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Abstract
In this paper,we have proposed a new kind of fuzzy set,
which was named MW-fuzzy set,and described incompleteness of
information and uncertainty of system by them.In addition, the
basic operations and relations on the new fuzzy sets have been
endowed with certain practical significance from angle of in-

formation theory.
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l.Introduction and symbols

As a generalization of interval-valued fuzzy sets [33,

Meng [1] has presented the concept of interval—value L-fuzzy
set,and established many decomposition theorems for it.In

order to deal with the incompleteness of information and the
uncertainty of system,we have put forward in this paper a kind
of fuzzy set called MW—fuzzy set based on interval-valued fuzzy
sets.

Information is a fundamental concept in system science,it
mirrors the important characteristics of system.In general,
informations fall roughly into three categories:completely
known, incompletely known and completely unknown,they are called
white,grey and black information respectively.For example,we
have got some informations about John as follows:

Age:30;Height:1.68 1.72 m;Weight:60 70 kg;Acadmic degree:



unknown:Nationality:China or Japan or Korea.

Among this informations,age is white,acadmic degree is
black,height and weight and nationality are grey.

Meng [2] has ever described black and white informations
from point 'of view of set,but missed out a lot of grey informa -
tions.In this paper,we try to express the incompleteness of
informations and the uncertainty of systems by MW-fuzzy sets.

Throughout this paper we agree on

R:real set,N:natural set,l:real unit interval £o,11,

[I]J=(la,1l:0€agl,a€ R}, [Rl=([a,bl:agb,a,b€R),
e 2 n-{ .
M=t D in € N, aV b=max{(a,b),a Ab=min{a,b}.

2.MW—fuzzy sets

Definition 2.1.Let X be a usual set.The mapping
A:X—=[I11UM

is called a MW-fuzzy set on X.All MW-fuzzy sets on X is denoted
by G(X). ’_
Remark 2.1.1f for every x€¢X,A(x)€[I],then A just is an
interval-valued fuzzy set on X,therefore MW—fuzzy set is a
generalization of interval—-valued fuzzy set.
Definition 2.2. Let A,B€ G(X) and x € X.

(1) If A(x)=la(x),1],B(x)=Cb(x),1],then

A(X)<B(x) iff a(x)<b(x); A(x)=B(x) iff a(x)=b(x);

A(x)VB(x)=[a(x)V b(x),17; A(xX)NB(x)=Ca(x) Ab(x),11].

(2) If A(x):{%;'wzri"';lrf‘;rtrl)'

B(x)=( I%—'I...I%—_lll)lthen

=|.-

A(XYSB(x) iff m>2n; A(x)=B(x) iff m=n;

1 2
Ax)V B(x)=YmAm WmAmy -0 1) A(XOAN B(K)=‘ﬁ\'ﬁ:ﬁ; cee 1.



(3) If A(x)=[a(x),1] and a(x)#],B(x)_( ’7T"“’ },then
A(X)S B(x) and A(X)#B(x);

ACX) V BGO=G, 24, 105 AGO ABC(x)=Ca(x), 1],

Definition 2.3.Let A,B€ G(X), then
(1) AcB iff A(x) <B(x) for any x e¢X;
(2) A=B iff A(x)=B(x) for any x €X;
(3) (AU B)(x)=A(X) YVB(x);
(4) (ANB)(x)=A(x) NB(x).
The following two theorems follow easily from Definition
2.2 and 2.3 »
Theorem 2.1.(G(X),C) is an ordered set with a maximal lx
and a minimal element Qx ,where
lx(x)E'.l,xéx,
Ox(x)=10[0,11,x ¢ X.
Theorem 2.2.(G(X),<,U,N) is a lattice.

3.TC-transformation

In order to describe the uncertainty of systems,we need
some technical preparations.It is in order to express the in—
completeness of a kind of grey information that TC—transforma—

tion was introduced.

Definition 3.1.Let [a,bl €CR1, the mapping

T:[a,bl—I , xl—-—T(x)— ﬁ g"

’
is called translation-compression transformation,or
TC-transformation for short.TCa,bl is called the image of
[a,bl under T.

It is easily seen that T[a,b]:Dﬁ%:a,ll,and Tla,b]l—[0,11]

when b—a—»o0o.

In order to state the properties of TC—transformation we

give the following:



Definition 3.2. On [R] define an order 4 as follows:
Cag,by I<Cay,bp] iff by —a; € by -a,,

we call < an interval-order.

Clearly ([R1,<) is a linear order set.

The fpllowing theorem.gives basic properties of TC—trans—
formation.
Theorem 3.1.Let T be a TC-transformation,then

(1) T is order—preserving,that is,if X, < Xp then
T(x; ) €T(x).

(2) T is interval-order—preserving, that is,if
Caj,by1<Cap,by] then Tla, ,b; 1<TCay,by].
Proof.(1) It follows from T(x) is strictly increasing function.

(2) From (1) we get

TCa; , b; 1=[T(a; ), T(by)1=C !

g 1

b-a;
T(bi )-T(a )=—;{;':%$  i=1, 2.
But function

X

f()= T3 (x20)
Is strictly increasing, hence

T(by )-T(a;) £T(by)-T(ap) when b, -a; $by-a,.
This shows ‘

TLa, ,b1]<T[a2,b2] when [a, ,b1]-<[a2,b2].
Remark 3.1.(1) TC-transformation is a one—to—one mapping

{
between [a,bl and [T;F:E , 11,
(2) TC—-transformation can change closed intervals which

lengths are equal into same closed interval, for example,[8,12]

and [100,104] are transformed into [é‘,l].

