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1. Introduction

This paper is a contribution to the theory of set-valued measures
and gq-o=-algebras, Our main goal is to prove a version of Costé’s theo-
rem ([2] ) ebout the convexity of the closure of values of nonato-
mic set-valuad measure of bounded variation on q-6%=algebra,

Throughout this paper, let X be a nonvoid abstract set. The sym~
bol ¥ will stand for a q-6-algebra of subsets of X, i.e. 4 is the
class of subsets of X with properties:

i) Xe o ,
ii) A€ ok  implies ASe H y

00
iii) Aiea(f , Ai/\AJ.=¢, i#j=1,2,444, implies ;é

Aié‘){‘ .

1
In this context A® means the complement of the set AcX, Let Z

be a nonempty system of subéets of X, Let s(2), 0(2) and 6;(2) denote

the algebra, c-algebra and gq-o%algebre generated by Z, respectively.

The symbol Y will stand for a real Banach space with norm f-f/ and



let 2Y be the family of all nonempty subsets of Y. Denote by clB the
closure of B¢ ZY.

A Banach space Y is said to have the Radon.Nikodym property (RNP)
if for each finite measure space (.2, ff, V) and each V-continuous
Y-valued measure m: Y5 Y of bounded varistion, there exists a
Bochner integreble function f:_(Q—>Y such that m(A)= [f Y for
ell A€ ¥, Dunford and Pettis [4] and Phillips [7] showed, that
every separable dual space and every reflexive space has the RNP.

For BcY let us define the number [|B| by

| B= sup bl .
beB

A set-valued function M: gk 2¥ is said to be countably additive

oo )
if M(yY Ai) = > H(Ai) for every sequence {Ai}g:l of pairwise
i=1 i=1
disjoint elements of \;{— s Where given & sequence {Bi
00
the sum 5’ B, is defined as follows:

2?.1., in 2 ¥

o
z
i=1

00
Bi = ye¥: y= 3 vy funconditionaly convergent), y;€ Bi’ i2 1’} .
i=1
A map M: g('%ZY is said to be & set-valued measure if M is countab~
ly additive and M(#)={0}.
Let M3 xA'—>2Y be & set- valued measure., For each ASJUf define

W = S fute)

where the supremum is takem over all finite partitions {4, Byy ocny An}
of A, A set-valued measure M is said to be of bounded variation if |
It | (X) <0 &

An element A€ of is said to be an atom of & set-valued measure
Ms b= 2%, if M(A)F O} and if either M(B)= {0f or M(AvB)= {0 holds for
every Bc A, BEA o A set-valued measure having no etoms is said to be

nonatomice



In our further considerations takes an important place the

notion dyadic structure of a set A€k . The notation of the dyadic structure
of A€k is a collection of sets A(£1 8’2"'81:) € & , where Ei’oﬂ

and k=1,2,..s such that
A(O)UA(1)=A and A(€1"‘E1¢°)““51"‘§c1)'A(SV”Ek)'
A(B) NA(1)=g and A(Eyee §O)NA(E)ens §1)=00

Theorem 1. Assume that Y hes the RNP, Let Mif -> 2° be a non-
atomic set-valued measure of bounded veriation, Thenv‘cm(A) is
convex for every Acob .

Before starting the proof of Theorem 1 we shall formulate a few
propositions and lemmas,

Lemma 2, Suppose that for X there exists a dyadic structure

D= {A(ﬁ‘...fk), k21{ « Denote D=DOU{¢7y and d&‘ots(D). Then

n
Jyoa 4 U A1 AeD, 0yl 1 holds.
i=l
n ,
Proof. Let P-{ v Ai: Aie D, n2z1 % e It is obvious that V"o D P,
iml
Conversely it is sufficient to show that
i) A,BEP implies AUB¢P,

ii) A¢€P implies 4%¢ P,

The proof of i) is trivial. From the construction of the dyadic

structure D follows, that A~ABE€ P for A,BEP, Let Ac P be ar-
. n i i
bitrery, then Aw (/ A,, A.€ T where Ai-A( g jeee £ k)
ot i

for certain ki>,1 (i=1,2,4409n)s Then it is easy to show that

k, . . . .
al= A(ETea0tl 6‘:’1:)’ where § t=1=¢& % (3=1,2,.00,k.)s From this
1 Y 1 =173 3 b i

we can derive, that (*OC P, This concludes the proof.

