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ABSTRACT Fuzzy Differential Equations (FDE) were introduced in 1987 in [1] , and used in
some mathematical models in 1989 in [2]. Although the method of finding solution was given in [1], the
problem of existness and uniqueness of solution has not been solved. This paper constructs a fuzzy function
space (a complete metric space), and studies one type of fuzzy integral equations. Finally, the existness and
uniqueness of solution of the initial value problem of FDE are proved.
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1 Fuzzy Functions Space

Definition 1.1 A fuzzy number is a fuzzy set m:R— I =[0,1] with the properties:
1. m is upper semicontinuous,
2. m(z) = 0, outside of some interval [c, d],

3. there are real numbers a and b, ¢ < a < b < d such that m is increasing on [c, a], decreasing on [b,d]
and m(z) = 1 for each z € [a,].

We use F to denote the family of fuzzy numbers. A real number a is a special fuzzy number as follows:

_}1 ifz=a
Ma=10 ifz#a

We can identify a fuzzy number m with parameterized triples

m = (a(r), b(r)), rel (1.1)

where

z|m(z)>r} fo<r<i
la(r), b(r)]={ il(slup,(,,z,)_ J ifr:O—

The following facts are clear:
1. a(r) is a bounded increasing function, b(r) is a bounded decreasing function,
2. a(1) < K1),

3. for 0 < p < 1, a(r) and b(r) are left-hand continuous at p; a(r) and b(r) are right-hand continuous at
r=0.

If a(r) and (r) satisfy the conditions 1, 2 and 3, then
m:R— I defined by m(z)=sup{r|a(r)<d(r)}
1s a fuzzy number with parameterization given by (1.1).



Let V = {(a(r), b(r)) | r € I, a(r) and b(r) are bounded functions}. The addition ‘+’, scalar multiplica-
tion ‘> and metric ‘D’ are defined in V as follows

(a(r), b(r)) + (e(r), d(r)) = (a(r) +c(r), b(r)+d(r)) . (1.2)
k-(a(r), b(r))=(k-a(r), k-5(r)) (1.3)
Di(a(r), b(r)), (c(r), d(r))] = suprer maz{la(r) — c(r)|, |b(r) —d(r)]} .. (1.4)

It is also clear that V' is a linear topological space and a complete metric space.
Definition 1.2 A function f : X — F is said to be fuzsy function, where X C R.
The limits and derivatives of fuzzy functions can be defined as real functions similarly.
If f(z) = (a(r, z), b(r,z)) is differentiable, we have
f’(z) — (8ai;ls!’ 86!::::!)
Let S={f| f: X — F is a continuous fuzzy function}. Defining metric in S
Ds(f1, f2) = supsex D(fi(z), fa(z))
We call S to be a fuzzy function space on X.
Theorem 1.1 Fuzzy function space S is a complete metric space.
Proof. Let fu(z) = (an(r,z), ba(r,z)) n=1, 2, .. be a Cauchy sequence in S. Then
lil'nm,n—ooo DZ(fm) fn)
= liMm n00 8uPze x D(fm(2), fn(2))
= limm,n—oo 8UPre x UPre 1 maz{|an(r,z) — am(r,z)|, |bn(r,z) = bm(r, 2)|}

=0.
Hence,
limpy, oo |@n(r, ) — am(r,z)| = 0, uniform on r,z.
m, 2 oo [bn(r, 2) — b (r, z)| = 0, uniform on r,z.
Moreover, there exist real functions a(r, ), b(r,z) such that
an(r,z) — a(r,z), wniformonr,2 (1.5)
ba(r,z) — b(r,2), wnifoomonr,z . (1.6)

where a(r, z), b(r,z) are bounded on r and continuous on z.

Now we prove that f(z) = (a(r,z), b(r,z)) is a fuzzy function. Since a,(r,z) and b,(r,z) are fuzzy
functions, for any z € X, a,(r,z) and b,(r,z) satisfy conditions 1, 2 and 3. By (1.5) and (1.6), we know
that a(r,z) and b(r,z) satisfy 1, 2 and 3 too. Therefore, f(z) = (a(r,z), b(r,z)) is a fuzzy function, and
Dsy(fn, f) — 0, when n — oo. #

2 A Type of Fuzzy Integral Equations (FIE)

Definition 2.1 Suppose that f(z) is a fuzzy function. If there exists a fuzzy function F(z) such that
F'(z) = f(x), F(z) is called a antiderivative of f(z). F(z)+ m is called indefinite integral of f(z), where m
1s a arbitrary fuzzy number. Denote [ f(z)dz = F(z)+ m.

