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T. Imtraeaduction. -

The present work is dafo-‘bed to a study ef benaviour of the linear
fuzzy {transformation, This paper consists of three sectfons, The se-

| cond section is devoted in gemeral to interva.l and tuzzy numbers.

| Kaufmann and anta, (11, noticed & closed connection betueen, the fuzey

 numbers and intervals; It a.ppears that if one takes fuzzy numbers

' ,‘\;hfrom a certain'class, every cut ¢f them is an interval. Kaufmann
andh Gupta call thoae intervals "mtervala of conﬁ.dence" This cloae
g __cn:nnec’cim largnl]r fa.cilita:tea performing opera.tians on fuzzy num'bers.

‘ ‘_This fact strengthens our belief that in 'the nearest future we will "

——

vaait to.’ see a sezies o.f practical applicatio:a.s of the fuzzy ana.lysls
'_ a.nd comgntationa.l methods, which at present a.rg fit for interval
" analysis, will be addpted for the needs'oi‘ :Enzzy“malys:.i.fs.

In the third section we define a linear fuzzy transformation.
Such_aitransfdfmation is~describe¢ by the matrix and vectors whidh 
elements are fuzzy numbers. Fdr’ this tzans‘formation‘ the simpie_st :
variety of the iteration method, the method af s:i.mple~ iteration is

considered,
24 Preliminaries.

By an J.nterval we mean a closed -bounded set of "real® numbers

[a,b] = {x:a¢xeb) s

l!f A is an interval, we will denote its endpoints by A and L §

, 'l*hlip; A =[ _A_;IJ d We w:.ll not distinguish between the dege’neré:i;e

interval. [a,a], and the real number, a.



~ We call twe intervals equal if their\ corresponding endpoints are
equal, | | :
We can extend the order relation, £ , on the real line to inter-
vals as follows: |
¢B if and only if A<B and A< 5.,
We can treat intervals A and B as nmnbera, adding them as follows:
A+B=g, wb.erecaA-l-B and X+B=T s
More briefly, the rule for intervals addit:.ﬁn is:
(4,21 + (B,E] = (A+B,T+E1 : |
For the product of twn intervals, we define
. Ba{aba ac 4, BeBT A
‘Tt is not hard to see that A-B is a.gain an interval, whose endpoints
can be compn:bed from |
A'B = min (4-B, 1-B; A.E, I B)
ITE- max (4-B; X-B, A-F; I-B)¢
The shsolute value of the interval A we will define in the follo-
- wing wey: o
, lAlsmax Clal ,III) :
| We introduce a metric topolagy for the set of intervals as follows.
We define d(4;B) = max (jA-Bl,|Z-B|): We call d(4,B) the distance
between A and Bi o
A convex and normal fuzzy subset in R is called a fuzzy number.
Let L(R) be a set of all fuzzy numbers. in K su_ch that
- for any Xe L{R), X is upper semicontinuous,
-~ for any X< L{R), supp X is compact:
From the abave properties it follows that if Xe L(R) then for any
ok € [0,'1], x is a campact interval in R, where
£ { : X(t) > it oe (0;1]
t: X(t)> o if o =0 .
The set X¥ is called o - cut of the fuzzy number X.



Now, define B : L(R) * L(R) =—» R, v {0} by the equation

D(I'I) - saup ‘d(x“,!‘))
A O<as 1

where d(X*,Y”) denotes the distance between the intervals X* and Y™,
It is. easy to see that D is a metric in L(R) and (L(R),D) is a
complete metric space, (see [3]).
We can extend the order relation, < , in L(R) as fellows:
X< Y if and only if for amy e (0,11, X*¢ T
Let X and Y be two fuzzy numbers from L(R). Then
- the additiom. of Xand Y, X+ Y, is a.fuszy nunber such
that for gny xel0;1] (X+Y)* = X + T¥
- the multiplicetion of X and 1" is a fuzzy number, X-Y, such
that for any «€(0,1] (X-X)” - Y, (see [11):

Nowj let us comsider the Cartesian Praduct L(R)* .. xL(R) = L (,n)
\.———N
m times

In the set I.m'@.) we may define the metrie in, the following way:
- for any X = Cxt,,‘..,xml R Y = @I.“,,...,,Im), € Em‘(R.)

1) D, (X,X) - max D(X,;Y..)
BT fekem KR

. — —
3) D3(xtt), = -\/E‘L[DCXR,IIL)] 2 >
3; Puzzy variant of the simple iteration method.

From the classical. analysis we well known that the fello-wiﬂg
theorem is true: ‘ '

Theorem 3.1. Let X be a complete me‘{:ric space, F be‘the operator
in X self-mapping X and for any x and y from X

P(r(x),2(y)) ¢ o« P(x,3)



where o < 1, Then there exists the point x* e¢ X such that
x' = F(x“)O : Y ’

The mapping ¥ is called & compression.

