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Abstract

In the paper(1) the upgrade of algebraic structure has been
considered, in which the e:onupt of HX group has been raised.
With the development of tuzzy set theory, all kinds of the
structure are upgraded not only from their universes to their
power sets but also from their universes to their power fuzzy
sets. In this paper, the concept of fuzzy HX group will be first
raised and the stmcture and homemorphisms of fuzzy HX group
will be studied.

Key words: fuzzy ux,sroui», uniform fuzzy HX group, regular
fuzzy HX group. |

1..5\:zz;yHXGra;up

Ve always assume that X is a group in the paper. The sat
of all fuzzy sets of X is called the power mzzy sot, chnotcd _
wy F(X).

By using multiveriate extensien principle (2}, the opera-
tion of the group X can be mtendod to ‘}'(X) For VA,B(-?(X)

Ao LN (AB) Q)



where Aj,Bjare the \-cut sets of AsB» end A, B ={ablaca,, beB\}.
L appoint that ¢A-A¢-¢. :
Prgpositiou 1.1, Let A,pe%¥(X), then
AK x)= \‘t*,;(,e(ym(z))- Y (A(y)AKy'x)), forV xeX.
Propesition 1.2. Let A,BeF(X), we have

A&-AJ N Aa.B;) (1.2)
where A, By are the strong A-cut sets of A, B.

E‘or more goneral case, we have

Proposition 1.3, 1t A-)H (?s) %Mﬁa(?\). where H,, as
well as Hy, 1iis a nest of sets on 1(2], AKSE‘(A)Q‘).:
BcHg(A)eBy, for Vxe(an] , then
AB= \ }(HA(A)H;O\)) (1.3)

and (AB), =) Ha(« )Hg(a)s (AB) =\ By («)Hp(t J=tocBy, -
Notice that (AR #MnB -
Proposition 1.4. For VA, B.C €F(X), we have
(AB)G=A(BC).

According to above discussion, we know that f’f(X) is a
semigroup with unit elomnt e} for thc operationﬁ 1), where
e is the unit element of X, and

{1 X»e
ﬁe}('x)- o : m ’ for Vxéx.

____gaition 1.1, Lot ch:(x) A is called a fuzzy HX
group on ', 124 forms a group for the operation(‘l 1), vhich
its unit element is denated by §

e appeint that empty o is a fmtyw‘ﬂ; sm& A fuzey |
quotient group on X mt hc a fuzzy HX group on X and its unit
element be a fuzzy noml subgroup of X.. A degmp on X must
be a fuzzy HX group on I.v ' :

- Definition 1.2. 11 AG?(XJ, then

1). A is called a quzy submonoid on X if m¥k6[0,1],,

Ay is a submonoid of X. |
2). A is called a fuzzy subsenigroup on X if £or ‘

v ae[o, 1], Ay 1is a subsemigroup of X.




Where we appoint that ¢ is a submonmd of X, and is also &,
suhsen\igroup of X.

Let A€¥(X), we can prove that

1). A is a fuzzy submonoid on X iff for VAe(0,1], A, is
a submonoid of X. |

2). A is a fuzzy subsemigroup on X iff for VAe(0,1]
A, is a subsemigroup of X.

'_I'_MQre;n 1.1. Lct,d be a fuzzy HX group on X and E be its
unit element, then ,@ is a quzy subs.migroup on X , Conversely,
if Aed is a fuzzy submonoid on X, ~then A=E.

Proef. E is the unit element of,l-) EE—E =>E, E, =E, , for
V A€(0,1) =dE, is a subsemigreup.=sf is a fuzzy subsemigroup
on X. Conversely, A is a fuzzy submonoid on X - =» for Vxe(o 1]
A, is a submonoid of X =3 A A,mk,, for vAae(o,1).
=> A =L] MA»&)-&/J)\A» =A =p AsE.
Theorem 1.2. Let A be a fuzzy HX group on X and E be its
unit elcmt, then for VAc_,A, A is as high as E, 1.e.
hignc,g-mahig N
vhere high(y*yx Mx).
Proof, Because E is the unit element of 4 , for YA€A ,
A =p ARpuhy, for vxe(o,ﬂ => (if E,=$, then Anmg).
On the other hand, AA'=E -> A(41), =E), = (1: Ay=,
then E,=¢). ‘
So high(f=highE),

Theorem 1.2 shows that thc height of all elements in
a fuzzy HX group are equal. So, we can doﬁne high(g)the knight .
of fuzzy HX group, write h(;d) It is a very important nuleral
charecteristic.

