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Summary. Family of all eigen fuzzy sets of a fuzzy relation
is considered and characterized by relation images. In particular,

a formula for the greatest eigen fuzzy set of fuzzy relation is

proved.

1. Introduction. Our paper is a reflection on ocne result
presented by Cao [1] for fuzzy relations on a finite set only.
This restriction is overcomed here which gives a generalization of
many results presented in (9]. ,

Let X * @ be a fixed set and let FCX> and FCX,X> denote
the families of fuzzy sets A: X > 100,11 and fuzzy relations
R: XXX 300,11 on a set X. The notion of subspace of FCX) was
introduced in [4] and examined in (8] and [8] Cfor finite X).

Definition 1. Subset E « F(X) is called a max-min subspace of
FCX> iff

AvBeE, anAeE for any A, Be€eE, a € [0,1].

Symbols w,. a» \/. /\ are used for max, min, sup and inf,
respectively. Later T denotes an arbitrary set of indices and also

m, n, k « IN.

2. Relation composition. Following Zadeh [7] we use the
notions of sup-min composition, powers and closure of fuzzy
relations R, S € FCX,XD:

cid CRSDCx,2z> = \/ RCX,¥y) A SCy,z> for x, z € X,
Yy €X
cad R™ =RR" for n21,
g 3) R = \/ R"
nZ4

Dually we also put

C4d R™ = AR
n24
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It is known that (cf. e.g. (2], § 12>

Lemma 1. Relation composition (1) is assoclative and

infinitely distributive over summation of fuzzy relations, i.e.

5 RC \/ St) = \/ CR Sa.)’ C \/ R")S = \/ CRtS).
teT ter tEeT ter

Additionally

D RC /\ St) < /\ (R St). C /\ Rt)S < /\ CR"SD
ter ter ter teTr

for R, S, Rt, St € FCX,XD>, vt &« T.
Directly from (3> and (5) one gets

Corollary 1. RY commutes with R under composition (13, 1i.e.
& R RY = RR.

The dual result with R™ will be proved later in Lemma 7. Now
we consider other préperties of C3> and C4D.

Lemma 2. For any R € F(X,XD

I

csd R =R RRY =R ¢ (RMDZ,

A

cod R >R ARPRY, R 2 R A CRDZ,

Proof. Directly from (33 and (5) one gets

CRM* = RYC\/R™ = \/RYR™ = \/ V/ Rk = vV R"
n=1 n=14 nZ1 k=21 m=2

]

RC\/ R™ = RR".
n=4
Thus
R =R+ \/R" = R<vRRY =R v (RM?,
n22

which proves: (8). Similarly from (4> and (6) one obtains (SD.
By mathematical induction the above proof implies
Corollary 2. For any n =z 1

C10d CRM™ = RMIRY = \/ R,
kZn

11> RO = A R-

kZn



3. Relation images. Relation images for fuzzy relations were

examined by Erceg [31].

Definition 2. The image of fuzzy set A € F(XD by fuzzy
relation R € F(X,X> is a fuzzy set RCAD € F(XD such that

12> RCAXCYy) = \/ AGO A R(x,y) for y e X.
x €X

The family of all images of relation R is denoted by Im R, i.e.
13 ImR = { RCA | A € FCXD >.
By analogy to Lemma 1 we can writeCcf. (2], § 14D

Lemma 3. Relation image (12) is associative and infinitely
distributive over summation of fuzzy sets and over summation of

fuzzy relations, i.e.

14D CR SDCAd = SCRCADD,

(s RC N/ A> = \/ (R AD, C \/ RO =\/RCA.
LET tET ter tET

Additionally

18D RC A A = A\NCRAD, ¢ /\RIA = A RCA
tEeT ter tEeT ter

for R, S, Rte FCX,X>, Ate FCX>, t € T. In particular

17> RCA v B> = RCAD v R(B>, (R v S)CA> = RCA + SCAD,
caisd CA = B) 2 CRCADY = RCBY), R = S 3 CRCAD = SCADD,
cieo RCA A B) = RCAD A R(B), (R A SOCAD =< RCAY A SCAY,

for R, S € F(X,X>, A, B € FC(XD.
Mor eover

c2o RCa A~ A = a AR(A for A e F(X>, a € [0,1].

