A -pseudometrics as families of ordinary pseudometrics
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The aim of this paper is to show that probabilistic pseudometrics

under A (A -pseudometrics; and JO,1[-indexed families (ma)aelo,l[

of ordinary pseudometrics ma provided with the property

m, = inf mB for every a€]0,1][
Relo,af

are equivalent notions.

Let us first recall some definitions:

& denotes the set of all nonnegative probability distribution
functions - i.e. all increasing, left continuous functions
F:R 2> [0,1] with F(0)=0 and sup F(x) = 1.
XER

&" is partially ordered by
F.GeaﬁH FsG <=> F(x) 2 G(x) for every Xe€R

and with the binary operation <, defined by

F.Ge ¥";x€R: 1, (F.G)(x):= sup F(y)aG(z)
Y,2€R
V+Z=X
(l+.tA) is a semigroup with unit element 60 given by
, 1, O«
x¢R: Ec:“”"“{o. 02x

S denotes a nonvoid set.

Definition: (cf. [5]) A mapping m:5%S » ®" is said to be a
probabilistic pseudometric under A (A-pseudometric) on S iff it
satiefies the conditions

{M1) mip,p) 60 for every pe&sS
{M2) m{p.q)

m{q,p) for every p,qe€sS

1~

(M3 mip.q) T,(m(p,r) . m(r,qj)) for every p,q,res



Let m be a A-pseudometric on S and for every a€]0,1{ let
m:SxS -» R’ be defined by:

(1) (p.q)eSxS5: ma(p,q):= inf sup{xX€R|m(p,q) (x)<B}
Bell-a,1{

Lemma : (ma’a€]0.1[ is a family of ordinary pseudometrics m,

on S provided with the property

{MC) ma{p,q) = inf mB(p,q) for every a€]0,1{; p,q€S
Bel0,al

Moreover. the following relation holds for every p,.q&S; x€R:

(2z)  mip.@)tx) = sup{a€l0,1l|m __(p.q)<x}

Froof: (M1l) implies ma(p,p)=0 for every p,qe€S; a€]0,1[ and
from (M2) we infer ma(p,q)smq(q,p) for every p,qeS; a€]0,1[.

To prove the triangle inequality assume the existence of p,q,re€s
and O<«veR with

Y » y
mq(p.r) 5 2 ma{p,Q)+ma(q,r)+2
Then
( : Y -
m(p.r)[matp.r) 2] $ 1-a
Since for some (B.,v€]l1l-a.1f
, \ . Yy , Yy
mtp,q){ma(p,q)+4] : B and m(q,r)[ma(q,r)+4] 2y
we obtain in view of (M3) the contradiction

BaY s m(p,q)[m (p,q)+IlAam(q,r)(m (q,7)+¥] <

: , : y 4 -
1 m«p,r)[mq(p.q)+ma<q,r)+2] < m(p,r)[ma(p.r) 2] ¢ 1-a

{MC) follows from the definition.
To prove (2) note that in view of the definitions the following
equivalence holde true for every p,qeS; a€]0,1[ and xe€R:

* f ( y =
L* m(p,qg)(x) > a <=> ml_a(p,q) < X

Proposition: The relation

m > W ae10,11

defines a bijective mapping 2. from the set of all A -pseudometrics m

aejo,1f °f
ordinary pseudometrics m, on S provided with the property (MC).

S
on S onto the set of all 10,1[-indexed families (ma)

Proof: The injectivity of Qs follows immediatly from (2).

To prove that 25 is surjective let (ma)aelo,lt be a family of

pseudometrics m, on S5 possessing the property (MC) and define



m:35%x3 -*[0,1]R according to (2).
Then in view of {(MC) the following relation holds true for every
p.q€S;: a€l0,1[ and x=R:

x - :
{*) m(p,q)(x) > a =) m,_,(P,q) < x

(i) m(P,q)e'ﬁ+ for every p,q€eS followe immediately from (*).
{ii) m is a A -pseudometric:
(M1) and (M2) hold true since mu is a pseudometric for all a€]0,1[.

To prove (M3) assume the existence of p.q,r€S; x,veR and a€)0,1( with
mip,.g)(x+y) < 1-a < m(p,r)(x)Aa m{(r,q)(y)
Then we infer from (*) the contradiction

X+Y & ma(p,q) 4 ma(p,r) + ma(r,q) ¢ X+Y

(iii» Finally, the relation

ma(p.q)= inf sup{x€R|{m(p,q)(x)<B} for every p,qeS; a€]0,1[
Beli-a,1(

follows immediately from (*).

According to this Proposition A-pseudometrics and ]10,1[-indexed
families of ordinary pseudometrics provided with the property (MC)
are equivalent notions.

In particular, this Proposition shows that pseudometrizable fuzzy
neighborhood spaces (S,m) and ]0,1{-indexed families ((S,ma))qelo 10

of ordinary pseudometrizable spaces (S,ma) possessing the property
{MC) can be identified in the sense of (1) or (2).

Morecover, in view of Proposition 1 in {2] and Corollary 3.2.2 in [1]
this identification preserves topologies; i.e.:

(i) 1if (5.A) is a pseudometrizable fuzzy neighborhood space with

generating A-pseudometric m on S and (ma)ae]0,1[:= Rs(m) then

for every a€]0,1{ the a-level-topology of (S$,4) is generated by
the ordinary pseudometric ma on S and

{(ii) if (3.,a) is a fuzzy neighborhood space and (ma)aelo,l[
10,1{-indexed family of ordinary pseudometrics ma on S provided

with property {(MC) so that for every a€]0,1{ the a-level-
topology of (5,4) is generated by m, then (S,4) is generated by

~=1 \
SJS “ma’aem,ll"

is a
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