Definition 1.3. Let 4 be a fuzzy HX group on X, and
h(y) be the height of A . For A¢d, if there exists xeX such
that A(x)sh(4), thcn A-is called a reaching height clemcnt. }

A 18 called a reaching height fuzzy HX group if every
element in 4 is a reaching height element.



Definition 1.4, Let JJ be a fuzzy HX group on X, 4 is called
conditional strong rcaching height, if 4 has the prﬁperties.
for VA, ge}{ o 1T AB reaches the height at: X, - then there - exist
X, ,X;¢X such that x=sx, x,, and A reaches the height at x, and
B reaches the height at x,. |

Proposition 1.5. Let 4 be a fuzzy HX group. 12 4 is condi-
tional strong reaching height and ,d has a reaching height element,
then 5 is a reaching heigh't fuzzy HX group.

Proof. Obvious.

Theorem 1.3. Let 4 be a conditional strong reaching height
fuzzy HX group and n(4) be its height, then

)Ahw = { Abw I 56)4}
is a HX group on X, Epy, 1is the unit element of Ansy, and

Ady = gy -

The prooi' is easy, 80 it is onittcd.

About general fuzzy HX groups , Wwe have

Theorem 1.4. Let 4 be a fuzzy HX group, then for V Ae(0,1] ,
A&{a14¢4) 1s & HX group on X, and E, is the unit element of
By A% ’(ﬁ-‘ In =

2. Unitorm mzzy_ﬂx group

1f the operation of inverse element in X is upgraded to
9HX) by means of extension principle, then we can seek an. mver:o
fuzzy set in FF(X).
Definition 2.1, Let X be a group,
" 1). For A (—y(:X—)—.‘m'AQf{i'liteA} is called an inverse set

of A.
2). For Ae?—'(x), A &l]}( ) is called an inv,erso fuzzy
set of A.
By extension priciple, we have

.,gd,]k(&,\)G> .
2), (A"),;-(A;\ﬂ’



Generally, in a fuzzy HX group o , the inverse fuzzy set of A
is not uniform with the inverse element of A. For exnple, let x be
the .additive group of real numbers, take E=(0,+00), then

-{x+§lx(-x}
is a fuzzy HX group on X, and its unit element is just E. Obvieusly,.
Ea(-00,0), but E'E. .

In this section we will discuss this kind of fuzzy HX group

in which the inverse fuzzy set is uniform with the inverse element.

Definition 2.2. A fuzzy HX group 4 is ulled an uniform.
fuzzy HX group if for VAcd , Aq’-f‘

Theorem 2.1, Let ¢ be a fuzzy HX group, then, ¥ is uniform
iff its unit element E is a fuzzy subgroup on X.

Proof. 1). Let ¥ be an uniform fuzzy HX group, then, E -EG’
«» (E) =ED for VAC[0,1) =» For Va,beE,, able Ep(E,)" -E,\(E"),-(EE")\
=E, = Ej is a subgroup of X, for Y/A€[0,1 .. s E is a fuzzy subgroup
on X.

2). Let E be a fuzzy subgroup on X, then, for Va¢{p,1, the
unit element E, Of)J;’\ is a subgroup of X, First of all we prove that
for VA€ dr ,VacA,, A =aE s=E,a. Clearly eEal A,\E,\-A,\_, If aEGA,
then 3beAy, but bkaE,, We have b'adE . For deA) , (db)’ (da)éEAEL-E
i.e. bla¢E . This is in contradication with b'a¢E . So Ap=aE, .
Similarly we have A*-E,;a..

Next, we prove A;\ -(Axp tor Ya¢o,1 . For VaeA;_ , noting
A,\A,\.E,\ and e€E,, then Ib€A;, b'A,, such that bb'me =y bl=b'ed,.

By above proof we have A;{.m =» 3 C¢E, such that a-bc -> al=scible
E, b' =i, =» achD , So alc D . Conversely, for ach o alen, . Simila
larly we can prove aeAl . So A?s A .

Thus A,\-A,\ for YA€{0,1]..

Therefore A%w b/ A(apPa A4 L) (A ) =07 .

By definition 2.2, A is an uniform fuzzy HX group on X,

In order to discuss the structure of uniform fuzzy HX groups
we will give some new concepts.

