SOME REMARKS ON THE TOPOLOGICAL PROPERTIES

OF FUZZY NUMBERS IN R™ ¥
L. GERGO

Computer Centre of E6tvés Lorand University,

1117 Budapest,Bogdanfy u. 10/b

Abstract: The space of normal, upper semicontinuous, fuzzy convex
and compactly supported fuzzy numbers in rD are considered endowed
with different metrics generated by the Hausdorff metric. A subspace
is introduced and properties of the metrics restricted to the subspace
are investigated.
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1.Introduction

Many authors ( see for example:Kaleva [11,{21,[3} Diamond,Kloeden
[4] ; Puri,Ralescu [5],[6] ; Goetschel,Woxman [7] ) deal with the
convenient metric space of normal, upper semicontinuous, fuzzy convex
and compactly supported fuzzy numbers in R®™ . So it is important to
know more about this space endowed with different metrics. We will
show that the metrics on the set of fuzzy numbers defined in R" are
equivalent to those which we get as a product of metrics on the set

of fuzzy numbers in R .
2.Notations

Denote E® the set of all normal (i.e. there exists tOERn such

that x(to):l) , fuzzy convex, upper semicontinuous and compactly
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supported fuzzy numbers in R , where fuzzy convex means that for the

A\

function x:R® - I
x(at+(l-a)s) 2 min{x(t),x(s)}
holds for each t,s€supp(x) .

Define the metric D, by the equation

D,(x,¥) '= sup d, ([x1%, [¥1%

where I denotes the closed interval [0,1] ,

dn is the Hausdorff metric in Pk(Rn),

dn(K,L)=nax{sg§ p(x,L),suE p{K,y)} , where p(x,L) denotes the
x yeE

p-distance of the point x and the subset L in R® .
[x]“ = {teR®| x(t)2« } for 0<a<l , the a-level set of x .
[x]°® denotes the support of x .

It is known that the a«a-level sets of x are nonempty convex compact

subsets of R® and the space (E",D) is a complete metric space .
3. Equivilenee of Hausdorff metrics
For a fixed metric ¢ we can give an equivalent definition for the

Hausdorff metric dn in Ek(ﬂn) (see [T])

dn(K,L) := inf EP(K,L)



where €,(K,L) = { >0 : Kc(L)f and Lc(K)Z } . Here (L)§ denotes
the paralel domain of the set L. with respect to the metric p that

is

(L) = { xeR™ : p(x,L)<e}

Let us consider the metric spaces (R®,p) and (Rn,p’) . Suppose

that there exist positive constants Cy1Cy such that
Cl P,SPSCZP'

Question: what can we say about the two corresponding Hausdorff

metrics d and 4’.

Lemma 3.1 For the metrics ¢ and p' given as above and for each

KEPK(RH) the following holds

(ere, © Be = (5,

Proof It follows at once from the equvivalence of the metrics

and the definition of (K)g .

Lemma 3.2 For given metrics o and p’ in Fk(mn) the Hausdorff
metrics d and d’' belonging to them , respectively , fulfil the
inequalities

cy d' €4 ¢ Cy a?

that is the Hausdorff metrics in Fk(Rn) are equivalent.



Proof

e2d(K,L) = GECP(K,L) = KC(L)g and LC(K)E

by the Lemma 3.1 we obtain that

p’ p’ > € '
xc[L] and LC[K] - —¢€c¢ ,(K,L) =» =— 2 d’(K,L)

Conversely

? 2

P P
ce2d’ (K,L) = EEEP;(K,L) = KC(L)G and Lc(K)e

by the Lemma 3.1 we obtain that

p p
ke (L] and Lc(k] > €-cy€e,(K,L) = €-c, 2 d(K,L)
Ecy Ecy p
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Definition 3.1. The product X=X XXX o o XX of +the fuzzy
numbers XI’XZ""’xneEl is the following element of E® .
x(t) = min {xy(ty),xgo(ty),.0.,x (t )} for each teRr" .

Denote &" the subset of EP with the definition

g" = {x1><x2><...><xn €E": xieE1 for each 1<£i<n}



Lemma 3.3. For each xe&t
[x]% = [xy1% x [x21“ XaooX [xnl“

Proof

telx]® = x(t)2a = min {x3(ty),Xp(ty),e.e,x () )2a
- xi(ti)Za for each 1<i<n ® tie[xi]“ for each 1<ign

o te[xI]“ X [xZ]“ XaooX [xn]“

4 .Restriction of the metrics Dn and Dﬁ to the subspace &°
In this paragraph we are interested in the question: what will
happen if we restrict the metrics defined in the space E? to the

subspace &% which consists of the product-form elements of EP .

Now we fix the Hausdorff metric dn which is defined by the

¥
maximum metric in RD . If we consider the subset of the
n-dimensional compact cubes in rR" we have the following simple

relation for the paralel domain of a cube.

n - . .
(x) (I )p = (Il)pX(Iz)px...X(In)p

n _ .
where I = Il)(12x. . oXIn .

Of course, if we used another metric in RP® , the formula above would
not hold.
Théore- 4.1. For each n-dimensional cubes In,JneFk(Rn) we have

the following



i a (1®,JM = d,(I,,J.)
(i) n( ) lgg,stn 1 k'Yk

(ii) . § d(I,.,J,) € d_(I®,J0) < § d{(I,,J)
11 -— )
n k=1 1 k? k - n ' ’ k=1 1'"*k'Yk

Proof It is enough to pfove part (i) because part (ii) is
a straightforward consequence of (i) .

For an arbitrary positive number p , pzlzggndl(lk.Jk) if and only

if pkdl(lk,Jk) for each 1<k<n . By the definition of the Hausdorff

metric it is equivalent to the fact that
(Ik)c(Jk)p and (Jk)c(Ik)p for ke€{1,2,...,n}

Using formula ()

I"c(d™), and JI%c(1™),
that is .
p2d_(I7,J7)
This means thét
p2 max d;(I,J) if and only if p2d (I7,JM)

1<k<n

this completes the proof.

Theorem 4.2. For each x,y€8"® |,

(i) D (x,y) = max D,(x,,¥.)
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(ii)  ky-| 8 (Dy(xp, 7 ))P|P < DP(x,5) < ko-| B (Dy(xe,y.))P|P

for some positive constants k1'k2 .

Proof

(1) Dp(x,y) = sup dp ([(x1%,[y1%) = sup max d;([x, 1% [y 1% =

o€l 1<k<n

= max sup d,([x ]“,[y ]“) = max D,(x )
1<k<n aer 1' 7k k 1<ksn 1 k' 7k

1

(ii)  DR(x,y) = [ [ (aurx1%,151%)P a« ]P =

1

1 , 1

- . -
= [ { (max dy((x]% [y 1%))P da]p < { { (cg B dy(lx]%, [y1%)P da]p

1

< [ [ <cg-nn-1-k§1d1<[xkla.[ykJ«))p}p =

1

1

- n- I ol o P P -
= . a s LY d =



1
[ n -
= cg-\ n" [k§1 !(dl([xk]“.[yk]“))p de ]P =

1

_ n- n p
= 02' n [kgl‘nl(xk'yk)/)p p

The other side of the inequalities can be obtained in the same way.

This theorem shows the interesting fact that the restrictions of the

14

metrics D, and Dg result in these product metrics.
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