FUZZY MAPPINGS AND FUZZY PRODUCTION MODEL:
Part 1: Fuzzy mappings

Marian Matioka
Department of Mathematics, Academy of Economics,

ul .Marchlewskiego 146/150, 60-967 Pozman,Poland



1. Introduction.

*he question of rational actions was formulated for the first
time in political economy, but its scope by far exceeded the domain
of economic studies, A sufficient condition to use the rule of ra=
tional. actions is that the goal and means of actions be guatified,
i.e. they should have the character of a "quantity" or at least
"volume® so as to be measured or orderéda The rule of rational
actions requires the possibility by determining the deg:ee to which
the goal has been attained in comparison with the starting level
or previous state., A mode of utilizing means according with the
rule of rational actions is called the optimal mode of utilization.
However, to speak of the optimal mode of utilization of means and
the extent to which a goal has been attained, first of all a given
Phenomenon should be characterized. Nowadays, economiecs makgs use
of a iarge number of powerful mathematical tools, to mention the
papers of Morishima [5], Nikaido (6] , and Lancaster [3] as examples
Moreover, certain specific features of deécribed economic¢ phenomena
could not be taken into conéideration.for the simple reason that
they evaded precise definitions, i.e. it was impossible to given
their exact (numeric) values, and they could only be characterized
with teims'lite a lot", "little" etc. Authors realized that descri-
ptions of these phenomena were inadequaté but the lack of a proper
mathematical apparatus rendered precise considerations impossible.
The turning point came in 1965 when Zadeh proposed the theory of
fuzzy sets [13], which supplied a methodological apparatus more
adequate than the classical one. For this reason it became extremely
popular both among theoreticians and practician of various discipli-
nes, The new ideas can be found in numerous papers published in all

sorts of journals. For instance, the papers of Fonsard [T - 12]



present a fuzzy analogon of Debreu’s analysis (2] and discuss the
problem of production equilibrium with fuzzy constraint.

In this paper we present a fuzzy model of economic dynamics.
The elaborated theory is a generalization of the theory of economic
dynamics proposed by Makarov and Rubinov in (4], where the theory
of multifunction is given the central position. Multifunctions
were interpreted as certain techmological transformations assigning
a-set of commodities to a set of production factors. It is assumed
that the producer follows a precise behaviour pattern, by this we
mean that the producer has complete information concerning the con-
ditions of this productive activity and he has perfect command
over both the set of inputs and the set of outputs., He réalises
the maximum profit allowed by the technoligical comstraint which
limits possible actions and by the given price system. In practic,
the result of a production process is by nature imprecise. It
follaews that a technically possible production is more or less_effi-
cient. It is not advisable to partiation the set of -all possible pro-
ductions into two classes: the efficient productions and the'ineffi-
cient productions. As soon és at least one éf the inputs does not
have a maximal technical efficiency and / or as soonr as at léast one
non=~controlled input has an influence oﬁ the outﬁut quantities, the
result of the productive combination is fuzzy. For a given combina=
tion the qﬁantities of outputs obtained depend on the degree of
efficiency of each of the controlled inputs and on the action of
the factors which remain beyond the producer’s control.

The above mentioned situation is difficult to describe but a
fuzzy mapping seems to be a very useful tool in this respect.
First we will present a definition of fuzzy mapping, some of its
properties indispensable for further theory and economic interpre-

tations of these properties. Next we will define a fuzzy economig



model and we will consider a problem of optimality,

2. Some properties of fuzzy mappings.

Let X, ¥, 2 denotevarbitrary but for further considerationa
fixed subsets. Next L(X); L(Y) and L(Z) denote respectively the
families of all nom~void fuzzy subset of X, Y and Z. .

A fuzzy mapping, £ : X =4 L(Y) say, is a mapping from X to L(Y),
(see [1]1). |
in the other words, to each element x ¢ X corresponds a fuzzy set
f(x) from L(Y). '

instead of f(x) we will write £~ .,

A set X will be identified with a set ol commotity bundles which
are the outlays at moment t, The fﬁzzy set £* is a subset of the
commodity space Y at moment Y (t <7 ). A membership functioén %
depicts the producer?s subjective valﬁétion of the authenticity of
every point in Y obtained from X. A

When fx(y) = 0, the producer has no confidence at all with regard
to the production state y which is obtained from x, If fx(y) % 0.3,
the producer has 30 percent confidence that he would operate at the
state. Similarly, when £f¥(y) = 1 the producer has full confidence
to be at the production state. |

For any fuzzy set A ¢ L(X) we set

th(y) = sup (£X(7)~ A(x)),
XeX

for any y Y.