Definition 2.3. Let A be a subgreup of X.
1). A subgroup E of X is called a pseudo-normal subgroup

for A if for V a¢A, aE=Ea.




2). A fuzzy subgroup E of X is called a pseudo-normal fuzzy
subgroup for A if for VYA¢[0,1), Ea is a pseudo- normal subgroup
for A.

Proposition 2.1. E is a pseudo-normal fuzzy subgroup for A
iff for Va€A, akeEa.
Theorem 2.2, 1). If E is a pseudo-uornl subgroup for A,then

A/ ‘A{aEIaGA}

is a HX group on X, and the unit element is just E.
2), 1t E is a pseudo-normal fuzzy subgroup for A, then

A'El{nElaéA}

is a fuzzy HX group on X, and the unit elemeny is just E,
Definition 2.4. A.’E is called a pseudo-quotient group of A

for E, and A is called a pseudo-fuzzy quotient group of A for E,
Proposition 2.2. Let A and E be subgroups of X, then the
following four conditions are equivalent: :
1). E is a pseudo-normal subgroup for A.
2). aEa”'aE, for VaeA.
3). aEa'<E, for Va€A.
4), aha'cE, for Va€¢A, VheE.
The proof is straight.

For reaching height fuzzy HX group Jd ,: le: h(7) be the height
of 4, then, for VA€d , we have A, »¢, write X ',‘45;5“‘"” . Now we
show a structure theorenm.

Theorea 2.3, Let 4 be a uniform fuzzy HX group and its unit.
element be E. If 4 is reaching height, then, X is a subgroup of X,
E is a pseudo-normal fuzzy subgroup, and ¥ 'y ) E’

Proof. 1). Feor Va,bex 3A,B€d, such that acAyny, , ueBM,.,
= For V)\<h(y4), we have aéAA, BeB; = ab eA,\(B,fD.A,_\B;\-( B, ,
where gEexl wpab’e L) (AB7), a( AR )yey S x".

So X" is a subgroup of X.

2). For Mh(d), heE,, a€X ] there exists A¢d, such that
a€An 4 S Ay U: have MEQE},A%-A,\A,\-E,\ = E, is a pseudo-nomal
subgroup of X , For Azh(4), E,=p. So E is a normal fuzzy subgroup
on X.



3). For VAed , since 4 is reaching height, A %¢. Taking
*
acAp ) S X , for Yach(4), we have aeAA-b aEi\CA;\Fg\-AZ\. Conversely,
for Ya €Ay, apea, =aata ¢ MQA#-WAA-QE,\ So A;\-aE,\. Thus

-l-, :
k’tﬂ»f‘ A’\' LJ 7‘( aE,) -uE(-X . Conversely, for VaE € Xy / ». Where
aex” , we have Aed , such that a€Ayy) . Similarly, we have aEmA¢d.

Therefore ¥ ;/E‘

This completes the proof,

Corallary 1. If the step of every element of X is finite,
then, a fuzzy HX group 5 on X is uniform. If 4 is reaching hei-
ght, then, 4 =X /E » where E is the unit element of }4

~

Corallary 2., If X is a finite group, then, a fuzzy HX group
# on X is reaching height and uniform, therefore X gy £’
where E is the unit element of o ..

3. Regular fuzzy HX group

Definition 3.1. Let 4 be a fuzzy HX group on X, s is called
a regular fuzzy HX group if its unit elenent ,E, is a fuzzy subnonoid
on X,

Propositien 3.1. If 4 is a regular fuzzy HX group on X, then
ﬂ,J A,\l 4,4)4} is a regular HX group on X.

Definition 3.2. Let A be a subgreup of X

1). A submonoid E of X is called a pseudo-normal subse-
migroup for A if for VYacA, aEs=Ea..

2). A fuzzy submonoid E of X is called a pseudo-norlal'
fuzzy subsemigroup for A if for VY )¢[0,1, E, is a pseudo-normal
subsemigroup for A. | |

Proposition 3.2. Let A be a subgroup of X and E be a submonoid
of X, then, the following four conditions are equivalent.
1). E is a pseudo-nermal subsemigreup for A.
2). aEs=E, for VacA. ' :
3). aBa'c<E, for VacA.
4). aha'€E, for VacA, VheE.

The preef is straight.



Theorem 3.1. 1). If E 1s a pseudo-normal subsemigroup for A,
then, A'E‘{aElneA} is a HX group on X, its element is Just E.