Definition 2.2 Let f(z) = (a(r,z), b(r,z)) be a fuzzy function on [a, 8. If

1 [ f a(r,z)dz and [ f b(r,z)dz exist simultaneously,

2. fap a(r,z)dz and ff b(r,z)dz is a fuzzy number.

we say f(z) is integrable on [, 5]. Moreover,
ff f(z)dz = (ff a(r,z)dz, ff b(r, z)dz)
18 called the definite integral of f(z) on [a, §].
The following two lemmas can be proved easily and their proofs are omitted.
Lemma 2.1 Suppose that f(z) = (a(r,z), b(r,z)) have antiderivatives. Then,
F(z) = ([ a(r,z)dz, [b(r,z)dz) is an antiderivative of f(z).
Lemma 2.2 Let f(z) is a fuzzy function on X C R. If the definite integral f:o f(z)dz exists for zg € X
and any z € X(zo < z), then F(z) = f; f(z)dz is a fuzzy function and F'(z) = f(x).
Theorem 2.1 Suppose that



1. g(z) = (e(r,z), d(r,z)) is a continuous fuzzy function on [z, 2],

2. K(z,y) is a real continuous function on A:
A={(z,y) [ro<z <21, zo<y<z}
and there is a constant L > 0, such that 0 < K(z,y) < L.

Then for any A > 0, Volterra form integral equation
g@)+A[; K@= nfwat (2.1)
have a unique continuous fuzzy function solution f(z) on [z, 21].
Proof. First, we know easily that if f(z) = (a(r,z), b(r,z)) is a continuous fuzzy function on [zg, z;], then
g(z) + A [, :o K(z,t)f(t)dt is a continuous fuzzy function on [z, z;].
Let S = {f| f is a continuous fuzzy function on [z, z;]}. Make a mapping M : S — S as follows:
Mf(z) = g(z) + A [, K(z,t)f(t)dt
we will show that M is a compressed mapping with the metric D,. For any fi(z), fao(z) € V, denote:
fi(z) = (ai(r, ), bi(r, z)), i=1,2.
then Mfi(z) = (ga(ri2) + A [, K(z,t)ai(r,t)dt, gs(r,z)+ A f:’o K(r,t)bi(r,t)dt)
since Da(f1, f2) = 8UPselzo,2,)D(f1(2), f2(2))  and
D(fu(2), f2(2)) = suprer maz{lai(r,z) — az(r,z)|, |br(r,z) — ba(r, )|}
Wehave D(M fi(z), M fa(z))
= sup,er maz{|A f:o K(z,t)ay(r,t)dt — A f:; K(z,t)as(r,t)dt],
1A f; K (2, t)by(r,t)dt — A [Z K(z, t)ba(r,t)dt[}
< suprerAL maa:{f:; |ay(r,t) — aa(r, t)|dt, f:; [b1(r,t) — ba(r,t)|dt}
< AL(z — z0)supre 1 maz{maz (s, 4)|01(r,t) — az(r,t)|, maziepag 2)|01(r,t) — ba(r,t)|}
= AL(z — 20)8UPre IMAT ¢[z,,5) Maz{|as(r,t) — as(r,t)], |b1(r,t) — ba(r,t)|}
= AL(z - xg)maztelzo,,]sup,.ej maz{|ai(r,t) — az(r,t)|, |br1(r,t) — ba(r,1)|}
= AL(z — 20)mazie(z,, ) D(fi(t), f2(1))
Hence Dy(M f1, Mfa) = 8UPze[z0,2,) D(M f1(z), M f2(z))
< ALsupze(z, 2, }(Z — To)Mmaziglz, o) D(f1(2), fa(t))
< AL(21 — 0)8UPre(zy,z,)D(f1(2), fo(2)) = AL(z1 — 20)Da2(f1, f2)