4 .ED-transformation

In order to express the incompleteness of another kind of
grey information,we now introduce ED-transformation.
Definition 4.1. Given m (m € N) numbers

rl » Iy s Im (4-1)
the mapping



p:rr—>-%r, i=1,2, ,m,
is called equidistribution transformation,or ED-transformation
for short.
Clearly,sequence of numbers (4-1) is changed into that
in [0,11 '

i 2
m:' m T m » 1y

this is m points which are well-distributed dispersed over
£o,t13. .

Remark 4.1. The image p(rj)= %; of 1y has nothing to do with
concrete value of r;,and has something to do with only lower
mark i,thus sequence of numbers (4-1) can be seen sequence
of points.In addition,different sequence of points probably
corresponds to same one, for example,both (al,az,”.,aw) and

| 2
{by , by, by correspond to (ﬂi’ﬁi'""l}'

5.Expression for uncertainty of systems

First we consider the concept 6f MW-fuzzy set from angle
of information theory.

Suppose S is a system with uncertainty,that is,S contains
three informations:white,gery and black information.All infor—
mations of S is denoted by usual set X.Now on X define a mapp-
ing

A: X—=C11UM
as follows:

(1) 1f x€X is a white information of S,then A(x):lé[l,ll.

(2) If x€X is a black information of S,then A(x)=[0,11].

(3) If x€X is a grey information of S,then A(x)=[a,1] or

L2
ACGO={TR, T, 1),

Clearly, the mapping A is a MW—fuzzy set on X,and the
practial significance of A is that a description for uncer
tainty of system S.

Remark 5.1. The more smaller (bigger) a in A(x)=[a,1] is,



2

or the more bigger(smaller) m in A(x):b%;,ﬁy,»--,l) is,then
the more bigger (smaller) the uncertainty of information X
is,and we say that the more greyyer (whiter) information x is,
Example 5.1.Now we consider the informations about John in
section 1.Suppose that
X=(age,height,acadmic degree,nationality’
={x, » Ry 1 X3, Xg ) Xg )

Getting rid of dimension of height and weight,we obtain

two closed intervals [1.68,1.72] and [60,701,then from TC-

transformation,

. { {
T[1.68,1.72]:[jjy;,1], T[60,70]=[11-,]].

For nationality,we set up a sequence of point
(al,a2,as)z(China,Japan,Korea>,

by ED-transformation,

{ 2
p{a1 ,az,aa)z{-a—',-_;’-,l).

Let us regard John as a system,and denote its uncertainty

by a MW—fuzzy set (see Fig.1)
A:X=(X, ,Xg,-++, xg)—>[ 11U M, L ekl M e R R
A(x,)=1, %. .
A(xZ)ZET%pI 11, & .
A(x3)=[T1F'1]' 0

X, Xz X3 X4 Xs
Fig.l

Remark 5.2.Considering from point of view of information

A(xg)=l0,11,
2
A(xs):(%-,gyl).

theory,the maximal element Iy of (G(X), <) implies that all
informations of system S are completely known,and the minimal
element Qx_denotes that we known nothing about S.

The basic law knowing thing is from unknown to some extent
understood and then fully known,that is,from black via grey to
white.Now we portray the law by MW—fuzzy sets.

Let us consider geological structure of the moon.In the
past mankind knew nothing about it,that is,it is a black infor-
mation.With success of reaching the moon,it is transformed

into grey information.Easily to imagine,with the development



nf science and technology,it will be changed gradually into
white information.Now we denote the information by x(t),
where t is time,and let
X={(x(t):t continuously change).
On X define a MW-fuzzy set A (see Fig.2) as follows:
(1) A(x(t))=Ca(t),11€(11,
(2) a(t) is increasing function about t, I+

(3) a(t)——=1 when t —= o0,

act
Clearly the MW-fuzzy set A
vividly portraies this knowing 0 )
process from black via grey to white. Fig. 2

6.Practical significance of operations and relations on

MW—-fuzzy sets

For identical system S,at varying moment,it is,in general,
different that our level of knowing informations of S,and for
varying human,at same moment,it is incompletely same to know S.
Describing these distinctness,we need a lot of MW—fuzzy sets,
this is just concrete background of defining many MW—fuzzy
sets on the same set X,

Suppose that X is fhe set of all informations about system
S,and A,B€G(X).Let us consider significance of relation e —
from angle of information theory.We look upon A and B as Hans
and John’s levels of understanding about S respectively,then
AcB implies that Hans understood informations about S is not
so clear as John.If we regard A and B as degree of grasping
about S at moment t, and t, respectively,then ACB shows that
S was known at t; is not so penetrating as t,

Nextly let us consider the significance about AUB.We yet
look upon A and B as Hans and John’s levels of understanding
about S respectively,then AUB implies that degree of grasping
about S after Hans and John exchanged informations and learned
from others’ strong points to offest one’s weaknesses.Further,

ACAUB and B AUB show that Hans or John’s degree of grasp—-



ing about S is not so clear as that of cooperating with each

other.
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