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1. Introduction
Let (.,¥) be a measurable space, where ¥ is a c';algebra
of crisp subsets of {1, A random variable f is a mapping,
f:L — R , whose inverse £1isa §~-homomorphism of Borel
subsets of real line to ¥ , el LN ?,
£~1/8%/ = (f—l/E/)c and
£/URy/ = U le s
There are several ways how to generalize the notion of a ran-
dom variable to the fuzzy case. We“ll deal with two accesses,
In the first one we generalize the underlaying measurable spa-
ce and we deal with the inverse £l generalization. This access
was used by Dvuredenskij and Riedan in [1] and by Mesiar in [47 .
The main idea of the second access is a generalization of the
real numbers. This approach was used by Klement in [3]
The main purpose of this paper is to show that the first
approach is / via representation / a special case of the second

One,

2+ Fuzzy observables
Let (L1, M) be a fuzzy quantum space, see [i] > lee. M is
a soft fuzzy w-algebra of fuzzy subsets of Q) ,



0n €M /1/

(M =»M'=1 - el /2/
{/mi}cm =3V, = sup{(wi} eM /3/
/30 &M /4/

Dvuredenskij and Riedan in [1] have defined a fuzzy observable
x as a G':homomerphism, x: B—u,
x/E%/ = (x/8/ ) /5/
x/UBy/ = V x/8,/ /6/

We recall here some results - for more details see [1,'2] o

sition 2,1, x is & fuzzy observable on ({:, M) iff
the system {b/t/, t¢eR3}, b/t/ = x/}my t[/ , has the follo-
wing properties:

t < s =>b/t/ < b/s/ /1/
(N v/t/) = A v/t/ /8/
tER , teR |
vV b/t/ = v/s/ ¥ seR /9/
t<s -
b/t/V (6/t/)° = b/s/V (v/s/ )" ¥t, seR . /10/

Conversely, if a system {b/t/, t€R} c M has properties
/1/~-/10/, then there exists unique fuzzy observable x such
that x/} o, t[/ = b/t/ for any real t a

Defipition 2,1, Let x, y be two fuzzy observebles on(f, M),
Then their sum z = x + y is uniquelly determined by the sys:
tem {2/]-wy, t[/, teR , where

/e, 80/ = V (/e r[ /Ay J-o0y t=x [ /), /11/

Q is the set of all rational numbersg

3« Fuzzy-valued random variables

Klement in [3] presents a concept of the fuzzy real line.



A nonfuzzy real number r is there identified with the Dirac

distribution d = 1qpseor * A Tuzzy number p is a function,
p: R — [0, 1], R= RU{-®0,+0} , such that

p/~o/ = 0 and pow/ =1 /12/

¥ reR: p/r/ = sup {p/s/, s<r} . /13/

A natural interpretation of a fuzzy number p is the following:
p/r/ is the degree to which p is less than the /nonfuzzy/ num-

ber r , For the fuzzy arithmetics are used the quasi-inverses

o} of fuzzy numbers p, pt: [0, 1]— R ,

p/0/ =~ » /14/

pi/s/ = sup {reR, p/r/< s} s Selg, 1] /15/
Then

p < g /a/< q*ra/ v aef0, 1] /16/

p/r/ = sup§{ ae[0, 1], p>/a/< r} M reR /17/

(p ©®a)/a/ = p*/a/ + qi/a/ ¥aelo, 1] /18/

The /extended/ fuzzy real line R/I/ is the set of all fuzzy
numbers p., R/I/ can be embedded naturaly into [0, 1] %
equipped with the product &-algebra,

Definition 3,1, Let(:,¥) be a measurable space. Any measurable
function X , X:2 —> R/I/ will be called fuzzy-valued random
variable, briefly fuzzy random variable,

For more details see [3] -

4, Fuzzy random variable representation of fuzzy observables

Let a fuzzy quantum space (L, M) be given. Then it indu-
ces a classical measurable space (2, K/M/) , see [5] , where
km/ = § acO 3men, > 3icac {2 31k/1y/

Let x be a fuzzy observable, Let e ) and r€ R , Then we can



take

x/]-0y [ //w/ = X/, T/ _ /20/
as the degree to which the "number" x/w / is less than r.
For too we define X/cw y~@ / = O and x/w 4+o0/ = 1. Similar
approach in the case of classical random variable leads to
the nonfuzzy real number f/w /, namely to its representa;

tion in W/I/ by d“f/w/ R

ForVweQ, x/w/ is a fuzzy number of R/I/,

Proof: It is enough to show for every real r the validity
of /13/, ie€e X/, T/ = sup{ x/w, 8/ , s<r} . But this
is implied by /9/ in Proposition 2.l.