Let us now consider three moments t, v ,0 (t < T < 6). A
commodity bundle at moment t corresponds to a certain set of commodi=
ty bundles at moment €. The character of the set, and the producer’s

valuation of authenticiity of obtained commodity bundles depend on



the technology. If temporal moment < ‘precedes 8 then the assigment
is not a direct one but depends on the techmology operatiﬁg in the
interval from t to Y and on the technology operating in the interval
from T to 6., The below definition describes the way in which the
quahtities of commodities in the obtained’bundles, and their pro-
ducer s valuation of the authenticity depend on the quantities and

producer s valuation of the authenticity of bundles in the moment T .

A composition, gof : X =+ L(Z) say, of two fuzzy mappings
f: X -4 L(Y) and g : Y -» L(Z) is a fuzzy mapping such that

(g0£)%(z) = sup (£X(y) A &7(2)),
Yel

for any xe¢X and ze¢ Z.

Let us note, that for any x ¢X and any zc 2

(g 0£)%(z) = sfx(Z).

Let A and B demote two fuzzy subsets of some linear reference
space X and % some real number, Owing the Zadeh’s extension principl:
[_ 14] 4 by o A and A+B such the fuzzy subsets are understand that

for any xeX x
A(&-) for « % 0,

o(-A(X) =
0 for «« =0 , -

and
(A+BJ(x) = _sup, (A(x") AB(x"7)).
X +X =X
Let X, Y and Z denote the (crisp) convex cones,
A fuzzy mapping, £ : X -~» L(Y) say, is called positively homo-
geneous iff v xeX and Vo(? o

fa-x = M'fx .



The above property means that proportional changes in quantitiec
of the input and output commodity bundles do not influence the pro-
ducer’s valuation of their authenticity.

The next property of the fuzzy mapping to be discussed is its
superadditivity. Let us consider two input comnodity bundles x and
u. For a non-fuzzy model it has beeb assumed that if the inputs x
and u combined, a set of outputs is obtained, which is greater than
the sum of sets of outputs bundles correspondiﬁg to particular in=-
puts x and u. In our case, a similar assumption will be made to ge-
nerate the producer’s valuation of authenticity. This property is
Presented in the bglow definition,

A fuzzy mapping, £ : X =+ L(Y) say, is éalled superadditive iff

YV x,ueX

x+u
£ = i I

I

Corollary., If a fuzzy mapping £ : X -» L(Y) is superadditive
and positively homogeneous then for any xc X the fuzzy set % is
convex, ’ A

Theorem 2,1, If the fuzzy mappings £ : X - I{Y) and
g : ¥ =» L(Z) are positively homogeneous then go f is positively
Bomogeneous fuzzy mapping. V

Proof, Let £ and g denote two positively homogeneous fuzzy map-
pings, Then V¥ xcX, Y zc¢Z and Y« 70 there holds

(g°£Y(z) = sup (£X(y)r &F(2)) =
Ye¥

’ 7 Xo v 3
= s () neT (2) = gup (£F(3)A T (=-) -
oy eY Y e¥Y

= (8 o2)%() = o (8- £)%(a)s

Theorem 2.2, 1f the fuzzy mappings f: X -+ L(Y) and g: Y = L(Z)
are superadditive them go f is superadditive fuzzy mapping,



Proof, Let £ and g denote two superadditive fuzzy mappings.
Then V x°, x""¢ X and ¥V z<¢Z we have |

(go2)* *X (z) = sup (£ ™ (y) ng7(2)) »
y

7 sup ((fx:+fx'{'3'(y) Ag(2)) =
Ye¥

=, 5% (== )@ a & Y (2)
Y +y =y eX ' -
S . 59 () a2 (375 ) a (& +87 N2)) =

2 y+y" =¢c¥

= .. 5% (@) a = (32 n sup, (& (@ (270)

y'+y =e¥ 2 45" =g ‘
[ I 4 ze ':, ,e
y . sup sup, (X7 (7%) ngd (29)a 257 (3T)A & (277))
ZT 4B = Z T ,yre Y -
= _,sap ( sup (£FX(3")a g (2))A
Z"+2 =2 y<e€Y

~ gup (25 (@A S (279)) =
el

L smp ((g8ef)% (3%) x (gof)® (27°)) =
Ze 4B =2

((gof)X + (go£)® ") (2).