We know ( [6] ), that oa(z)aﬂz) i2f EnP¢ oa(z) for &ll E,F¢ Z,



From Lemma 2 the following propositian follows.,

Proposition 3. Let &f‘( o"o). Then ‘){,1 C J& .

Y

Proposition 4. Let M: J'-? 2° be 8 set-valued measure., Then

the set function || M| defined by (1) is non-decreasing on F .
Proof. Let A,B€y , ADB and J B, «eo, Bn}c s be an arbit-
} 4

rary partition of B. Putting B,*A~B we obtain Boe_)ﬁ » By Biuﬁ
n

. n . cas
for all i=1,2,...,m, A= igo Bi’ thus {Bi?; j=0 188 partition

of A, It means, that the followint holdss

n n
> Bl ¢ = (MBI ¢ (M) (A), i.e. [JMKB) <[MKA).
imt - 3 j=0 J .

Lemma 5. Let \V be & measurs on & ring & and V¥ the
Caratheodory extension of V to o"(aL) e Then L¥ has no atom of
finite measure iff the following condition holdss:

For each A¢Rwith O < V(A) <o0o  the set J V‘(E)zle&, EcAhj
is dense in the interval <0, L(A)D .

Lemma 5 is proved in L1]

Proof of The.orcn 1.

Without loss of gemerality we may assume A=X and that M(X)¢ »{0} .
It follows from the nonstomicity of M, that there exists a set A(O)e o
such, that £ £ A(0) $X and u(a(0))F {0}, M(X~ A(0))# {0} Denote
by A(1)sX A(O). Then holds A(0)UA(1)sX, A(0)NA(1)¥0 and A(1)e JF
The repetition of the procedure just described will give us a dyadic
structure D0={A(€1 Ez"‘Ek)’ k%1 } for X such, that for every set
A€ D holds Ac o end M(AJ¥ 40T,

To hshow the convexity of clM(X) it is sufficient to prove that if

x1,12eu(x) end 0<J < 1, then o{x1+(1-ok)12 € clM(x),

[



So choose arbitrary X%, € M(X) and 0 ¢ & ¢ 1, We can find
elements x‘(€1,..€k), 22(€1...€k)€Y ‘where €, € {0,1} and k=1,2,..., such

that

i) xj(€1...€k) en(ﬁ(e,...ik)),
ii) xj(O) + xj(1) = X5 (2)

iii) xj(81...gk0) + xj(e_oobgk1') = xj(e-loooek) . (531 ,2)0

In Proposition 3 we have shown, that putting x)"0=s(D), 06'1-6’( J&O)

holds thet

L5&1 - JB (3)0

This is a very useful relation, because the most of further
considerations will be based on the fact, that in consequence of (3)

we can work on the 6=algebra ‘)&1

Teking in view the structure of \)‘60 and relations i)-iii)

in (2) we can define additive set-functions mjz ‘)6'0 < Y (j=1,2) as
n n

m.(A)=x.(A) for A e D. and m,(A)= m,(4,) for A= A e b

J( J( €% J( 51 3 51 i o’

Ai € D.

Let us define a set-function W Jﬁ,,*»((),ee> as

n
JWA)=sup > f(M(Ai)" for A €<491 , where the supremum is taken
A iwl
over the partitions f}[A- {A1,....,An:Aieu6' 1 (im1,,..,n), Ai/\ Aj-¢» for

n
i¥j, As-.\z1 Ai, ni }. In [5] there is shown that /u, is a messure on
i

4"

It follows that au(A) < (Lull (4) for every A¢ a}1. Since M is of
bounded variation and |} M{ is non-decreasing, we conclude, that /kis a .finite
measure on & 1°

We know, that »glro is dense in u{'1 in the topology induced by the
pseudo-metric P-’n}h x ‘;6’1 - {0,00> defined by

@(A,B)- fw(a 8 B) for A,Bc A, where A5 B=(A~B) v (B-4) ([6]).



