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In this note a characterization of the L-fuzzy
ideal generated by a L-fuzzy subset is given and
then by giving tge concepts of L-fuzzy contracted
and extended ideals, some related theorems are

proved.
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1. Introduction

Zadeh in [9] introduced the notion of a fuzzy
subset A of a nonempty set X as a function from X
to [0,1]. Goguen [1], generalized the fuzzy subsets
of X, to L-fuzzy subsets, a function from X to a
lattice L. Since then several authors have
developed interesting results on fuzzy idea}ﬁ 0¥ a
ring. For example see [3,4,5,6,8,10,111. In [10],
we have given a characterization of a L-fuzzy ideal
generated by a L;+uzzy point. In this note, for
commutative rings having identity, we give a
characterization of the L-fuzzy ideal generated by
a L-fuzzy subsets. Then we define the concept of
L-fuzzy extended and contracted ideals and we prove
that there exists a bijection between the set of
all L-fuzzy contracted ideals onto the set of all
L-fuzzy extended ideals of homomorphism- rings.
Moreover we prove that evefy L-fuzzy ideal of the
ring of quotient of a given ring is a L-fuzzy
extended ideal. Also a necessary and sufficient
condition of a L-fuzzy contrﬁcted prime ideal is
given, and it is shown that fhere is a bijection
between the set of all L-fuzzy primé ideals of the
ring of quotients to a clags of L-fuzzy prime

ideals of the ring.

.



2. Preliminaries
We fix L=(L,%,\,N as a completely distribu-
tive lattice, which has least and greatest
elements, say 0 and 1, and for simplicity of
notation we write "sup" and "inf" for "/ and A,
respectively. I% a,b@., we write azb if b=a.
For a nonempty set X, let
F(X)={A]A is a L-fuzzy subset of X}.
If A,B&F (X)), then ASE if and only if A({x)<B(x) for
all xeX. |
From now on we write R and 8 for rings.
Let f:R-—5 be a map, A«F(R) and B&F(S). Then
we define f(A)aF (S) and f-‘(B)eF(R), by
sup A(x)
£ (A) (y)n{ xaf "t (y)

0 if £t (y) =0,

if £ y) =2

£FHE) O =Bf(x)),
respectively.

Definition 2.1. Let A&F(R). Then A is called a
L-fuzzy left (right) ideal of R if and only if for
all x,yaR.

(i) A is a L-fuzzy subgroup of (R,+) ; i.e.,
Alx=y) Z inf (Ax),Aly))
(1i) A(xy) Z Aly) (Alxy) Z A(x)).
Note that (i) above implies that Afx)wA(—x). A is

called a L-fuzzy ideal of R if and only if it is



both L-fuzzy left and L-fuzzy right ideal of R.

We let I(R) be the set of all L-fuzzy ideals
of R.

Theorem 2.2 [4,Theorem 4.1]. Let A€F(R). The

L-fuzzy subset C(x)= inf B(x) is the smallest
AsBel (R)

L-fuzzy ideal of R containing A, i.e., ASC and for
any C’a&l(R) such that AsC’, then CsC’.
Definition 2.3. The L-fuzzy ideal C in Theorem
2.2 is called the L-fuzzy ideal generated by A and
is denoted by <A>. |
Lemma 2.4. Let fiR—8 be a homomorphism. Then
(i) f(A‘)Sf(A') if A‘,Ach(R) and A‘Sﬂz
(ii) B el (R) if B&l(S)
(iii) +*B)rsf*(B) if B ,B & (S) and B SB
1 2 1’2 1 2
(iv) Ast ™ (f(A)) if Aal(R)
(v) $(FB))SB if B&I(S).
Theorem 2.5.[8, Theorem 2.1l.(a). Let p be a

L-fuzzy prime ideal of R and a a prime element in

1 if e p
L. Let Pe F(R), defined by P(x)={ .
a otherwise

then P is a L-fuzzy prime ideal.
)
(b) Conversely any L-fuzzy prime ideal can be

obtained as above. |



3. L-fuzzy extended and contracted ideals
From now on all rings are commutative with
identity.
Theorem 3.1. Let A«F (R). Then <A> is equal to
B, where B is defined as follows
B(w) = sup inf (Ala),...,Aca )).
n [}

w= § X @, 3§ for some xi,ateﬂ, ne&N
img ’

Definition 3.2, Let f:R—S be a homomorphism,
and Iel (R), Jel (8). Then I1%=<f (1) >el (S) and
J°=f“(J)¢I(R), are called the L-fuzzy extension of
I and the L-fuzzy contraction of J under ¥,
respectively.

Definition 3.3. Jel(S) is called a L-fuzzy
extended ideal if J=I1° for some Ie€I(R) and Ie€l(R)
is called a L-fuzzy contracted ideal if I=3° for
some Jel (5).

Lemma 3.4. (i) If I,I'e€ (R) are such that
Isl’, then <I>&I’>

(ii) If lel(R), then IsI®=(1"°

(iii) If Jel(8), then J°*=(J° ®<J.

Lemma 3.8, For Iel(R) anq Jel (8),

(i) 1%°°%=1°,
(ii) J°%%=3°,
Theorem 3.8. lLet f:R—E8 be a homomorphism.

Then the mapping I+I® is a bijection between the



set, 8, of all L-fuzzy contracted ideals in R onto
the set, 8, of all L-fuzzy extended ideals in S.

In the following theorem by R‘ we mean the
ring of quotient of R, where S is a multiplicative
set as in [7, page 411].

Theorem 3.7. Let S be a multiplicative set and
f:R—aR. be defined by Ff(a)=(a/l). Then. ev;ry
JcI(R') is a L-fuzzy extended ideal.

Theorem 3.8. Let f:R—E be a homomorphism of
rings and P a L-fﬁzzy prime ideal of R. Then P is
the contraction of a L-fuzzy prime ideal of & if
and only if pup®e,

Theorem 3.9. Let f:R—8 be a homomorphism of
rings. If 8 is a faithfully falt R-module; then
every L-fuzzy prime ideal of R is the contraction
of a L-fuzzy prime ideal of S.

Theorem 3.10. The L-fuzzy prime ideals of Rs
are in 1-1 correspondencerwith the L-fuzzy prime
ideals of R, which attains a prime element of L on
S.
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