By the graph of a fuzzy mapping f: X -+ L(Y) the fuzzy set
is understood, e in symbol, of Xx Y .such that for any xe X and
any y<XY |

Gplx,¥) = £X(3).

Theorem 2,3. The graph of a positively homogeneous fuzzy mapring
is a fuzzy cone i.e. V (x,y)e XxY and V x>0
Gp(x,¥) = Gpluxpty)e
In fact, taking into account the definition of the graph and
the definition of a positively homogeneous fuzzy mapping we observe
that for any xe X, any y¢ Y and for every .« > O there holds

Gp(xXpety) = £F(ay) = £Xy) = £5(y) = Go(x,7).
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Theorem 2.4, If a fuzzy mapping f: X -4 L(Y) is superadditive

and positively homogeneous then its graph is a convex fuzzy set,

Proof. Let x",x eX, y',y°¢ Y and o , > > O such that
ol + (% = 1. Then there holds

'O) - fdxf"'m"

Golux ™+ ", ¥+ py ¥y’ +ny ")

Y (T + P Yy oy ) 3T y) AP (py77) =

et 25y’ ) o pfE (pyTT) = £ () ALE (377) =

o »

= Go(x",¥7) n Go(x"",377).

Now, let us assume that the reference space X,Y and % are
finite - dimensional Euclidean spaces and N denote the set of
po'sitive integers.

A fuzzy mapping, f: X -+ L(Y) say, is called cloéed iff its
graph is a closed f.uzzy set, 1.e. the sendograph

send G, = § ((x,7),T) : Gp(x,7) 3T, XcX,yc¥, Te (0,1
is closed (crisp) set.

Cordllary. Ii' f: X -+ L(Y) is closed fuzzy mapping, then for

any xc X , % 1s closed fuzzy set.

A fuzzy mapping f: X -+ L(Y) is sequentially bounded iff
for any bounded segquence S-{zsl} and any sequence R-{r }, x o € Lo

rne‘(0,1=> , DeN, the (crisp) set '

J‘:S,EL=1{3"GY= xn(Y) nt € Sy TpE B, neN7Y

is bounded.

Theorem 2.5, Lf f: X =» L(Y) and g: Y -+ L(Z) are closed fuzzy
mappings and f is sequentially bounded, then go £ is a closed fuzz,
mapping.



Proof. For any neN, ((%,Zn),rn) ¢ send Ggoi' , and assume
((xn,zh),rn) - ((xo,zo,\,ro) as N =+ oo ’ xaé Xy Zgpe by Tye (0,1> «
We will prove that ((x_.,z )yr.) e send G . Because £ 1s a sequen-

0’0o o gof x,

tially bounded and closed fuzzy mapping, so for any nel £ is

a closed and bounded (in zadeh”s sense [13]) fuzzy set. On the

, z
other hand, g is a closed fuzzy mapping, so g..n is a closed fuzzy

set, where g. denotes a converse fuzzy mapping to g i.e., for any

ze Z and any ye Y g-V(z) = gf_(y). Therefore, for any Th the gcrisp)
set

sn

fzn’rng{er : (y)?rn'ﬁ

is a compact and the (crisp) set i
z
. . n

Beg ,r =T Y 2 8Ty Ty ¥

is closed. Because for any nelN \((xn,zn),rn) € send G

up (£(y) 287 (5)) 3 3, -

gol we have

Je
Still, for yec Y© (fxn’rnn Bz, ) there holds
fxn('I)A gf?(y) s T .
Therefore, for ea;:h n N we hawe
sep (£ 2(y) » g (zy)) = sup (2 M) A g zy).
nyxn’rnh g‘zn’rn
Since for each neN set fxn’rnh g_zﬁ’:n is compact, there exists

an element ?’n such that

Ggof(:&l’zn) = G’f(ﬁ’?ﬁ) A ngintzn) > r,n .

Consequently, Gf(xn,in) > r, aud Gg(in, zn) > T,. Because f is

a sequentially bounded fuzzy mapping, the sequence {in}n,-‘l is

bounded too, and without losing generality we may assume that it

converges to y. But £ and g are closed fuzzy mappings, so



Ge(xq,7) y Ty and Gg(§,z0) % Ty. But this means that G, (x5,23)% Tp »

i.e. (,('_xo,zo),ro) € send Ggoﬁ .
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