2). It E is a pseudo-normal fuzzy subsemigroup for A, then
A'E 2§ aE|acA} is a fuzzy HX group on X, and its unit element is
Jjust E.

Definition 2.2. Al 'E is called a pseudo quasi-quotient group
of A for E, and A E is called a pseudo quasi-tuzzy quotient ‘group
of A for E.

Now we discuss the structure of regular fuzzy HX groups..
Let 4 be a fuzzy HX group, vrite )
Xé Uiy ) AeA} )
where h(4) is the height of A , ZKyg#{a | achwy), a'cayy}
If 4 is conditional strong reaching height, then
1). e€Epy -)'KN,,, #‘, fcr_VAW,e ﬁm, ;3Ay._;,;,l~ﬁh<,h such
that A4, 4¢ => CEy(y) -
2). Xe¢ ¥ e€E,y, .

Theorem 3.2. Let A be a regular fuzzy HX group on X and E
be its unit element. If , is conditional strong reaching height,
then , X is a subgroup of X, E is a pseudo-nomal fuzzy subsenig-
roup for X and X is a pseudo quasi-fuzzz quotient group of X for
E, i.e, A .x E.

Proof. 1). Since 4 is a .regular fuzzy HX group on X, E is
a fuzzy submonoid on X. = By, »¢, Ey) is a submonoid of X. Since
jg is conditional strong reaching height, by theorem 1 ;3, we have
Ao ={Ang, | Acfd} 18 a regular HX group on X. From[1] , X is
a subgroup of X. »

2). For Vxn(#), heE}\ . acX, there exists Ac¥ , such
that acAnph = 8€AyqShy, a'€Ang € A = aha'c A\E\ALsE, .. By propo-
sition 3.2, E, is a pseudo-normal subsemigreup for X. For VAzh(d),
we have E,=¢. Therefore, E is a pseudo-normal fuzzy subsemigreup
for X.

3). Since # is regular, E reaches the height of 4 .

) is cenditional strong reac.hing'height, s0 4 is rcaching hei-
ght. =» Ay, #¢, for VAed . Taking a€k, <X, we have that aeA,\,

for \Yx<h(#4). Clearly, ‘sB,cA,\Ey=A, . In the other respect, ach,
implies a, =ea, maa'ac a&A,\aaEA. So A,\gaE,'\. Thus A,=aE, .



Therefere As &J)W)&r)'l)\(aE;\)-aEex E..
Cenversely, for VaE<XIE, where acX, we have that 3Asg such that
acAy 4 . Similarly we have aE-Ae)A . So A -X E.

4, Homomorphism in fuzzy HX greup

Thnvre- 4,1, Let £ be a ha-o-orphill from. X to another group Y.
1f 4 is a fuzzy HX greup on X, then.
B atlA)e {1(A)| Ae st}
is a fuzzy HX group on ¥, A~% , and
1). 1f ¥ is uniferm then so is B,
2). If A is regular then so is 3 .
3). B(Ad)=n(B).
4). 12 X is reaching height then so is & .

Theerem 4.2, Let f be a surjective hemomerphism from X to an~
other group Y. If {3 is a fuzzy HX group on Y, then
A s (B)3{t'(B) Be B}

is a fuzzy HX group on X, G4 , and

1). If % is uniform then so is 4 ..

2). 1f % is regular then 8o0 is o ..

3). h(®)=h(4).

4). If  is reaching height then so is 4 .

nit 4,1, If a fuzzy mapping T: X F(Y), xe> ﬁx)
satisfies

f(xy)=f(x)¥(y), for Vx,yeX,
then f is called a fuzzy homomorphism mapping from X to another gro-
up Y. |
Theorem 4.2. Let ¥: X->%(Y) be a fuzzy homomorphism mapping.
I£ G is a subgroup of X, tl__len

225(6)a{E(x)| xec}
18 a fuzzy HX group om Y and G~% .

The proof is straight.

Theorem 4.3. let T: X-)"}-"(Y) be a fuzry homomorphism mapping,
f, be strong A-cut mapping of f. where xe{o,ﬂ If G is a subgroup of

X, then




v

2,(G)4{s, (x)| 2G]
isam(mu'lu z.,(G)wG'

w. let T: X=» F(Y) be a fuszy hememorphisa mapp-
ing and Jg be & fussy tremsformetien ouided by F127 .. 1134 isa
fuzzy HX grewp on X, then

9% {ReA)] At }

'is & fumsy HX group on Y and A ~B .
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