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1. Introduction.

In this peper we propose & technique to generate ® necessity given an
initiel velustion of the events: this technique is more genersl and
substentislly different from Shefer's building of consonant belief functions
upon 8 probability mess distribution in that the former is of the lattice
theoreticel kind, while the latter employs the additive structure of the
resl number intervel [0,1]. Because of its lattice nature, our technique
could be applied even to necessities and possibilities which eventuslly took
velues in & complete lsettice. We do not require the null event is velued
zero; so, the srising cless of necessities (and possibilities 8s well) turn out
8 complete lattice, namely & closure system.

We assume that the necessities sre defined in @ Boolesn algebrs. As an
example, such an algebra can be the slgebra of the subsets of & given set,
the Lindenbaum selgebre of the sentences of & given first order lsnguage,
an so on.

This psaper will be continued in @ next paper in this Journal. The proofs of
811 the propositions cen be found in Biacino and Gerls [1990].

2. Prelimineries.

In the sequel B denotes & Boolean algebra whose elements. sre called

events, we denote by 0 and 1 the minimum and the meximum, respectively.
The class F(B) of the meps from B to [0,1] is ® complete leattice with
respect to the operstions /\ and V defined by

(Asp(x)=inf{s;(x)/xeB} ; (Vs;)(x)=sup{s;(x)/xeB}
where (s;)ic, is eny femily of elements of F(B). If «€[0,1], then the subset

C(s,x) = {xeB/s(x)2«x} is colled the a-cut of s. We say thet an element n of



F(B) is ® necessity if

(2.1) n(xAy)=n(x)an(y) end n(1)=1,

oand we denote by N(B) the set of the necessities defined on B. We call
degree of contradictoriness the number n(0) and we denote it by C(n);

since n is increesing, C.(n) is the minimum of n. We say thet n is
completely consistent if Cr(n)=0 an thet n is completely inconsistent if
Cr(n)=1. Obviously & completely inconsistent necessity is constently equel

to 1 and gives no informeation about the events.
We say that an element p of F(B) is & possibility if
(2.2) p(xvy)=p(x)vp(y) ond p(0)=0.
We denote by P(B) the cless of possibilities defined on B; we cell degree of
consistence the meximum p(1), end denote it by Co(p). Moreover, we say

thet p is completely consistent if C(p)=1 end completely inconsistent if
Cs(p)=0.

The following propositions are obvious extensions of well known results
(see D.Dubois and H.Prade [1988]).

Proposition 2.1 If nis 8 necessity then, for every x,y€B,
8) either n(x)=C.(n) or n(-x)=C.(n) ;

b) n(xvy)2n(x)+n(y)-n(xAy).
if p is 8 possibility, then
c) either p(x)=Cq(p) or p(-x)=Cq(p)

d) p(xvy)sp(x)+p(y)-p(xay) .

In the sequel, given an element f of F(B), ~f is defined by ~f(x)=1-f(-x).
The operation ~ fulfills the following properties
(2.3)  ~(=N=f, feg= ~fa~g , ~(VI)=A(=1) , ~(A1)=V(~1)

where f,geF(B) ond <f;> is eny femily of elements of F(B).



Proposition 2.2 For every element f of F(B)
) f necessity = fc~f+C.(f) (ie. f(x)+1(-x)<1+ C.(1))

b) f possibility = f2~f-1+ C(1) (ie. f(x)+1(-x)2 Cx(M))

c) fcompletely consistent necessity = fc~f
d) f completely consistent possibility = fa2~f.
e) f possibility & ~f necessity.

We say thet & mep f:B—-{0,1} is 8 Boolean velustion if is 8 homomorphism
from B into the Boolean aligebrs {0,1}. This means that f(xay)=f(x)Af(y) ,
f(xvy)=f(x)vf(y) end f(-x)=~f(x) for every x,yeB and therefore 8 clessical
veluetion is both & necessity and 8 possibility. Conversely, the following
proposition holds.

Proposition 2.3 For every function f:B-[0,1] the following ere
equivelent
8) f is both & necessity and e possibility ;
b) f is o (characteristic function of 8) prime filter of B ;
c) f is o Boolean velustion .

Since the concept of possibility is dusl of the concept of necessity, we
limit ourselves to examine the necessities.

The following proposition gives some obvious cheracterizations of the
necessities.

Proposition 2.4 Let n be an element of F(B) such that n(1)=1, then the
following propositions are equivalent:
8) n is 8 necessity;
b) nisincressing end n(xAy)n(x)An(y) ;
c)  n(xay)n(x)an(y) end n(xvy)an(x)vn(y) ;
d) nis closed with respect to Modus Ponens, i.e. n{(y)2n(x-y)An(x) ;
e) everycut of nis e filter of B.

From e) of Proposition 2.4 it follows thet the filters of B are necessities.



