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ABSTRACT

In this paper, we give the concept of L-fuzzy proximal convergence in
L-fuzzy proximity spaces, and get its an alternate description, We establ-
ish the relations between L-fuzzy proximal convergence and ordinary proxi-
mal convergence, therefore, it is "good extension". Also, we disscus the
basic properties of L-fuzzy proximal convergence, and obtain some results

analogous to those that hold for ordinary proximity spaces,
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1 Introduction

In /1/, Katsaras introduced and studied fuzzy proximity spaces. Later,
other authors pay attention to this theory, e.g. /2/--/8/ ect., get a set
of results,

In the present paper, we shall introduce and disscus the convergence
in L-fuzzy proximity spaces, and show that there existc¢ closed relations
vetween L-fuzzy proximal convergence and ordinary proximal convergence,

vhich is said to be "good extension" similar Lowen's, c.f. /9/. Also, we



prove that L-fuzzy proximal convergence keep many basic properties,

2 Preliminaries

In this paper L-= ( L, V,A, ! ) always denotes a completely distribu-
tive lattice with order-reversing involution, Let O be the least element
and 1 be the greatest element in L, Suppose X is a nonempty ( usual ) set,
X will denote the family of all L-fuzzy set on X, It is clear that Xo
( Lx,v s Ayt ) is a completely distributive lattice with order-reversing
involution, which has the least element O and the greatest element 1. A€
I, SuppA = {xex: A (x)>0} is called the support of A,

Definition 2.1 (/10/ ) F: L?r'—-) L§‘= is called an order homomorphism
iff ( 1 ) F is union-preserving; ( 2 ) Flis order-reversing involution
preserving, there F~!(B) = V{Aé L,x' : F (A)éB} for each B€ L7%2,

Suppose f: X;-9 X2 is an ordinary mapping, it induces an order homomor-
phism F: LT -» L% as follow:

{v{A (x): xetXy)}, for £Xy) ¢ ¢

Q0 , otherwise

F (A)(y) for AeL X, yeX,

F~'(B) = Bef, §Or Be L?f’.
We say that F is Zadeh's order homomorphism induced by f, There exists a

1--1 correspondence between Zadeh's order homomorphism F and its ordinary

induced mapping f, .

Lemma 2.2 (/10/,/11/) Let F: L.x' -» L;*2 ve an order homomorphism,
then: (1 ) A< F(F(A)) for any A€ L,x'; B=F (FYB)) for any B¢ L,%2,
( 2) Ag¥F¥(B) iff F (A)<B for any A€L® , B¢L; (3 ) F'is union-
preserving and intersection-preserving,

Lemma 2,3 Let F: L -3 Ly’ be Zadeh's order homomorphism induced
by f. Then SuppF (A) f (SuppA), for any A€ L.
{f (x): A (x)>0, xex}

SuppF (A) = {y: V{A (x): x¢ f"(y)}>0}

Proof £ (SuppA)

- -



Firstly, £ (x) €f (SuppA), then A (x)>0, Let y = £ (x), we have
V{A (x): xet (y,f)} >0, therefore, f (x) = y ¢ SuppF (&),

Secondly, y e SuppF (A)%V{A (x): xe £ (y)} > 0, hence, there exists
xp€ T4 (y), A (%x,)>0, thus y = £ (x,) € £ (SuppA).

Definition 2.4 (/4/) A binary relation é\ on Lx is called an L-fuzzy
proximity iff '

(P1) A§B =3B §a;

(.P2 ) A£B' =3 A{B;

(P3) A{B, agC, B&D =3 C §p;

(P4 ) A§(BYC) = A8B or AfC;

(P5) 081;
( P6 ) A8 B =3 there exists a C e1* such that A§c and ' § B,
The pair ( L 8) is called an L-fuzzy proximity space,

Lemma 2.5 Let ( * , @) be an L-fuzzy proximity space, then

(1) a§(BVC) & AfBor afc;

(2) A8B & there exists a C eLX jsuch that A§c and C'§ B.

(3) 488 ,1_12,...,n,=>(/\A)6<v B;).

Proof There we shall prove ( 2 ), others are 31milar.

(=>) It is clear from ( P ).

(&) Let A.S-C, by ( P2 ), ALC', Since c'&‘-B, hence A§B.

