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The concept of the pan-integral introduced in (1] which estab-

lishes the relation between the fuzzy integral and the classical

integral is significant. In this paper, we shall introduce a

family of functions which is called measurable function class

and a kind of universal linear functional which is called pan-

~-fuzzy integral, its some properties will be discussed. Pan-ad-

ditive fuzzy measure can be regarded aas a special example of the

pan-fuzzy integral, and the real meaning of the pan-fuzzy inte-

gral defined in this paper is lastly given.

1. Preliminaries. It is assumed in thia paper that §?=f0,+aﬂ,

R*=[0,+w), X ias a nonempty set and the function we discussed

takes value on R* and defines in X.

Definition 1.1 Iet "®" and " @" are two kinds of binary

operation on R*, satisfying the following conditions:

(1.1)
(1.3)
(1.4)
(1.5)

(1.6)
(1.8)
(1.9)

a@®b=b ®a (1.2) (a@®b) ®c=a @ (b ®ec)
a,sb, , a,<b,da,® 3,sb,® b,
a ® o=a
If faJcR*, {bJcR'and 1im b, lim a, exist then
lia (2,8 b)-1im 0.6 Lyn b,
a@®b=bEa (1.7) a@®(Eec)=(a®@b)@c
(a ®b)©@c=(aBc) ® (bO¢)
a,£b, a,<sb,ya,0a, £b,0 b,

(1.10) a@o=o0 (1.11) a%0 , b%o > a @ b*o



(1.12) Unit element I ¢ R* exists, such that IQ® a=a(Q I=a
(1.13) I1f {a,} cR*, {b,} cR*, 1lim a, and lim b, exist and
"~y - n 00
are finite, then lim (a,® b, )21'-2'5 a, ® ]&ﬁ ba
(1.14) lim min(n, I)=I
n->»o0 _
where a, b, ¢, a, , by ¢R* (i=1, 2), "O" is number zero.
Then R 1is called exchange order-preserving semiring, denoted by
(R*, ® , O).

Example : (R*, +, .); (R*,V, ®) and (R*,V, A) are exchange
order-preserving semirings. where " + " and " " are add bper-
ation and multiplication operation of the real number. aVb=
=max(a, b), aAb=min(a, b), Ya, b €R*, Thei® unit element are 1,

1, +» respectively.

I XE€E

o xEE

is called characteristic function of E, where I is unit element

of (Rt, ®,0).

In the following, we suppose that i is a family of functions,
satisfying v ¢, ¢, ei, C,, czéﬁ, such that

(1) (codth)®(c,o¢) ¢4

(2) @AQ, 4VE , 04, @-0), GAT, ., Ted

(3) If {fa}cf, fn s for f, Y I, then f ¢

Definition 1.3 Let g be a function family, such that for an

Definition 1.2 Let E be a subset of X, XE(x)z{

arbitrary monotone function sequences {f,,}cg,’, if f(x)a];_i’.nz £(x),
then fé4 .F iaxcalled a monotone class.

For every function familyé}’ » the smallest monotone class con-
taining g’ is called the monotone class genmerated byﬁ » denoted
oy @), it is clear that £=4({) and { is a monotome class.

Definition 1.4 V¢e¢f, if there is unique element in (R* ®,0)
corresponding w§th ¢, denoted by jq’ , satisfying the following



W

conditions:

(4) V4, ¢ €&, G0, Grothen §([(00)0CO%I = (CLOSE)® (GO[R)

(5) G=@ => §q, sSq),

(6) {fa}cf, fa f £ or £,V £, then [£,5(f
then ¢ is called pan-fuzzy integral of ¢ om X,

2. Measurable functions and Measurable sets

Definition 2.1 A function f is called measurable function if
fef, if E is a subset of X and Xgeﬂ, then E is called a measur-
able set. The all of the measurable sets: is called a measurable
set claas generated by f , denoted by S(Jb.

Remark: In general, ﬂ(&) is called measurable class. As the
special case of this paper, we suppose that j,is a monotone class
E= K ).

In this section, we have the following results:

Proposition 2.1 If f,¢f, n=1, 2, ... , and let

(1) g(x)=sup(f,(x)) (11) w(x)=inf(t, (x))
(111) F(x)=lim £,(x) (1) f(x)=lim £,(x)

then g, h, f, f are measurable functions.

Proposition 2.2 : S({) is a s~ algebra,

Proposition 2,3 : Aifunction f is measurable if and only if
for every real number a >0, the set {x|f(x)>a} Is measurable.

3. The pan-additive fuzsy measure defined by pan~fuzzy integral
and the meanimg of the pan-fuzgy integral

Definition 3.1 (X, %, u, R*, @ ,®) is called universal space.
where?’is a - algebra of subsets of X, u is a fuzzy measqretzl

If u satisfies

u(EUP)su(E) @ u(F)

whenever Eeq, Fe@'ande(]F-Q, then u isvcalled a pan-additive



fuzsy measure,
In this section, we have mainly the following results:
Propesition 3.1 u is pan-additive = u is null-additive (2]
Theorem 3.1 Let u(E)= 5/{5 VE e s(4).
then u is a pan-additive fuzzy measure on s(f).
Theorem 3.2 Let f€é£ , i.e. , £ is measurable, then {f={fdu.
where (fdu is defined by (1] and u is the pan-additive measure.
We proof only theorem 3.2 .
(Proof] Deviding two cases:
(1) t=X; , Fes(#), then §f=u(F) ¥ Sl .du=ftdau
(2) Let £ be a general measurable function, by proposition3.3,

there is a sequence of functions
\zn
f, = '?2‘ ( %@ X‘n.m)

such that £, A f. where A,,,, = I£<f(n) <™. | Hence
f=1im fz, =lim (& (Lo
ﬂM

n

=lim [ :@1 Z" © S xAu m)]

“11n (& (20 Aum)] 2 [$du
[ Example] :

(1) Let (R*, ® ,0) ve (R*, +, ), { be all of nonegative
measurable functions then ffz(L)jfdu, where (L) ffdu is: Lebesgue's
integral. |

(i1) Iet (R*, ® ,®) be (R*,V, A), {be all of nonegative
functions (measurable), then S:ts(s) _ffdu, where u is the pan-ad-

dtive measure defined in theorem 3.1 , and (s8)ffdu is Sugeno's

fuzzy integral [3] , it is defined as (S)ffdu=3up[omu({x[f(x);oc} )
A€lo. 0]
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