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In this paper, we introduce the concepts of 8, -measures,
conditional &, -measures and A-independence associated with a’
n-density g on a measure space (X, {,u). Some useful results

about them are obtained.
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. Introduction

In his thesis, M.Sugeno has introduced a class of A-additive
measures gaﬂeallad 8, -measures thrbughout this paper) on a
measurable space (X, #)[1] . It has been pointed out that if
X is a finite set then a g, -measure on (X,P(X)) is entirely
determined by the parameter ) €(-1,00) and the numbers 31'8({x£})
(1=1,2...n) which are said to be the density of g,. M.Berres
has generalized this fact to a measure space [3]. It has been
shown that any 8y -measure can be represented by a density g
on a measure Sspace. |

In this paper, we present a alternate approach to 8, -neasures
associated with a u-density g on a measure space (X,uf,mn). We
also propose the concepss of conditional Qh-meésures eand A~inde-
-pendence associated with a n-density g on a measure space
(X, A,m).Some useful results, such as the snaloues of Bayess
formula, extension theorem of independent151ass and Borel-
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-Cantelli's lemma, are obtained .

2+ g,-Measures on Measure S8paces

We start with the following lemmas:

Lemma 2.1. Suppose g: X —{0, 1] is a u-integrable function
on a measure space (X,uf,u). Then G(A) = leog.“m‘('l*]tg)d}l is
a strictly increasing function on (-1, 0)U(O, ©©) and

limit G(A) = Syedn , 1tntt @A) =u({o<g<1}) ,

A—~+ 0

limit: G(A) = u({g = t})
A=> -1t

Lemme 2.2, The Eq. @(A) = 1 has a unigue root AE(-1, 0)U(0,o0)
which is positive (negative)‘when ngd,u <1 (ngdp >1) ift n
and g satisfying/ _
u({0<g 41'}) >t ‘ ' (2.1)

and nljg = 1}) <t (2.2)

We omit the proofs of lemma 2.1 and lemma 2.2 (ef.[3] ,[4]).
Theorem 2.3. Suppose (Xs ) is a measure space and g X —>
[0, 1] 1s a n-integrable function satisfying (2.1) and (2.2).
I1f A€(-1, 0)U(0,-@©) is the unique root of the Eq. G(A) = 1,
then g, ¢ —>[0, 1] defined by

§(.)1081,2(1+28)an

gals) = L-;-\-’-[_(mm 1] | (2.3)

is a g, -measure on (X, .A).

Proof. Straightforward.

Remark: When § gau = 1 and g, is given by (2.3), then
limit go(.) = y(.)gdp yields a probability measure gg.

A~>0
We name the function g satisfying (2.1) and (2.2) a u-density
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and call the g, given by (2.3) the g,-measure associated with
n-density g on the measure space (X,sl,u).

Obviously, if g, is a g,-measure associated with a u-density
g, then gX(.) = 1og1+k(1+.7\,g,_(.)) = S(.)log‘“k('ﬂd-lg)du is a
probability measure. Moreover, there are the following properties
of the g,-measures associated with m-density g on (X, Am):
Theorem 2.4. g, 1is a belief function iff §; gdu <1 and it
is a pleusibility function iff [y gdn > t.

By lemma 2.2, the proof of theorem 2.4 is obvious.

Theorem 2.5. Suppose {A,}7 are disjoint sets in 4. If

inlogfﬂ(nlg)an % 0 for all i, then gga(Ai) S, =or <
o0
gr( U A) 1ff Sx & >, = or <1, respectively.
i=1
Proof. The condition JA log1”\(1+ Ag)dn »* O ensures gl(Ai) >0,
i
Since glgl(Ai) 7 s = OT <g7‘_(4°8 Ai) iff A<, = or >0, respec-
i=1 {1

-tively when g‘,t(Ai) >0 for all 1 [5) , we get the proof of

theorem 2.5 from lemma 2.2 immediately.

1
3.Conditional g, ~Measures and A-Independence on Measure Spaces

Definition 3.1. Let g be a u-density on a measure space (X, «,u).
If [y gdn % 1 and §, log, ,,(1+Aglan = © (a€A), we define

1
6:(Bl) = Jyt‘l.ﬁ“l)‘&“log“l( +Jt.8)d)1_ 1] (3.1)

and name g,(:]A)s A—>[0, 1] the conditional g, -measures 2$s0-
~ciated with u-desity g given A. Where thg peremeter A is the
unique root of the Eq. G(A) = 1 and
B 2981 i+ AN = fynghos a1 2D Syt 1+ A0
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The conditional 8, -measures associated with n-density g given

A have the following properties:
Theorem 3+2. &,(.|A) is a g,-measure on (X, ) and

Log, ,,(1+ A&, (BIA)) = log, , (1+ g (ANB) /108, ,, (1+2.8,(A))

for all BEA . Where g, is given by (2.3).
Theorem 3.3. Suppose B&A and {A,} are disjoint sets in A sati-
sfying gA B. Then

Sghogy 1+ Redan = Zi:SB;A11°51+y$1* Ag)dx '5A11°g1 al1* gl

and
yBIA log,., (1+7Lg)du'5A1log1+l(1+]Lg)dp

5 og (1+g)du=
A IB1 140 ¥SBM 1og1+

AUT#A8)ducfy 1o, \(1+ 26)dn

The later is the bayes' -~like formula. The proofs of above

theorems are straightforward.

Definition 3.4. Let' & be a n-density on a measure space (X,sd,m),
SX gdu % 1 and A\ be the unique root of the Eq. G(A) = 1. Sets
VY PYRREY (n > 2) are said to be A -independent associated

with n~-density g if, for any 2<m<n and any 1$k1<k2<...<kmsn,

Siélakilog.‘ +l(1+.?t.g)du = ;Q;JAkilo& +7\.(1 +Ag)dn (3.3)

Definition 3.5. The sets of the classes £ = {A.€4,4€T} are
said to be A-~independent associated with un-density g if, for

any non-empty finite subset S=T,

JOA log, ,,(1+Ag)dn = TrfA log, ,,(1+2Ag)dn (3.4)
s€3
A group of classes {thte'l‘} is said to be a A -independent class

associated with n-density g, if the sets of the class § = {Atﬁfﬂ
;Ate th,teT} are A-independent associated with m-density g.
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On a similar plan we can achieve the anaiogous results of the
A-independente defined above with the probabilistic case. We only
present two. important thégrems without their proofs here:

Theorem 3.6. (Extension theorem of A~independent class) Suppose
ﬂ;k,téT} is a;):independent class associated with u-~density g.
If for every t€T, @, is closed under the finite intersections,
then{a’( @t).téT} is a A-independent class associated with u-den-
-sity g. Where CT(QZt) represents the g-algebra generated by Q..
Theorem 3.7. (Borel-Cantelli like lemma) let g be a u-density on
a measure space (X,.,u) and {An}:°a seqence of sets in A .

(1) 1 ng log1+7\s1+7\g)d)1<w, then TIoit A 1031*2’(1-0-23)@-0;
n=1 n n—»oo

(2) 1f {Ah,nzﬂ} are A-independent associated with u-density g
and Jo—rr , 10g,,,(1+Ag)du=0, then 21515. log,, (1+Ag)an £ .
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