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We study the problem: if ;i i€EN are fuzzy numbers of

triangular or exponential form, what is the membership function

of the infinite sum El+32+... (defined via a sup- t-norm

convulution)?
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DEFINITIONS.

A fuzzy number is a fuzzy set on the rea! line with a
unimodal, upper semicontinuous and normalizc:d membership
function.

A function T:[0,1]1X[0,1]-[0,1] is said to to be triangular
norm (t-norm for short)iff T is commutative associative,
non-decreasing and T(x,1)=x, x€[0,1].

We shall use the following t-norms: min{x,y},xy,max{x+y-1,0}
and Tw(x,y),where Tw(x,y):x if y=1, Tw(x,y)zy if x=1 and

T (x,y)=0 otherwise.

w
Let T be a t-norm. If a and b are fuzzy numbers, then the

membership function of their T-sum a+b is defined as [1]

(a+b) (z) = sup T(a(x),b(y)).
x+y=z
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A symmetric triangular fuzzy number a denoted by (a,x) is
defined as a(t)=1 - |a-t|/a if |a-t|Za and a(t)=0 if |a-t|la,
where a>0 is the width and a€R is the centre of a.

A symmetric exponential fuzzy number a denoted by (a,a)e

is defined as a(t) = exp(-la-t|/a), a>0.

THEOREMS .

(o]
Theorem 1. Let T(x,y)=xy and Ei = (a;,a), i € N. If Azz.zlai
, -

exists and it is finite, then with the notation

Kn:= §1+...+En, nen,

w. have *

(lim K ) (z2)

n-o

exp (-|A-z|/a), z€ER.

Remark 1. This theorem can be interpreted as a central limit
theorem for mutually T-related fuzzy variables Ei,iEN (see [31).

Theorem 2. Let T(x,y)=xy and Bi = (b;,8)

e’

fae]
ieN .If B:= Z bi
i=1

exists and it is finite, then with the notation



Enzz Bl+...+Bn, neN,

we have

(lim Fn)(z) = exp (-|B-z|/B), z€R.

n-—o

bi B b;
Theorem 3. Let T(x,y)=xy and Ei=(ai,a),i=1,2. Then

,1 la,+a,-2| £ | =] |
- —t i a,+a,-2z2=2{aq~-a,
oV, 1772 1

2
- - (o +ay) ai+a,-2 |42
(al+a2)(z)=< -—;a—[l - ‘—-IJ-——] otherwise,
daqaq aqtag

0 if |a1+a2—z!>a1+a2,

-

where xqVaty = max {al,az}. Let 8, =ayVay, 62=a1Aa2.

al+a2—a1-a2 al+az al+az+a1+a2

"Product"~sum of two triangular fuzzy numbers



Theorem 4. Let T(x,y)=xy and Eiz(ai,ai),and let e, be the i-th

greatest width, i=1,...,n. Then with the notations

An.=al+...+an, A .=a1+...+an

n
we have
lA -2 |
- =i if z € My
®
k i
- (044...98,) |A, -2z | k
Bp(z)= ——— K (1 . —n | if 2z € M
k k el+...+ek ,
k I e; 1
i=1 . .
. o |
( A Al .
8.4+...+0 A -2 n
AR N PR LTI itz em,
nn 61+...+en
_{ n 1 03
i=1
where
My = {zER:IAh—zléel—ez},

=
1)
i

{ZER:el"ez é ‘An-zl § 91+92-29n}’

Mk={ZER291+...+9k_1—(k—1)9n

HA

iIA

|A-z| = 8,+...0,-ke },

Mn={Z€mZ@1+...+en_1-(n—1)@n é IAn-Z‘ é 61+o.o+6n},

n—'—

An+a1+...+an

"Product”"~sum of n triangular fuzzy numbers.



Remark 2. This theorem shows that if each Ei has the same width

«>0, then the membership function of Kn is the following
|A_-z|yn
(1 - Lozl

if IAn—zl = ne«,
no

0 otherwise,

Theorem 5. Let T(x,y):Tw(x,y) and aiz(ai,ai), 12i=n.Then with

the notations Kn=51+...+§n and A =a;+...+a, we have
|A -2 |
- if IAn-zl = max oy
% _ max o .
nlz)= (1)
0 otherwise.

Theorem 6 [4]. Let T(x,y)=max{x+y-1,0} and ai=(ai,ai),

1=i=n.Then the fuzzy number El+...+§n has the membership
function of (1).

Concluding remarks. Similar results can be obtained for
the t-sum of non-symmetrical fuzzy numbers of triangular (or
exponential) form by the help of their decomposition into

non-decreasing and non-increasing parts (see [2]).

QUESTION.

Let T{x,y)=xy and let Ei = (ai,a,B), 1=i=n be fuzzy numbers of

LR-type. On what condition will the membership function of

the "product"-sum Kn::51+...5n have the following form



1A
>

L [ﬁn:f-] if z

xn( ) nao n’
z)=
-A
,Rn[——nz - ] if z 2 Ag.
; n
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