Definition 2.6 (/4/) Let ( Lx, §) be an L-fuzzy proximity space..We
define ¢g: LX-3 IX by cp (4) = A{BEL*: 4T} for any e X, men of
is an L-fuzzy K closure operator on LX We Call that cg 1s the L-fuzzy K

closure operator induced bys s and Cp , which is defined by Zé‘ = { AeL
cp (A') = & } » 1s the L-fuzzy topology induced by §'.

Definition 2.7 Let ( chc, 85), i=1,2, be L-fuzzy proximity spaces.
An order homomorphism F: ( L,x‘, §) -5 (L% §2) is called L-fuzzy

proximity continuous iff A 81 B. implies F (A) €2 F (B) for any A, BéL,X'.

Definition 2.8 Let {( fo 3t)}te‘r be a family of L-fuzzy proximity

- ‘;;",A - = £
i
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4.

spaces and X = [[ 'X_t. P.: X -> * is Zadeh's projection, For A,B eLX,

we define A§ B as follow: ASB & if A = £¥1A1(AieLx), B = ‘s\___/lBj(BJ.eL ),
then there existiiy, and j, such that Pt(ALo) @tPt(Bjo) for each t €T, Then

8 is an L[-fuzzy proximity on LX. It is called the L-fuzzy proximity

product operator. The pair ( LX,S) is said to be the product o)(—{g th, St )}’a

Remark Definition 2.7 and 2.8 is generalizations of those corresponding

definitions in /1/.

5 Definition of L—fuzzx proximal convergence
Suppose ( D, €) is a directed set. OHOM( L,x‘, le") denotes the family

of all order homomorphism from L.X‘ to L;,_X‘. The mapping S: D -9 OHOM( L‘X“,
LJ-'_XZ) is called the order homomorphism net, we write S = {Fn: neD} .

Definition 3.1 Let ( LZXZ, 82) be an L-fuzzy proximity space and S =

-i Fn: Lfi\ -> Li{": neD} be an orderﬁhomomorphism net, S is said to
c\onverge L-fuzzy proximally to the order homomorphism F: le‘ -3 LZ_X2 iff
F (A) 523 for Aé L.X‘ , B€L % implies Fo (4) &zB eventually, or equival-
encly there exists a Ne¢D such that Fo (a) é-z B for all n=N,

Propostion 3.2 Let ( sz’-, 8,_) be an L-fuzzy proximity space and the
order homomorphism net S = {Fn: L,x' -> szzz ne D} converge L-fuzzy proxi-
mally to F, Then any subnet of S converges also L-fuzzy proximally to F,

Proof It is clear from Definition 3,1 .

Definition 3.3 (/4/) Let ( Lx, § ) be an L-fuzzy proximi¢y space, A

HeLX, We called B a L-fuzzy proximity neighborhood of A iff A& B',

Remark It is clear that cc(A)is infimum of the set of all L-fuzzy proxi-
mity neighborhood of A, '

Propostion 3.4 A§B iff there exist /VA and _Afa, which are respectively
L-fuzzy proximity neighborhoods of A and B, such that /VAéAfB/ .

Proof (=3 ) If A§B, by Lemma 2.5, there exists C € L* such that
A§C and C'§ B. Let/)/A= c', MB= C, hence /VAS/VB/‘



5.

| r Y4
(&= ) 1If there exist A/A and/VB ’ /VAs/VB,’ by Definition 3.3, A @A/A,
B§ My, hence ASMNAs B8 Mo, by Lemma 2.5, A§ B,
Propostion 3.5 Let ( sz", $2) be an L-fuzzy proximity space and S =

{Fn: L,x' - szlz neD} be an order homomorphism net. Then the net S
converges L-fuzzy proximally to order homomorphism F: L,X‘ -3 szz iff B
is an L-fuzzy proximity neighborhood of F (A) for any A¢ L,Xi , then B is
also an L-fuzzy proximity neighborhood of Fn (A) eventually.
Proof The net S converges L-fuzzy proximally to order homomorphism F
& F (4) ng for any AEL;X' , C eij" implies F (4) §;C eventually
+> Let B = C', B is an L-fuzzy proximity neighborhood of F (A), then B
is also an L-fuzzy proximity neighborhood of F (A) eventually.,

4 The relations between L-fuzzy proximal convergence and

ordinary proximal convergence

Ordinary proximity space and ordinary proximal convergence see /12/.