Now we prove another property of C1i2).

Lemma 4. Fuzzy relation is uniquely determined by its images.
In particular R = S iff
21> v C RCAD ="SCA> > for R, S € FC(X,XD.
AEF (X)
Proof. Any value of R can be determined by its images on

“singleton " fuzzy sets



1 for x ==z,
AECx) =

O otherwise.
Really,

RCAz)CyD =0 ARCx,¥> v 1 A R(z,y) = RCz,yD for z,y € X.
Particularly C21> implies that R = S.

Let us observe that properties (173 and (180 do not imply
similar properties of family (13D.
Example 1. Fuzzy relations on finite set can be described by

suitable square matrices. Let
0.2 0.8] 0.4 0.8 0.2 0.4 0.8 0.4
P = » Q = s, R = S =
0.8 0.2 0.8 0.4 0.4 0.2 0.4 0.8

By simply verification from (13> we get Ccf. Zha [8])

Im P = {Ca,ad|0 £ a 0.2 U<Ca,bd)| 0.2 < a 0.8, 0.2<b<0.8,
ImQ = (Ca,ad)|0 £ a = 0.4> U<KCa,bd| 0.4 £ a2 0.8, 0.4 <b < 0.8,
Im R = {Ca,ad|0 £ a £0.2> UKCa,bd)|] 0.2 < a <0.4, 0.2 < b < 0.4>,

Im S

Im Q.
We see that P < Q, R < P, R £ Q and Q and S are incomparable.

Simultaneously Im Q ¢ Im P, ImR c Im P, ImQ =Im S, Im R and

Im Q are incomparable.

Using powers (2> we simply obtain

Theorem 1. For any n = 1
22> Im R™ ¢ Im R < Im R.
Directly from Lemma 3 we see that
Theorem 2. Im R is a max-min subspace of FCX3> for any

relation R € FC(X,XD.

From results of Zha [8] it can be concluded that not every

max-min subspace has the form of relation image.
Example 2. The set
23 E = <Ca,bd)] 0 £a <05, 0<b =< a+t0.2>

is a max-min subspace of F(XD for a two-element set X. We show

that the relation R € F(X,XD such that Im R = E does not exist.



Let us suppose that the relation

P g
24> R =
r s

fulfils the condition E ¢ Im R with subspace (23). Using images of
relation (24> for extremal points of (23D we obtain as follows:

pAar =0, pvr =05 gas =0, gvs =07
and therefore

ImR =<Ca,b>] O £a=<058 0=<bz=<O07=%E.

4. Eigen fuzzy sets. Eigen fuzzy sets of fuzzy relations were
examined by Sanchez [6] (on a finite set).

Definition 3. A € FCXJ is called an eigen fuzzy set of fuzzy
relation R € FCX,XD> iff RCAD = A. The family of all eigen fuzzy
sets of given fuzzy relation R is denoted by ECR), i.e.

28D ECRD = (A &€ FCXD | RCAD = A >,
We prove that

Theorem 3. ECR) is a max-min subspace of F(X) for any
relation R € F(X,XD.

Proof. Let A, B € ECR), a € [0,1]. Using Lemma 3 we have
RCA v B = RCAD v RCB) = A v B, RCa A~ A = a A RCA = a & A,
and therefore A v B € ECR) and a A~ A € ECR).
By mathematical induction one gets
Theorem 4 Ccf.[91D. For any n Z 1
c2ed ECRY < ECR™.
It is obviocus that
27> ECRD <« Im R
and using Theorems 1-4 we get a Sequence of max-min subspaces:
ECR) «c ECR™ < ImR" c ... c ImR® c'ImR

for any fuzzy relation R. Some sets in this sequence can coincide,
which is the matter of further examination. But the first
significant result concerns the closure (3). .