So Da(Mfi, Mfa) = AL(z1 — zo)D2(f1, f2) (2.2)
Now we prove - )
Dy(M"™fy, M fp) < EE@=2po(sy, ) (2.3)

with mathematical induction.
When n = 1, (2.3) is proved. Suppose that for natural number n (2.3) is true, then for natural number n+1,
Da(M L fy, MR f3) = supggiey, o) D(M L fi(2), M™+1fy(2))
= SUPsg(rg,z,)5UPre 1 Maz{|A f:, K(z,t)[M"a,(r,t) — M"ay(r,t)]dt|,
X [, K (2, 0)[M"by(r,1) — M™by(r,t)}dt]}
< S“Pze[zo,z;]’\LsuPrEI max{f;; anal(r’ t) - Mna2(r’ t)|dt’ f:o IMnbl(r’ t) — M"by(r, t) |dt}
< $UPzg(ag,zy)ALsUuPrer maz{ [ D(M™f1(t), M" f5(t))dt, [7 D(M™fy(t), M" fy(t))dt}
= supzé[zo,a:l]AL f:: 3upfe[zo,t]D(M"f1 (i)’ M"fg(i))dt
< supse[a:o,n]AL f:o mnﬁ!:z—ol:l)z(fl’ f2)dt
< ALsul’:l:e[:r:o,:r:l]'\"L" ,,l[D2(fl , f2) f; (t —zo)"dt

n4 nd nslrndl - a4l
< é—:,‘;’-——ID'z(fh f2) [ (t = zo)ndt = AT L (,,.(,."'1')! 200" Dy(f1, f2)
Since

lim APL™(zy — zo)" —0
n—o00 n!

there exists a natural number N, such that for n= N

_ AL (21— zg)"

h N!

<1




That means Dy(MNfi, MY f2) < hDo(f1, f2), where fi,f2 € S, 0 < h < 1. From that S is a complete
space, we know that the mapping M is a compressed mapping.
So M has and only has a fixed point in S such that

Mf(z) = f(z), z € [z0, 2]

f(z) = g(z) + A [ K(z,t)f(t)dt
Therefore, f(x) is the unique continuous solution of integral equation (I). In the same time, we know that
f(z) can be obtained with successive iteration method. #

3 The Initial Value Problem of FDE

In this section, we study the initial value of FDE:

=) = K(z, f(2)) flroy=m (3.1)
where f(z) € F is a unknown fuzzy function. The mapping K : [zo,2;] * F — F is continuous, and
0<zy~29<1  misa fuzzy number.

Theorem 3.1 Suppose that

1. fuzzy integral [ :o K(t, f(t))dt, z € [zo, z1] exists for any fuzzy function f(z),

2. forany  fi(z) = (a1(r,z),b1(r,z)) € S, fa(x) = (a2(r,z),b2(r,2)) € S,
K(z, f;) = (Kai(r,t), Kbi(r,1)) i=1,2
|Kay(r,2) — Kaa(r,z)| < |ai(r,z) — az(r,z)|
|Kby(r,2) — Kbo(r,z)| < [bi(r, ) — ba(r,2z))

Then the initial problem of FDE (3.1) has unique continuous solution on [z, z;].
Proof. The initial problem (3.1) is equivalent to the integral equation
f@)=m+ [f K¢ @) (3.2)
Let mapping M : Siz,,z,] = Sizo,z,] Such that for any f(z) € Slzo,21)»
Mf(z) =m+ [ K(,f(t))dt
Forany fi, fa € Siz,,z,] and any z € [zo, z4]
D(M fi(z), M f(z))
= SUprer ma:c{lf:o(Kal(r,t) — Kay(r,1))dt], lfa:(Kbl(r,t) — Kby(r,t))dt|}
< suprer max{f; |Kay(r,t) — Kaa(r,t)|dt, f:o |Kby(r,t) — Kba(r,)|dt}
< suprer maz{f:; lay(r,t) — az(r,t)|dt, f’: [b1(r,t) — ba(r,t)|dt}
< (z — zo)supre1 maz{maz,es, z,)|a1(r,t) — ag(r, 1), MaT e[z, z,]|01(r, 1) — ba(r,2)[}
= (z — To)MaTig[z z,)8uPre1 maz{|ai(r,t) — ax(r,t)|, |bs(r,t) — ba(r,t)|}
< (2 — zo)maz e[z, 1 D(f1(2), fa(t))
So, Day(Mf1, M f5)
= 8UPse[20,0:) D(M f1(2), M f2(%)) < 8UPse(so,201{(% — Zo)Mazie(s,,:)D(f1(2), f2(1))}
= (21 — zo)D2(f1, f2)
Since 0 < z; — zg < 1 and using Banach compressed mapping principle, we know that the mapping M
has and only has a fixed point f(z):

f(z) =m+ [ K(, f(2))dt.

f() is the unique continuous solution of the initial problem (3.1). #
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