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This part is devoted teo a fuszy production model and to the
optimal trajectories, '

3. Description of the model, \

In this section we will deal with the deseription of a fuzzy
madel of ecomomic dynamics.let us recall that in a c¢lassical model
the techmology of zn economy in a time interval (e.g. from a meoment
t to moment 7 ) is described by a multifunction. In this way, a
certain set of commodity bundles is assigned te a.eertain.cémmodity
bundle.

A fuzzy medel ef economic dynamices is an object .

n,
M= {E R Dyow Kdyg s Gy M, vpeE Y @

where
-E = {teR: t¥06%,
-BE= {(t Y)cExE: <1 ,
- E% - n, - dimensional Euclidean space,

-
-R "D Kt - @ convex cone,
- ft‘t - superadditive, positive homogeneous amnd closed fuzzy
mapping, f,, : K - L(K.t).

It is assumed that the class (it'r.)(t,q: ) e E has the follewing
property: if t,v, @ek and t< Y < @ then fta = :ﬁ.teo i-&"c ‘
Elements of E will be called time moments, and the element OGe¢ E
initial time moment,

A techmolegical trajectory of X is a family Tr = cxt)’t cE
such that: ‘
-xpeK , (% €E),

Xy N Vo
- :t‘_b_tﬁxt)>€l . ((t;, ¥ ) e B,



In this case X, is called the state of the trajectory Tt ét
the time t, X, is the initial state of Tr, It cam be seen that in
the case of a technological trajectory it is possible to determine |
at each stage the preducerfs valuation of the authenticity of the
obtained commodity bundle, Without impéiring the general character
of our considerations it camn be assumed that we are mot interested
here in any commodity bundles, but only those whose producers valu-
ation of the authenticity is not lower than'the beforshand fixed
level.,

Now we will formulate a theorem of the existence of a technolo~
gical trajectory in our modei.

Theorem (Existence of techmological trajectory). Let O,te E ‘
such that 0<%, Yo ¢ K, and :Eg%(y.é) > 0, Then there exists a techne-
logical trajectory of M going out ¥, and passing through ¥y at the

moment of time t

Proofs For any (t,7 )e E and any xy € Ky let us define a set
w xy
In this way a fuzzy mapping ft't generate a multifunction 8y e
From the above assumptions of the class (ftt)(t,I )e® it follows
that the elass (atT)Ct,t Ye B has the following properties:
- for any (t,T )e E
1° By ~ is positive hnmageneous,'superadditive and
closed multifunction,
o
Now, using the methods of classical analysis we may prove the theorem

For the construction of this proof in classical case see (4] .



4, Optimal technological trajectories.

Now, let us additionally assume thak there exists Te E such
that t¢? for all t¢ E,

Definition 4.1. A techmological trajectery with initial state

Xq and terminal state X is called optimal if

*o
for (%p) = sup f p (¥)
JeR

We see that the sence of optimality means the choice of such an
end state which has the highest prodneerza valuation of the authen-
ticity of all the states that can be derived from a given initial
state., ‘
GxT<: Rnw

Now, let us define the fuzzy subset such that

£x° () if X
it y =
) a{ or ?,

otherwise,

Theorem 4,1, A technological trajectory Tr with imitial atate

X, and terminal state Xm is eptimal iff the separation degree of

the fuszzy subsets fOT and & r is equal

1 - sup fe (x) &
xe.RnT ‘
Proof, Let Tr denote an optimal trajectory with inifial and

terminal states X, and Xy respectively:, From the definition 4.1

and theorem 2.4 it follows that the fuzzy subsets fam and G;ﬁ

are bounded and convex, Therefore their separation degree is egual

v xe ‘ Xp ' %o
1 - aupnm (fop (x) 26 " (x)) = 1 = £ (zq) =

XeR

%o
=1- sup £y (x).
B

xeR
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Let mow the separation degree of fuzzy subsets f;g and G © be
equal to 1 - sup fzg‘(x), Se, in accordance with the Separatioen.
x:RnT
Theorem for fuzzy subsets we have
sup f;g (x) = sup (f;g (x)A,GxI(x)) = fzg (xf)‘:
xeR xeR ©

Therefore the trajeetery Tr is optimal:

Definitiom 4.2. A technological trajectory Tr with initial
and terminal states X, and X respectively is called (ryp)~optimal
if there exists a non~-zero functional pe.Kg such that '

P(xy) = max P(x) )0, (%)
xe (£50)°
where

X ' X :
(fgg)r = § xz fgg,(x) 3y 2% .

In this instance, functional p can be regarded as commodity
prices, However, the commedity bundle value at given prices is mot
complete informatkon, but it is supplemented by the prédueerfs
valuation of authentielty of this commedity bundle, This valna;ien
fulfills an important function when we deal with commedity bundles
of similar value but various of producerfa valuations of authenti-
city. In the above definition we comsider such the berminal states
fér which the produecer s valuations of authenticity is not less
than those fixed beforhand. For imstance, if r denote the lowest
producer ‘s valuation of authenticity of considered commodiiy
bundles which we can obtaine from the state x, then Qf;g)r is a

set of such commodity bumndles,

n
et A denote a subset of R : (A #0, {@})s An element x of A
is called the limiting point from above of A if a'x ¢ A for a> 1.

~
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For a normal covering of A we use the symbol nA\(eoﬁpare (41).

Theorem 4.2. A techmological trajectory Tr with initial state
x, and terminal state Xy is (r,p)=0ptimal iff the element x,,
is a limiting point from above of the set n(fQT)r

Proof. Let Tr denote a (r,p)-optimal trajectory with 1n1fial
and terminal states X, and Xq respectively. We will préve that Xy
(with P = fQT for econvenience) is a limiting point from abeve
of P*, In contrary, suppose there mxists am a > 1 such that a-xme,nrr.v
Because p(xm) >0 we get

P(xp) = max p(x) = max P(x)> Pla Xy) = ap(x,_.)> o,
xe\_Fr v xenPT
i.e. 1> a in contradiction with a >1, ,
Now, let us assume that X is a 1£mifing point from above of the
set nF*. Let S demote the sphere nP* - nF* and u-uanh Mink@wukifs

norm, It is known that this norm is monotonous and

nF* =§ 5 3 el oz < 13,

Because Xp is a limiting peint from abowe of n]it‘r,= there holds

xpl

Therefore; there exists a functional peex; such that

'10

PlXy) = "xT"nF-'“ =1, lpi=1.

So, it is proved that for the trajectory Tr the condition (i) is
fulfilled and thus the proof is finished,
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