Let us consider the following equatioe
Y= A-X+ K ‘ | Gt
where ‘ | -
- A is an mx m matrix of the elements Lue L(R),
~ B is an m-vector with the elements B¢ L(R), _
.- X and I are m~-vectors which elements are eqnal 1[:1 e L(R)
and Ii ¢ I(R) respectively. '
The equation (3.1) we will call the linea.r fnzzy transformation.
Now, for each metric considered in Preliminaries we will give
tho conditions, tmder which the linear fuzzy transfomation is a
»coapressio.n. First let us consider the metric D, in (R). Iet X
and X be from T®(R) and let T = A-X + B and ¥ = A.¥ + B. Then we
D (LY = max D(Y,%) - sup  a(¥},%7) -
T<iem 1sism Osast |

= Z’ in ~min I
B, g, S T Gl e

zg’a(.maij‘_j- )-max(f{j 31)!} N

Using the inegualities
ol of ol ~eol
| mig(A],-X3) = min(47;-X3)1 < lAiJl d(x 'f‘)
and ' .
o of ot ool o ol
|m_ax(_A‘:L;i X, - max(Aij-Xj) I < IAijl d(_x‘;,xj)
we obtain the reguired inequalities
. ~ m
0. (Y,Y) < max sup max{ 3 |a*|. “XNT <
L f¢lsm  Ogwst { j=1¢“iﬁl d(x.‘l’xl)}»

¢ max sup l jl d(xj,x)
1¢ism Os«s1 ;l=1 ‘



.
< Ssl 0 a(xs, X)) <
oI &L R

* jeiim 3%““' nt(x,x) :

From the above inequality it can be deduced: in the space L'(R) with
the metric D, the linear fuzgzy trensformation Y= A-X +RB is a
compression if |
max | < 1 . (3:2)
feicm gt ‘“ ‘ -
Now, let us consider the metric D, in.EP(R). Then for any X and
i from L*(R) we haxe.

. n : ‘
Pz(I.I) = Z{ D(Ii.ri) = 1=1' i d(!“ ) £l =

- Z’ sep max (1Y - I:l:"'ri" I:L I ). <
i=1 Osust
m m
< T sup 214 d(x';,'i"‘) <
i=t O€u¢1  J=i J
m ) m m . ’
¢ 5 sw SN = a@xLIY) <
¢ 2 oret It Ayl 3=1 1',3- .
. |
< sup > |AQy| - swp > d(x",xi}\
Q%¢t J=% Q<w¢t  J=1
m, : ' e
¢ sup Z Ag;! S s AL, X5 <
9‘&(1 =% j=1 Oswef - . .
n

| j-‘i Aij‘ Z D(xjox ] =

E;tlﬁijl' D?_(vx7i)

E:Ms EMs Ve EMe

i

So, from the above inequalities it follows that in the space 1®(R)

with the metric D, the linear fRzzy transformation (3.1) is a

campréssion if

> DMl <1 L (33
i=1 j=1



In the same way we obtiin the condition in the space 1(R)
with the metrie D, |

Ota<t

~ n ~ Vel ol ‘
D (1, %) = ! Z[DCH»IQ]Z 2 2 [ s ta(TREN® <

fzr sup zx ;acx“xnz

i=1  Qsutel
J [ L A, T2 <
1-21 03321 a-t‘ 1l -l 3]
2'
A D ;X <
Ex [, = = | LR Te P STy

¥ 2 ,
( [Z\Aﬁl n(xj.xj)_l < o

i=1 1:1.

2
R

Se, in the space Bm(x) with the met::ic B3 the linegr fugzy trans—
formation (3:1) is a compression if '

Jéﬂgtl [? <t (3:4)
Let us note, that each of the céﬁdijbions (3.2) - (3:4) is
sufficient for the linear fﬁ.zzy transformation (3:1%) t;: be a compre=-
ssiom. - '
In accordancé with the Iheorem 3 1 at «< 1 for transforming
(3.1) there exists a point X* ¢ CRI such that ‘
X* = A-X%+ B.
&f one takes an arbitrary point X(o)<5-EP(R), then on the basis of
the conclusiohs of Theorem 3.1, at o < 1, one can consiruct the
sequence ,
P AV NN (CD R o (3:5)
which converges.‘ to X *with respect to the metric Dyy D, and Dy
respectively. with it
ni(x*,x(l‘*“ y ¢ o<1-n1.(x';x(l) )
Dg(i“,x(lﬂ)) < dzobz(x':x(n)



and

By (X" xu"") ¢ w n,(x @y
whence it fnllcn, that for each metric Dt’ 2,1)3 there exists a
sequence of convex closed regj.ons Sk = S(X", Dk i=1,2,3, contal-
ning x(k+1) and, as a cent:e X", Note that the distance between
X* and x(k"“ ~does not surpass D]{ = oL CX I(kj). For the
sequence x1) the inegualities

5 (x) xCG1)y ¢ o Top, (x(0),x(1))

and 1 / : | ’ - (3:6)

_‘ Lg .
o r— p, (x(0)» X015
. |- ole

take place. 'l'rom €3"6) it follows that the iteration process (3.5)
allowa ta a'htain an appronmate solution of the linear fuzzy trans-
romtion U.‘!!) with any degree af accuracy.
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