Let x Be a fuzzy observable, Then there exist
a random variable f oR the space (O ’ K/M/) and a fuzzy sub-
set vEM , v 2 %— , such that,for everywe¢{), the fuzzy num-
ber xAuv / is of the next form:

1 ~-v/w/ if r4 f/w/, PR
v/w/ if r >f/w/, reR
Proof: We use /7/-/10/ of Proposition 2,1. /10/ implies

x/w y W (x/wy /) = x/w, 8/V (x/w , s/)° = x/R//w/
for any t, s € R Denote v = x/R/ ¢ M , It is easy to see that

x/cu, r/ = . /21/

|

vé%‘ o Then x/cv , v/ = v/ew/ or X/ y v/ = 1 = v/w/ for
every real?, If x/w, v/ = v/w/ for all r&R, then /8/ im-
plies v/w/ = v'/w/, so that v/w/ = %- o Similar is the case
x/w, v/ =1 = v/w/ for all reR . If v/ews/ > -]?, then /7/
and /9/ imply the existence of a real number f/w/ such that
/2 / holds. For those wegf), for which v/u/ = % , we define
t/wo/ = 0. -

The measurability of f follows from the next facts:



x/£la/ /el = view/ /22/
x/E/€ M MEe RN /23/

{ coy X/B//w/> %3 if 04 E

-1
£7/8/ = $evel)y tru/e B} =
& i Seus ¥/E/ /el 2 %} if 0€E

/24/
Jow, 1t is easy to see that f—l/E/e K/M/ for any Borel sub-
set £ ,
Corpllary 4,1, Let x be a fuzzy observable on a fuzzy quantum

space ({) , M) . Then. the function X:{) — R/1/ ,
X/w/ = x/w/ Ncw ef), is a fuzzy random variable on (.Y, 2'0'),

Corpllary 4,2, Let ({1, M)be a fuzzy quantum space and X let
be a fuzzy random variable on (), Z'D') such that there exist

a random variable f on ({), K/l/) and a fuzzy subset vel,

-
b

v2 5 , so that for each wef), reR, is satisfied /21/
for X/w//r/ « Then there exists unique fuzzy observable x

on({L , M) such that x/w/ = X/w/ .

Corollaries 4,ls and 4.2, show that the approach of Dvureéen;
skij and Rielan is a special case of the Klement’s one, Simi-
lar is the situation if we take into account a general fuzzy

observable defined by Mesiar in [4] « Presented representation

preserves the algebraic structure ,

Proposition 4,3, let x, y be two fuzzy observables on a fuzzy
quantum space ({L , M) and let z = x + y o Then for correspon:
ding fuzzy random variables we have Z = X® 7Y ,

Proof: Due to Proposition 2.1l. it is enough to prove
Z/w//Y = 2w , v/ for ény teR , We have

Z/cw//t/ = sup § ae[0, 1], 2}/ //a/< )=

sup § a€(0,1] , Xw//a/ + Yiiw//al < £ =



= sup { aeclo, 1] , sup{r, X/w//r/ < a}+

+ sup{s, Y/w//s/< al<t } ., /25/
& in the brackets cannot be greater then v_/w/, as in that
case sup { r, X/w//r/< a} = +© , Similarly a < vy/cu /s
so that a £ (v A vy)/w/ e If a = (vx/\vy)/w/ , then

sup { r, X/w//r/< al}t + sup { s, Yw//s/<& al = fx/w/+fy/w/.
It follows

Ziw /7% = (VA vy)/w/ for t> f Auv/ + fy/cu/ .
Analogously for t & fx/cu/ + fy/cu/ we get
20w /I = 1 = (VA vy)/w/ .

On the other hand,by Definition 2,1l we have defined the sum z,

We have
2/, vt/ = N (X/w//v/A Y /-2 ) =
reQ
) 1 - (vx/\vy)/w/ if_t éfx/w/ + fy/cu/
'vx/\vy /w/ if t > fx/w/ + fy/W/ .

All these facts imply the Proposition.

Bemark 4,1, In the similer way we can show the existence of the
product of two fuzzy observables, z = x.y. In this case we have

Z=Xgf , £, = fx'fy and v, = vx/\vy o
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