Lemma 4,1 Let ( X, ,U.) be an ordinary proximity space, Then the' binary:;<
relation § = i (M) on X defined by: A§ B iff there exist C and D, subset
of X, such that A€X¢o B< XD’ and C}ID, is an L-fuzzy proximity, It is
called the L-fuzzy proximity induced by ML . The pair ( Lx, $) is said to
be the L-fuzzy proximity space induced by ( X0,

Lemma 4,2 Let ( LX, 6\) be an L~fuzzy proximity space. We define the
binary relation M= W (§) as follow: CMUD iff Xe 6§ Xp for C and D, subset
of X. Then M is an ordinary proximity on X, it is called the ordinary
proximity induced by § . The pair ( X, ) is said to be the ordinary proxi-
mity space induced by ( Lx, $).

Lemma 4.3 Let ( LX,S ) be an L-fuzzy proximity space and ( X, M) ve
an ordinary proximity space, r = i (A).) which is defined as above. Then:

( 1) ArB:«&=) SuppA JSuppB for any A, B eLX;

(2) AEB@X”‘,MA‘XWPPB for any 4, B eLX,

Remark ( 1 ) Lemma 4.1 , 4,2 and 4.3 are generalizations of those



corresponding propostions in /1/ and /8/.

( 2 ) For i defined by Lemma 4.1 and & defined by Lemma 4,2, we have
that (oW is the identically mapping from LFP to itself, there LF¥P denotes
the collection of all L-fuz___zy’ pr‘oximity‘ on LX.

Propostion 4.4 Let ( LX, S) be the L-~fuzzy proximity space induced
by the ordinary proximity space ( X, ). Then Zadeh's order homomorphism
net S = {Fn: LiY - Lx; neD} converges L-fuzzy prbximally to Zadeh's
order homomorphism F in ( LX, §) iff the net s+ - {fn: ¥ -» X: neD)
converges proximally to f in ( X, M), There fn and f are respecturely
ordinary induced mapping of Zadeh's order homomorphism F n and F, they are
determined uniquely by Fn and F,

Proof (=) Let f (C)MD for any CCY, DeX. Since f (C) = Suprf(c)
D = SuppXp, we have Supr)c(c)/aSuppJQD, by Lemma 4.3 ( 1 )’X)‘CC) g‘- XCD ,
bty F (Xe) = Xgeay F (X § X

By L-fuzzy proximal convergence of S, Fn (Xc)é‘-X:D eventually, hence,

Xf‘n(d)gx:peventually. By Lemma 4,3 ( 1), Supprntc)/aSupr:D eventually,
therefore, £, (C),JID eventually,

(&) LetF (A)SB for any AeL,Y, BelXs By Lemna 4.3 ( 1),
SuppF (A)ﬁ,&lppB, by Lemma 2,3, f (SupbA)A_,l.,SuppB.

Since S* converges proximally to f, we have fn (SuppA),u,&lppBi eventually,
Hence, SuppFn(A)jISuppB eventually, therefore, F (A)-g B eventually,

Propostion 4.5 Let ( X,M) be the ordinary proximity space induced by

the L-fuzzy proximity space ( Lx, §). Then the mapping net S¥* = .{fn: Y -3 X:
neD} converges proximally to the mapping f in ( X,ML) iff the Zadeh's
order homomorphism net S = {Fn: L,]Y--) LX: n GD} converges L-fuzzy proxir
mally to the Zadeh's order homomorphism F. There Fn and F are respecturely

the Zadeh's order homomorphism induced by fn and f,
Proof (=) Let F (A)§ B for any AeLY, BerX, By Lemma 4.3 ( 2 ),
XS“-PPF(A) 6‘ XSuPpB’ by Lemma Z'B’X'f(SuPPA)S XS&PPB’ hence,



f (suppa) Jk suppB,

Since S¥ converges proximally to f, we have f (SuppA) /aSuppB eventually.
Hence, Supp(F (A))MSuppB eventually, by Lemma 4,2, X'S”'PPF"\(A) § XSuPpB
eventually, therefore, F, (A)S B eventually,

(&) Let £ (C)M,D for any CCY, DCX. By Lemma 4.2, X{(C)ﬁ.X_‘Dv
hence F (X ) .8- XZD'

Since the L-fuzzy proximal convergence of S, Fn (XC)§>CD eventually,
hence x-fn(C)gX:D eventually, by Lemma 4,2, £, (C),aD eventually,

Remark By Propostion 4.4 and 4,5, we may say that the L-fuzzy proximal
convergence is "good extension" similar Lowen's, c.f. /9/.

