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ABSTRACT

In the paper [1], #(#’) should be continuous function for
symmetric fuzzy decisions.In this paper, we need not require
the continuity of #(#’), and obtained some sufficient and
necessary conditions that ¢ and ¢’ have the fixed point,and

the relations among the fixed points of .9, v and ¢’ were
studied.
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. I. SYMMETRIC FUZZY DECISIONS

Let U be an universe of discourse. Assume that we are
given n fuzzy goals Mi,...,Mr and m fuzzy constraints Cijene
C~ in U.Then

D= (nLMi)n (N2 cs) (1)
is called symmetric fuzzy decision [2]. We want to solve the

symmetric fuzzy decision problem,that is, to find u*eU such
that

‘D(u*) = sup,D(u) (2)
Let M=nuM; and C=ng C; ,then
Sup,D (u) =suR[M(u)~C(u)] (3)
THEOREM 1. :
supeD(u) = sup,,,[¢*sup, M(u) ] (4)
sup,D(u) = SUR.[* “sup,,C(u) ] (5)

where,C« and M« are “-level-sets of C and M respectively.
Remark. The Eq. (4) is from Theorem 6.3.1 of [1],and the
Eg. (5) holds by the symmetry of M and C in the Eq. (3).

Let
P() = sup.M(u) (6)
¥() = a4 g(a) (7)
#(«) = sug,C(u) (8)
#(o) = arg(u) (9)
A= ( ueU | M(u) < c(u) ) (10)
B = { ueu | C(u) < M(u) ) (11)

Similar to Theorem 6.3.2 of [1],we have
LEMMA 1. If a fixed point of g (¢’) exists, then the fixed
point is unique.
LEMMA 2. If 3 is the fixed point of ?(#’),then

(). 3 =0 iff M = 0 (Cc=0).

(D). ARC: ( BaMz ) = ¢.



Proof. We prove only the situation of ?, similarly, we
can prove the situation of ¢’.

(a). This is obvious.

(b). If =0, then Ca = U = @, If = > 0, then Cz * @.In
fact,if Cz = @,then 3 = p(a) = sup M(u) =o0.

Bya= p(a) = sup M(u) ,we have that YueCz ,C(u) > = > M(u)

It follows that Cc= A, Q.E.D.
THEOREM 2. If & is the fixed point of ?(#’),then
sup,D(u) = ¢ (I) ( v’ () ) =3 (12)

Proof. By the Eq. (7),v(3)=ar9(a)=ara=a,
By the Eq. (4) and the Eq. (6), it suffices to show that

SuRuf«” e(x)] = ¢ () (13)
If «<&,then «g & = p(a) ¢ #(«).It follows that

SuR;[«"¥(x)] = sup, =4 (14)
If «>& ,then => & = ?(%) 3 #(«+).It follows that

SuR,.[«" #(=)] = Sup..#(+) < ¢ () (15)

By the Eg. (14) and the Eq. (15),we have
P(X) =3 A9(I) € supelare(«)]
= SUR,[* () JVSUR,,[ 4 #(«) ]
€ aVe(a) =aV&= I = y(x)
It follows that the Eq. (13) holds.
Similarly,we can prove the situation of ¢’. Q.E.D.
By Theorem 2, we transfer the symmetric fuzzy decision
problem into the fixed point problem of # or /.

II. FIXED POINT PROBLEMS OF ¢ AND b

THEOREM 3. ¢ (#’) has the fixed point iff sup,M(u) (sup,C(u))
is the unique fixed point of (o).

Proof. We prove only the situation of #, similarly, we
can prove the situation of /. Now, it suffices to show the
necessity.

Let & be the fixed point of ¢.By Lemma 2,we have

d= g(a) = sup,M(u) < sup M(u) = suw(u)Vsug‘&M(u)

= suw(u)va< AVE = &

So Z=sup M(u),that is, sup,M(u) is the unique fixed point of
¢ by Lemma 1. Q.E.D.
THEOREM 4. If ¢(¢’) has the fixed peoint,then

sup,M(u) > ( € ) sup,C(u)

Proof. We note the following Eq.

sup,D(u) = sup,M(u)Vsup,C(u) (16)
and by Theorem 2 and Theorem 3,we have

sup,,D(u) = sup,M(u) ( sup,C(u) )
So,sup,M(u) > ( <) sup,,C(u) . Q.E.D.

By Theorem 4,we have
COROLLARY 1. If ¢ and ¢’ have the fixed point, then

sup,M(u) = sup,C(u) = sup,,D(u)
THEOREM 5. If M ( C ) can not reach the supremum in A ( B ),
then .
P(3) = (p’(a) =) >Pi(a) =& ( p(a) = a )
Proof. We prove only the situation of #.Similarly,we can




prove the situation of ¢’.
(a). P/ (X) » &.
In fact, ¢/ (&) = sup,C(u) = sup,G(u)Vsup, C(u). By ueMina,
it follows that & g M(u) < C(u),so sugwg(u) > & ,and ¢’ (x)3»x.
(b). ¢’ () <.
In fact,if ¢’/(a) > & ,then JueMz, C(u.) > &. So X< M(u.)
and C(u.) > &.By D= MnC and sup,,D(u) = &,we have
&< M(u,)”~C(u,) = D(u.) € «
It follows that & = M(u.).By Theorem 3,we have
sup M(u) = & = M(u.)
and by Lemma 2(b) and C(u.) > & ,we have
uQGchA
So,M can reach the supremum in A. This contradiction now
shows that ¢/ (&) € &.
By (a) and (b),we have that ¢/(a&) = a. , Q.E.D. .
By Theorem 5,we have the following results
COROLLARY 2. If ¢(&) = & ( ¢’(d) = & ) ,then
p/(I) = & ((¢(a) = &)
COROLLARY 3. If M cantreach the supremum in A and C in B,
then
P(3) = & iff p’(a) = &
COROLLARY 4. If M carntreach the supremum in A and C in B,
then
¢( ¢’ )(a) = & ==> sup,M(u) = sup,C(u) = sup,D(u) = .
Proof. It can be proved immediately from Corollary 3,
Corollary 1 and Theorem 2. Q.E.D.
THEOREM 6. Let sup,M(u) ( sup,C(u) ) = & ,then
?(¢') has the fixed point iff A ( B )2Cxz ( Mz ) and ¥(x)
(v (2) ) = &,
Proof. We prove only the situation of ¢.Similarly we can
prove the situation of ¢’.
Necessity follows from Lemma 2, Theorem 3 and Theorem 2.
Sufficiency follows from the following '
¢(%) = supM(u) < sup,M(u) = &
(&) = arp(a) = & = 9(a) > . Q.E.D.
COROLLARY 5. Let sup,D(u) ==x. If A 2 Ccand B 2 Mg, then the
following equivalent:

(a). ¢(a) = &

(b). y(5) = &

(c). ¢(&) = <

(). y(a) = =

Proof. By Theorem 6 (a) < > (b) and (c¢) < > (d) .By Co-
rollary (2),(a) > (d) and (c) > (b) . Q.E.D.
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