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In [4] & new model for quantum mechanics was suggested
(so=-called F=quantum space) based on the fuzzy sets theory
and analogous to the theory of quantum logics (L 6] ). Whnile
in the theory of gquantum logics the sum of observebles need
not exists ([ 1] ), in the Fequantum space theory the sum
exists always ([ 34 51 Yo In this note we consider a more
general structure ( {2]) including Pequantum spaces as well
as quantum logicse. In the fremework we study the problem of

the existence of the sum of observablese.
Definitions

By a QP=lattice (= quasiorthocomplemented lattice[ 2] )
we understand a 6 =complete lattice M with the greatest elew
ment 1 and the least element O with a mepping ai—> &’ satisg-
fying the following conditions: (i) (a®)? = a for every a€ Mg
(i1) a € b => b* & a* ,

An observaeble is a 6 =homomorphism x:B(R) —>M defined
on the 6 -algebra of all Borel subsets of the real line, i.ce
e mapping satisfying the conditions: (i) x(E?) = (x(E))gs for

every Borel set Bz (ii) x(\U Bn) = \/ x(En) for every sequence
n n

of Borel setse

As a classicel example a probability space (X,S;P) can be
considered with M = S, To every random variable fsX—> R an
obgervable x:B(R)—> M can be assigned by the formula x(E) =

= f"1 (E)e A more general case is an P=quantum space, ie.es &



family M of fuzzy subsets g of a set X (g:X—> <0y 1> ) such
that (i) 1y€M 3 (i1) £€M = 1 = fEM 3 (1i1) £ €N (n=172400s)
==  Sup fneM. On the other hand every quantum logic is
a QP-latt?ce. EegZe if M is the family of all subspaces of a
given Hilbert space, then as aAb one can consider the intere
section of the subsbaces a and b, avb the subspace generated
by a and b and a’ the orthogonal complement of the space a.

Now we shall define the sum of two observables X,¥:B(R)—» M.
We say that the sum exists, if there is and observable z:B(R) —>
—>» M such that

2((moogt)) = r\‘é (X(moyT) A Y (= 05t o))

for every t €Re The observeble z is then called the sum of x
and y and it is denoted by z = X + Ye
As a motivation two random variables fyg:X —» R can be con=-
gidered, Then f + g<t iff £< %t « ge In this case one can choose
r€Q such that f<r<%t = g, iece £<r and g<t = ro Therefore
{u 3 f+g (u)< ¢ } » ;é{ u g flu)< ry glu)< ter } =

- rké{ (27 (= =;2) 0 g™V (moogbmr)) o

Results

Theorem 1. Let M be a 6 =disfributive QP=lattice (i.e.
aA \/an =V (a/\an) for every &, ane M), Then there is the

n n
sum of every observables X, y:B(R)—> M.

The condition that M is 6 =distributive can be substitute
by & weaker one. Two elements 8,b€ M are called to be compatible
(ae—>Db), if a = (aAb)V (aAD®) and b = (aAb)v(bAa®),

A @ -complete lattice M is called C=6 =distributive, if



aA (\/ a,) = V (a/\an) whenever a < a, for every n. Recall
n n

thet every quantum logic is C= & =distributive.

for

Theorem 2., Let M be & C= b =distributive QP=lattice. Then
every compatible observebles x,¥ysB(R) —>M ( i.es, such that

x(E) <—» y(P) for every Borel sets E, F) there exists the sum

X +

[1]

(21

(31

(4]

[5]

(6]

Ve

References

Dvuredenskij, Ae: On a sum of observables in a logice.
Mathe Sloveca 30, 1980, 187 - 196,

Dvuredenskij, A.: Compatibility theorem for quasiorthoe
complemented lattices. To appeear.

Dvurelenskij, Ae = Tirpdkovd, Ae: A note on a sum of
observables in PFequantum spaces and its properties.
Busefal 355 1988, 132 = 137,

Riedan, Bet A new approach to some notions of statistical
quantum mechenicse. Busefal 35, 1988, 4 = 6.

Tirpdkovd, Ae: On a sum of observables in F-quantum spaces
end its spplicationse. In: Proce.First Winter school on
Measure Theory (L.Jdn 1988), 161 = 166,

Varadarajan, Ve: Geometry of guantum theory., Princeton,
Devan Nostrend 1968.