Since the filters in ® Lindenbsum Boolesn salgebre coincide with the
theories, the necessities cen be viewed as 8 generalization of the notion of
theory in the first order logic. This suggests the following considerations.
Let T be o theory and « & formuls, then «¢T does not meen that « is false
but, in & sense, that we have not sufficient information in order to prove «.
The theory T expresses the falsity of a only if the negation ~« of « belongs
to T. Anslogously, if n is ® necessity, then n(«)=0 does not meen that, in our
opinion, « is false but that we hesve not enough informetion in order to
support our belief in «. As 8 meatter of faect, the information about the
felsity of « is expressed by n(-«); it could heppen even that both n(«) and
n(-a) are equsl to zero. Dusel considerations hold for the possibilities.
Indeed, since ® possibility p is equsel to the dusl ~n of 8 necessity, the
equelity p(a)=1 is equivelent to n(-a)=0 snd mesans that we have no resson
to believe o false.

The following proposition shows that the necessities cen be identified
with suitsble families of filters.

Proposition 2.5 The necessities csn be identified with the femilies

<Co>e Of filters of B with | complete subset of (0,1] and

(1.4) Nc, =Cy, _ -
i

for every family <a;> of elements of |.

As an exoample, any finite chain of filters

F,_,:‘D...DF‘,:m with Octayc.. . s ¢

defines 8 necessity.

3. Generosted necessities.

In the sequel on initisl velustion is eany mep defined in & subset D¢ of B
and with velues in [0,1]. The elements of Df ore sometime colled focal

events of f. We denote by ~f the initiel veluation such thst



D_.¢={x€B/-xeD¢} ond ~T(x)=1-1(-x). If f end g ere two initisl veluations we

set f<g provided thet f(x)<g(x) for every xeDang. The join fvg is defined

on Dqug by
f(x)vg(x) if xe Dang
(3.1) (fvg)(x) =< f(x) if xe D¢-Dg
g(x) if Xe Dg—Df .

Putting in (3.1) f(x)Ag(x) in place of f(x)vg(x) we obtein the definition of
the initiel velustion fag. The properties given in (2.3) cen be essily
extended to the initiol veluations.

In this section we examine the question of genersting & necessity and 8
possibility in accordence with an initial veluation.

Proposition 3.1 The meet /An; of & family <n;> of necessities is o

necessity. If f is an initiel veluetion then T =/\{geN(B)/g2f} cen be obtsined
by

1 if z=1
(3.2) T(2)=

V(YA .. AT(Y) 7UgA .. AYpez 8nd YD} if 221

We say that T is the necessity genersted by the initisl veluation f:in e
sense T cen be viewed 8s the “theory" generated by the “system of exioms "
f. Notice thest in the cless of completely consistent necessities the
operstor ~ is not elweys defined; indeed it is possible that no completely
consistent necessity is greater then f. This is the meain reason for which
we hsve skipped the condition n(0)=0 in defining the necessities. We call
degree of contredictoriness C.(f) of f the degree of contradictoriness

C,(F) of T, end, obviously, C.(f) = V{f(y)A ... Af(y,) /yiA ... AYy,=0 end
yi€D¢}.

Notice that the events x such that f(x)=0 have no influence in determining
the necessity f. Consequently, it is not restrictive to assume that en initisl
velustion is constently different from zero in its domsin. This is in



eccordsnce with the fact that f(x)=0 means thet we have no opinion on the
event X ; not thet we think that x is felse.

it is very naturel to assume that the initial veluation f is finite, i.e. it is
sddressed only to & finite number of focel events, Df={e1, e, en}. In this

cose (3.2) defines T in 8 constructive simple way, obviously.

Exemple 3.1 The initiel velustion f is defined in one element only ; D¢={e}.
Then, if f(e)=a, f generates the necessity ne(I defined by

1 if x=1;
n® (x)={« if x2e

0 otherwise.

In the cese «=1, ne1 is the chersacteristic function of the principel filter

genersted by e and will be denoted by n®.

Exemple 3.2 Only two focal events ey ond e, are considered, f(e1)=1/2
end f(e,)=1. Thus

1 if X2 €,
f(x)=4 0 if X® €N e,
1/2 if X2 eqn e, ond X» e,

end C.(f)=1/2 if eyne,=0 while C (f)=0 otherwise.

The duel of Proposition 3.1 holds.

Proposition 3.4 The join Vp; of a femily <p;> of possibilities is o

possibility. In particuler, if f is an initiel veluation then c1"==V{g€P(B)/gsf}
is o possibility end f con be defined by

0 if z=0
(3.3) T(2)=

NIy .o vI(yy) 7 4y oo vyR22, Yp, - - - Yp€Dg} i 220.



We sey thet T is the possibility genersted by f, we set Cs(f)=Cs(?) and
we say thet C (f) is the degree of consistence of f. Obviously, initiel

velustions should be teken keeping in mind if we want to eveluate the
possibility or the necessity of the event under consideration. For instence,
the events x such that f(x)=1 heve no influence on the possibilitg‘fr . So if
the aim of an initisl veluation f is to construct the releted possibility
function, it is no restrictive to assume that f is different from 1 in its
domein. Indeed, f(x)=1 expresses lack of information sbout the event x in
that we do not know ressons to disbelieve in X.

Exomple 3.3 The initial valustion f is defined in an event e only and
f(e)=x. In this cose we denote by pea the possibility generated by f and

0 if x=0 ;
pe (x) = { a if xee ;

1 otherwise.

we denote by p® the possibility p®, . If n® _ end n® are defined os in
Example 2.1, then
~pe=n"®__ ;  ~nf=p®__ ; ~p®n"® ; -n®sp7
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