable spacs,
pefinition 2.6 A fuzzy measure u on c - measurable spacs (X, ) is
called a ¢ - fuzzy measurs, if for all chains ¥, [F|# c, there hold

ulJ¥) = sup u(5) (2.1)

u(N8) = inf u(¥) (2.2)
where sup u(}) stands for Aseuf u(A) and inf u(3) forhi&f‘ u(a).

Example 2,1 If X = {x", x2, ...7;, ;? = 2x, u is an arbitary fuzzy measure
on (X, ¥ ), then (X, ¥) is a ¢ - measurable space and u is a c - fuzzy
measure on (X, % ).

Example 2,2  Let (X, ¥, u) is a fuzzy measure space. If & is countable,
then (?,; ) is a c - measurable space and u is a ¢ - fuzzy measure on

(Xy ).
Example 2,3 Let X be an arbitary set, ¢ = 2X, u is defined as
u(a) =1, : Xg € A,
= 0, Xo e A,
then (X, ¥ ) is a c - measurabls space and u is a c - fuzzy measure on

(X, &). '

and

3 AN EQUIVALENT DEFINITION OF c - FUZZY MEASURE

Theorem 3.1 Let (X, 7 ) be a ¢ - measurable space. Fuzzy measure u is a
¢ = fuzzy measure if and only if for all well ordered chains I, |g|4&¢c,
there hold (2.1) and (2.2).
Proof Necessity is obvious. Now, we prove sufficiency.

We only verify (2.1) is true for all chains ¥, |%| £ c. The case to
{(2.2) is similar, .

Let ¥ be a chain, |}/ € c, If ¥ has the greatest set B (i.e. for all
R€ 5, it is true that A < B), it is easy to know (2.1) is true,

If ¥ has not the greatest set, well order £ to’z = {A1, A2, ceey Ay

...},\< ¢ (where XA are ordinal numbers and ¢ is the least one of ordinal
numbers whose power are c). In this time, {AAJr< e may not be a chain,

Note AL, = A1 and T1 = {A< &3 A>1i,, ArCm » AL C ArY, then T1 # ¢
(if not, % will have the greatest set). Note is is the least ordinal num-
Zer of T1, T2 = { A<c; A> i/, 1, AAEZ » AL, C A\, AL, < A)}, then T2

a. .

Using induction principle (of general well ordersd set), we can get a
well ordered chain 3 = {Ai, 9 Ai.’)_, evey Aiw, eney Ai}. ooo})\< c .

From the supposition mentioned above, we have

u( U$) = sup u(3).

It is sasy to know that U¥ = U3 and sup u(¥) = sup u(4) and the con-
clusion follous, :



4 NULL = ADDITIVITY, AUTOCOMTINUITY AND PROPERTY(S) OF ¢ = FUZZY MEASURE

Definition 4.7 c-fuzzy measure u on ¢ - measurable spacs'(x,_ir) is called
null - additive, if for all A, B € #, u(B) = 0, we have u(AYB) = u(A).
DEfinition 4,2 Let {aA})\< o c‘R1 be a well ordered set (to ordinal num-
ber ). We note the least condensation point of {a,§ by {*? a, and the

biggest condsnsation point of {a»} by Iim a,. e call lim a) exists if
lim 8, = ,{j‘_)mo a,e ASC P X

AT

Definition 4.3 ¢ - fuzzy measure on c - measurahle space (X, F) is
called autocontinuous from above (resp. from below), if for all well or-
dered set classes{i},,,C ¥+ A €F , }\amc u(A,) = 0, there hold

Yim u(AyA,) = u(A)

Definition 4.4 1If {A,}x . ¢ is a well ordered increasing (resp. decrea-

sing) cuain, we note lim Ay = \J Ay (resp, lim Ar=[)YA).
AC Aee ADC e
Definition 4.5 For all well ordered set set classes { A }, < ofto ordinal

number x), we note lim A=\ NA, and TIm A =N YAy. If Lim A, =

ASC AL asWe ASe ACC ASUSL AIC
Tim Ay, we call lim A) oxists and define lim A,= lim A, or lim A, = LIm Aa.
AL A A= 5c AV ArcC

Theorem 4,1 If u is a c = fuzzy measure on measure space (X, ? ), then
for all well ordered set classes {i\‘\_ﬁ,& c C# 4 we have
< £

u(Lim AN) £ Mo u(Ay) £ Iim ufAr) £ u(Iim ax)
Theorem 4,2 If ¢ - fuzzy measure u is autocontinuous from above or from
below, the u is null - additive,
Theorem 4,3 Let u is a c - fuzzy measure on c - measurahble space (X, j:).
If u is autocontinuous from above (resp. from below) and {B,} ccC # is
a well ordered set class, }i@,”(ﬂk) = 0, then there exists {Bx,§c {Ba}

such that u(Iim B ) = 0 (resp. for all A €F , u(A - ;3@ Byg ¥ = u(R)).
proof  From {ig u(Br) = 0, we can choice a set sequence 1B new ©

1B, } x< c such that
lim u(B,, ) =0
0

where wis the least infinite ordinal number.,

This result transfers the problem to the case of fuzzy measure and the
rest of the proof can be found in [6].