Theorem 5. For any fuzzy relation

casd ECRYY = ECRD.



Proof. Obviocusly ECRD < ECRYY because of (3> and (2% C(cf.
alsoc [91). Assume that A € ECR™, i.e. RYCAY = A. Using Lemma 1 we
see that

RCAY = RCRYCAYY = RC\/ R™ = \/R",

n=4 n=2
A=RY%CA = v RnCA),= RCAD « V R™AD = RCAY v RCAY = RCA
n=4 n=2

and it is shown that A e ECR>. Therefore ECR™ < ECRD, which
finishes the proof of property (28).

We shall examine further properties of ECRD for diverse

classes of fuzzy relations.

5. Idempotent relations. A fuzzy relation R is called
idempotent iff

2o R® = R.
R

Then R” = R = RY and obviously ECR™ = ECR). Furthermore, we have

Theorem 6. Fuzzy relation R is idempotent iff
300 ECR> = Im R.

Proof. In virtue of (27> property (300 is equivalent to
RCAY = RCRCADY = RCAY for A € FCOXO.

By Lemma 4 this relation is equivalent to (28), which finishes the
proof .

Now we ask for idempotent RY. Lemma 2 directly implies Ccf.
property (83>

Lemma 5. Closure (33 is idempotent iff
31D R < RR"
As a simple consequence we get
Corollary 3. If
¢32> R < R,
then closure of R is idempotent.
Using Theocrem S with Lemma S in Theorem & one obtains
Theorem 7. For any fuzzy relation

¢33 ECRY = Im RY,

iff R fulfils C(31). In particular (32D implies (33D.



6. Transitive relations. Now we consider condition converse
to inequality (32). }

Definition 4 Ccf. Zadeh [71). Fuzzy relation R is called
transitive iff

€34D r? < R
It is obvious that

Lemma 6. For any transitive relation R,

3% vR™ < R" <R,
nZt
(36D R™ = 1im R".
=30

Similarly as in [8] one can obtain

Theorem 8. For any transitive relation R,
37> ECR™ = ECRD.

Now we prove .

Lemma 7. Any transitive relation R commutes with R”. Moreover
€38 R R™= R"R = R™.

Proof. Assume (C34) and let x, z € X. Directly from (13 and
C4>, by continuity of operation sup we get

CR RDCx, 2> = \/ R(x,y> ~ RCy,z> = \/ lim R'Cy,2z>
yEX yEX n-00

= 1im C(\/ RCx, ) ~ Ry,22> = lim R™"tcx,2zd = RN(x%,2>

n30 ye€eEx N300
and similarly
R'R = R”

Theorem 9. For any transitive relation R,
30D ECRD = Im R”.
Proof. Obviously
ECRY < Im R™,

because RCA) = A implies R™A) = A. Conversely let A € Im R™,
i.e.A = R™CBY for certain B € FCXD. Then by Lemma 7

RCAY = RCR™CAY) = CRTRCBY)Y = RTCBY = A,

and therefore A € ECR), which proves the converse inclusion.



7. Main result. It is known that the closure (3 is
transitive Ccompare (8) and (34)>. Thus ECR™ can be described by
Theorem ©. But by Theorem % the same description has ECRD.

Therefore

Theorem 10. For any fuzzy relation R

C40d ECRY = Im CRMD”™.
It is obvious that (30>, (33> and (39) are special cases of
C40D under respective assumption. Furthermore the formula

presented by Cac [1] is a special case of (40> for card X = n.
Parallely, there are many algorithms for construction of the
greatest eigen fuzzy set of fuzzy relation Cef. [6] and [9]1). Now
formula (40> provides direct solution of this problem, because it
suffices to calculate the greatest image of suitable fuzzy

relation. Therefore we get

Theorem 11. The greatest eigen fuzzy set of fuzzy relation R
is described by

ACz> = \/ CR™Tx,2D.
XEX
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