There holds, that
I mj(A)”éd‘A(A) for A€ 0 (j=1,2)¢ In this case ([37])
there exist extensions 'm.: o of the set functions m,s 06' Y *
J 1 >y 3 0
such, that /;j are vector measures on 0(5 1 and
o .
<
lf mj(A) l —W/b\(A) fqr every A€ df1 (4).
Denote these extensions by the same symbols mj.
Bet us show, that (W 1is nonatomic. By Lemma 5 we need to

show the following condition:

if A€ d(ro, 0< J‘&(A) £ 00, thén for every £ >0 there exists Be v{‘o

Bc<A such, that
0 <¢m(a) - gw(B) < €
S0 let Ac¢ uﬁo be arbitrary, 0 ¢4\ (A) < o0, From Lemma 2 it
n
. . n ‘
is clear, that there exist n7 1,4 A I tmi» A € D such that xaité A,

A, M Aj-ﬁ for i¥j=1,2,...,n, Assume, that A1r'ﬂ and for every £ >0

find a set B1 e uﬁro, B1 < A1 such, that
n

Then if we put B=B, U V) Ai, the conditiom (5) is fulfiled.
ise

A1 is & dyadic element, sc there are other dyadic elements Al,
’I{} such, that A: U’X: =4, A: ~ 1/: = @ andA:,:q ¥ P« Consequently
fLa, ) = {\&(A}) + (\A(Nq). From this is clear, thot one of the numbers
6\“&}) and  w (2.‘) is not greater then 12' 0’\4,(&'). Let {‘A(A}) have
this property. The repetition of the procedure Just described will

give us for every k21 a set A]fé D, ¢ :f Ak < A, such, that

1 F
W) ¢ L omwapny (7)
T4 Tty .
Since 4w is finite we can choose k,»1 such, that ‘:,_)T‘o fna) 4 &,

k, .
If we put B,=A, = A, then B, € of and by (7) there holds that

0

friay) = i) =M™ g



The left inequality in (6) can be proved by the following way:
ko k
It is enough to show that ju (A, ) >O. Let us assume, that (4 (A, ° )=0.

s n k
Thus for every partition {ci} 1 < L)K- 1 of A1 there holds, that

n
142—1 {\I(Ci)\l = O, Then the following sequence of implication holds:

U H(Ci)H =0 for every i=1,2,...,n =
I(Ci) = {0} for every i=1,2,...,n o=
k

u(a, ) = {of.

This is a contradiction with the construction of the dyedic structure Do,
so the inequalities in (6) really hold. It means U is nonatomic.

In [3] is shown, that the total variation of s i.es | nj[ ’
is the smallest measure with the property (4), thus holds | mjl (4) ¢ JK(A)
for every A € 04r1 and j=1,2. This and. the npna;comicity ofo'w conclude the
nonatomicity of (mj[ (j=1,2)

From (4) it is obvious, that 'j are Jk-continous (j=1,2), thus by the
RNP we can find Bochner integrable functions f1,f2 t: X > Y such, that

m (a) = &fj d/w for Ac ok, and j=1,2 .

Let T=Y ® Y , then T is a Banach space with the RNP. We can easy
realise, thet the set funsction m: \I(rt —7 T defined by

m(A‘)-(l\1 (A),-Z(A)) for Ac 06‘1, have the same properties as ‘;j’
i.e. m is a vector measure of nomatomic bounded variation.

We can easy realise, thet the Ljapunoff's theorem for vector measures
( [8] ) is valid under our conditioms, too. Thus holds, that the closure

of the domain of m, i.e. the set K=mcl( Uu& mn(A)) is convex. Since -J.(ﬂ)-o
Ae
i

and n'j(x)-vx‘j (j=1,2), holds that m(ms(o,o),n(x)S(ﬁ,xz)é K. It implies, that

oL(x1 ,12) € K, thus for every &> 0 there exists



A¢ s,  such that
%, »x,) - (my (), my(all g < § o iees
hox; - mly <5 (G=1,2)

(8).
From the density of Wo in \)b’1 in the topology induced by{O

it follows, that there exists a sequence '{Aﬁiﬂ < Jﬁ'o such that

M (4;24) >0 (i » o). Since

Imay) - my(a)ll & fA leglage

and f \lfj\\ d6\(E(:J£’1) is ab%olutly continuous with respect to jw ,
B

it is clear, that 1limlm.(A,) - m.(a)|=0 (j=1,2). It means there
n-»QQ l J

. ! & . .
exists AO (= d"O such that ll mj(Ao) - mj(A)uL i Using this and

(8) we receive

o x5 - myla)l <5 (5=1,2)
We know, that for A€ o&o holds m, (A )+m,(X~Ay) € n(Ao)+m~Ao)=

=M(X) and from (9) follows, that
Loz +(1-d)x, - (m1(A0)+n2(X‘A0))N £ldxy-m, (4,) | + Ilo(xz-mz(Ao)“ < g .
It means that o(x1 + (1-4)12 € clM(X).

The proof of Theorem 1 is completed.
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