Sun [6] introduced the property(S) of fuzzy measure. In the following,
we extend this concept to ¢ - fuzzy measurs, .
nefinition 4.6 We call ¢ - fuzzy measure u on ¢ - measurable space (X )
has the property(S) if u satisfies for every well ordered set class {H,f
Zy }%ﬂ,u(a*) = 0, there BXlStS‘{BAS} Cf{BAf such that

U(m B,\:) =0

Theorem 4,4 *8 - fuzzy measure u on c - measurable space (X, %) is auto-
continuous from above if and only if u is null - additive and has property/S).

Proof Necessity can be gotten from Theorem 4.2 and 4.3, Mow, we nrove
sufficiency.

A<ce C



IfACF,iBac e ©F is a well ordered set class, lim u(Br) = O,
then there exists {Ba,}.c., < {Bx} such that Are
,l\é,"é u(Aus,) -_'l\ir:c u(A\ BM)

This conclusion changes the proof into the case of fuzzy measure and
the rest of the proof can be found in [6].
Theorem 4,6 c - fuzzy measure u on c - measurable space (X, F ) is auto-
continuous from above if and only if u is autacontinuous from below.
Proof. From Theorem 3.4 and 3.5, we know if ¢ - fuzzy measure u is auto-
continuous from above, then u is autocontinuous from below. '

Now, we prove if u is autocontinuous from below, then u is autoconti-
nuous from above. If the conclusion is not true, then there exists A ¢ & ,

€ >0 and a well ordered set class {B },. c © %, lim u(B,) = 0 such that
for all A< c, Ave

u(AUB,) > u(A) + &
8ecause }\'ig' u(B,) = 0, we can choice 180, fhew € {Balac o which satis-

fies %;gLu(B)n) = 0 . This result maks the problem to the case of fuzzy
measure and the rest of the proof can be found in[6].

Theorem 4,7 ¢ - fuzzy measure u is autocontinuous if and only if u is
null - additive and has property(s).

5 EQUALITY OF AUTOCONTINUITY AND NULL ~ ADDITIVITY OF ¢ - FUZZY MEASURE

Tn this section, we shall improve Theorem 4.7 and obtain that autocon-
tinuity and null - additivity of ¢ - fuzzy measure are equivalant,

First of all, we introduce the concept of atom of set class.,
Definition 5.1 Let {A,; A€ A} be a sat class of X, A is the index set.
For every I < A, define D(I) = QM_ - j&}l Aj. We call D(I) an atom of

.- €1
TAxs AEAY to index I(if I =g, (A1 =X and UA; =g).
THeorem 5.1 For all sub - set classes {AAs A€ X = A}, the result of

arbitary unions, intersections, differences and complements of AA( Ae—Kﬁ
can be the form of some D(I)s.

Theorem 542  Autocontinuity and null - additivity of ¢ - fuzzy measure
are equivalent,

Proof  Theorem 4,2 is the necessity of this theorem. In the following, we
prove sufficiency.

If u is null - additive and not autocontinuous, from Theorem 4,7, we
know u does not have property(S). Therefore, there exists a well ordered
sat class {B,}.. ¢ C % such that for all 1Ba § = {B,3, there hold

Now, we shall choice {8, ;} <{ B,} which satisfies lig Bay exists, If

S
this kind of {8, } exists, from }irrau(BA) = 0, we have }})mou(s,\s) = 0.

From Theorem 4.1, it can be gotten that
0<¢ uflim B = ul{lim B = 1lim u(B = 0
< LT xs) (<9c AS) s»e ( )*)
This is a contradiction. ‘
From %1@ u(B,) = 0, we know there exists {B)@}
-»>

limu(B,.) =0

new such that



note b = {p(1) = Y8 50(1) # 0, I is infinite). Tt is easy
to obtain that the power of 3 is not more than c and lim By = Us.

Well order 3 into {D‘l, D2y e0ey DAy coe })\<c- Lef Di. = D1, we can find
a sequence { B, | ¢ {8y} such that all 8}’ 5pi,.
va1ously,

) (4]
Di, < lim 80 lim By, c Di, U ,EJ)M,D"

Let T1 = {A> i3, thera exist infinite BY 5 D\§. If T1 = g, then
oi, lim BA c lim B'x, < Di,

and lim B“ GXlBtS and the conclusion follows.

IF T1 # B, lat i, be the least number of T1 and similarily we can get
{80} {82} such that all g 201, Therefors,

i, U DL, ;; By C lim B < 0i, U DiU m\i\“n,\
2
Let T2 ={ A >i;, 11; there exist infinite By D Date

Repeating above process one by one, we have For one n<w, Tn = g and
11m Bx exists, the conclusion follows, or for all n<w, Tn # 4.

If the 1ater case happens, dsfine
{B(lj q(!l }
9’ A 9 eevs
we can ueriFy that

um,,c_lim B‘;"clim B cUDan U D,
n<w n N, ~¢A<e :
Regarding B as {B" s We can still repaat above process, Using

induction princlpie (of general well ordered set), we can obtain for one
X< €y Tx = ¢ and the conclusion follows, or for all A< c, TA £ d.
If the later case happens, then For all A< o,

Dl|UDiz_ \.)00. U Di;,\c llm B) [l 1im BM’ CDi] UDi U eos U DiA U
) Y
D

"\'1'1 \‘A(A<c
Let {Br) = {8 , B,y eees BD Yy eee ce In this moment, the power of
A % AL
{8, may ba c but not more than o and

Di UDlL U...UDi)\ U ...C lim B‘\ < T— B)\SCDiluDiL U oo

UDiA seoe
therefore,-}}g By exists and the conclusion follows.
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