5 [The basic properties of L-fuzzy proximal convergence

Propostion 5.1 Let ( Lix':, 8; ), i =1, 2, ve L-fuzzy proximity spaces
and the continuous order homomorphism net S ={,Fn:> ( L. , 1) =3 ( L 2 8.)

Fn is L-fuzzy proximity continuous, ne D} converge L~fuzzy proximally to
the order homomorphism F: ( L.X', §1) -5 ( sz‘, 2). Then F is also L-fuzzy
proximity continuous.

Proof Let A€iB for any 4, BéL,x', we shall prove F (A) §a F (B).
Otherwisely, suppose F (A) SzF (B), by Lemma 2,5 { 2 ), there exists CeI.,_"
such that F (A)&z CZand .C* Sz.F (B). ‘3ince:=S converges-L=fuzzy, proximakiy -..
to “F, -there-exiits~a“common:'N € D_such- that:F +(A) @zC and ¢! €2F (B) for
all n>N, Hence, F (A) gz.F (B) for all n2N, contradicting the conditions
that each Fn is L—fuzzy7 proximity continuous. Therefore, F is L-fuzzy
Proximity continuous,

Propostion 5,2 Let ( L,X‘, T ) be an L-fuzzy topological space and
(L X", §) be an L-fuzzy proximity space. If the order homomorphism net
S ={F : ( L,x‘, zZ) -> ( szz 56‘)' F, is L-fuzzy continuous, neD} conver-
ges L-fuzzy proximally' to the order homomorphism F in ( L2 » 82), then

: ( Ly X .z) -» ( Lz » Zs ) is also L-fuzzy continuous,

Proof It is simial to Propostion 5.1 and hence omitted,



Propostion 5.3 Let ( LZY;<§) be the product of the collection
{( L,_ @-t)}te.r of L-fuzzy proximity spaces. Then the order homomorphism
ret S = {Fn: L,1x -> LZY: neD} converges L-fuzzy proximally to F in
( 12 » &) iff for each t€ T, the order homomorphism net Sy = { PLoF :

L1 -> L, Y neD} converges L-fuzzy proximally to PoF in ( L;_Yt 81;)

Proof (=3) For AéL,] , BéL\("7 , there exists DeLZY such that B =
P, (D). Let PoF(A) gtPt(D) for each t&€T, we shall prove PoF (A) §tPt(D)
eventually,

If A = v Ai(AieLJ,), D= \/D (Dy€L,"), then PoF () StP (D) iff

POF (A )81;? (D ) for each i and j

Now suppose there exist i, and Jo » such' that Pt?Fn(Aio) &tPt(Djo)
frequently. By Definition 2.8, Fn (A)S D frequently, Since S converges L-
fuzzy proximally to F, hence we have F (A) 8D, by L-fuzzy proximity con-
tinuous of P, PtoF(A) &tPt(D) for each t€T. This is a constradiction,
therefore St converges L-fuzzy proximally to Pt° F, _

(&) LetF (A)§B for each AE'L,]X, B€-L2Y, we shall prove F_ (A)G B
eventually,

Now suppose Fn (A)S B frequently, Since Pt is L-fuzzy proximity con-
tinuous, we have P oF (A)&%Pt(B) frequently, By the L~-fuzzy proximal con—
vergence of S, for each t€T, P °F(A)&;P (B), hence (\/P oF(A )) 8;( VPt(B )
for each t€T, by Lemma 2.5 ( 1 ), for each teT, there exist i, and j,
such that PtoF(A“)&gPt(Bﬂo), thus by Definition 2.8, F (A){ B. This is a
constradiction, therefore S converges L-fuzzy proximally to P, This com-

pletes the proof,
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