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1, Introduction

Remember that the standard situation in decision theory is the
following: "Nature" chooses a certain state s from a universe S
of states and the man chooses, as an answer, & certain action a
from a universe A of actions. The so-called loss my: SXA— R1,
i.e. m;(s,a), evaluates the action a for given s. In many real
world situations observations (:1,...,xn) =: X are available,
which give some information on the underlying state s to the ex-
perimenter and as actions suitable (decision-) functions a(x) are
used. In a probabilistic environment this is modelled by the
assumption that the x; follow a probability distribution which
depends on the unknown state s, say Px(g/s), and the decision
function a(°) is chosen so that the risk

Ry(8,8) = {m;(s,a(x)) @ (x/8) = fm(s,t) aP_(t/s) (1)

is minimized in some sense. Here Pa('/s) is the probability mea-
sure of a(°) induced by Px(’/s). In the following we will use
only the relative loss or the degree of loss, i.e.

Assumption : m: Sx A—> [0,1]
Then, m; can be interpreted as the membership function of the

fuzzy set L (called LOSS) and (1) appears as ZADEH's probability
of the fuzzy event L, i.e.

Rp(s,a) = Pa(L/s) (2)

(see also NATHER /4/). Note that SUGENO /6/ has introduced a
decision theory in a fuzzy measure environment. This essentially
depends on the method used for extending the functional "fuzzy
measure" to fuzzy sets. In the following we will sketch some
different approaches and discuss the difficulties which arise
for the evaluation of decisions.



2, Fugzy measures for fuzzy sets

Remember that a fuzzy measure F on a universe X is defined by
(see SUGENO /6/)

i) PFP) =0, F(X) =1

i) AcBeX =3 PF(A)< P(B) (monotonicity)

iii) AiC:A1+1 (1=1,2,,..)=> F(L)Ai) = }1m F(Ai) (continuity)
-+ 00
Now, the problem is how to define P for fuzzy sets A with the

membership function m). Formally, F(A) is a certain expectation
of m, w.r.t. F. Following SUGENO /6/ we can use the SUGENO-inte-
gral, i.e,

Fgy(a) = %[on F = s:p inf (o, F(A‘c)) | (3)

where A, ={xéX: mA(x)>at} denotes the oc~cut of A, Note that (3)
can be applied to any fuzzy measure F.

Another possibility goes back to CHOQUET /2/ (see almso WEBER /7/
and DUBOIS/PRADE /3/) and writes

1 .
Fop(A) = g F(a,) da . (4)

Note that (4) is not restricted to fuzzy measures, but can be
used for general set functions provided that the integral existis.

SMETS /5/ only considers special fuzzy measures, the plausibility
Pl and the associated belief Bel (connected by P1(B) = 1 - Bel(E))
and defines for a fuzzy set A

-foédPl( A,)

1
P1(4) = E"(m,) = geﬂ dBel(X,)

1
Bel(4) = Ey(m,) = gd PUE) = - ofo(, dBel(4,) .
which can be written in one formula by
1
Foy(4) = - g.,(, dF(A;) ; F=P1l or F = Bel , (5)

Note that Smets and Choquet coincide if F(A —1) = 0. This can be
seen by use of the partial integration formula.

1 1
Fog(4) = fF( ) dt= oL F(A )]0 - Jo aR(ay) = F(h)q)-fuar(a)

Consider another special class of fuzzy measures, the so-called
l-decomposeble Archimedean measures (see WEBER /7/), characterized



by & so-called additive generator g:[b,1]—é[0,o°). Such a fuzzy
measure can be interpreted as a "distorted" probability measure
P, 1.e. F = g"1oP, and for & fuzzy set A WEBER /7/ defines

Prp®) = 67 J my @) - g @) (6)

where P(A) denotes the probability of the fuzzy event A in the
sense of ZADEH,

This (non—oxhanstive) overview shows a multiplicity of defini-
tions, all well-founded in their contexts. But, in general, they
do not coincide. This appears as a difficulty in working with a
decision theory in a fuzzy measure environment. Assume that the
"observations" or pieces of information (x1....,xn) = X follow

& fuzzy measure which depends on the state s of nature, say
F.(x/s). Then, analogously to (2),the risk of a decision function
&(*), principially, can be defined as

Rp(s,8) = F,(L/s) : (7)

where F_(°/s) is the fuzzy measure of a(*) induced by Fx(‘/s).

But now the methodologicel difficulty consists in the non-unique
definition of F,(L/8): What shall we prefer? The SUGENO+, CHOQUET-,
SMETS~ or WEBER-approach? The situation is complicated especially,
if for certain fuzzy measures 211 four approaches can be applied,
as discussed in the next section.

3. Some examples

Remember that YAGER's family {Fq}q>0 of fuzzy measures is defined
by (see YAGER /9/)

i) Fq(ﬁ) =0, Fq(X) =1
14) Fy(AUB) = min {7 (0)V/3 , Fq(B)1/q]q, 1} ; anB=1p ,

Note that Fo is | -decomposable and Archimedean with the generator
gq(x) =x'/q; Thus, the "distorted" probability P,

-1
Fq = 8q °P = P9, (8)

is & special YAGER~fuzzy-measure. Note further that Fq from (8) is
a belief function for q>1 and a plausibility measure for q< 1
(see BERRES /1/ for integers q and WELLE /8/ for the general case).



Consider a decision problem in an environment characterized by

Fq from (8), ioec

Fo(*/8) = [P _(*/8)]1 | (9)

Since for Fa('/a) all approaches from section 2 are applicable
we obtain several risks (see also (7)):

sup inf (e ,P (L,/8) )  SUGENO
] | |

J F_(L,/8) du CHOQUET

Rp(s,a) = 0 1 | (10)
- Jear (L8 SMETS
(P, (L/8))9 WEBER

For & numerical example consider, e.g., q = 2, a loss-membership-
function m;(s,2) = min(1,|s-al) and several probability measures
Pa('/s) given by densities p(a/s) characterizing several decision
functions a(°). For illustration see the following figure and
table.

L LY XY boAs S unelky

loss function D e
triangular density - - - —
uniform densities sesee

0+ . > &
a~1 a a+1
density »triangular_ uniform
- <
p(a/8)= mx(o’1_'a_s.) ={c for 1/2c58 \1/20
O otherwise
risk
¢c = 0,5 ¢ = 0,8 ¢c=1,0

SUGENO 0,276 0,382 0,289 0,250
CHOQUET/SMETS 0,200 0,333 0,208 0,167
WEBER 0,111 0,250 0,098 0,063

Note that CHOQUET and SMETS coincide in the example since
Fa(§‘=1/s) = O (see the remark in connection with (%)).

Analysing the table, it is not so dangerous to have several



absolute risk values. Difficulties arise, however, if the improve-
ment of decisions should be estimated. Compare, e.g., the uniform
decision with c=1 and the triangular: The SUGENO-risk shows a
small, but the WEBER-risk a remarkable improvement. Moreover:
Compare the triangular decision with the uniform c=0, 8: WEBER
prefers uniform, but all the other triangular, Thus, the several
risks lead to several orderings between the decisions.

Note further that similar considerations are poasible e.g. with
SUGENO's‘lpfuzzy-measures, for which all sketched approaches can
be applied, too.
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