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ISOMORPHISM AND CONJUGATION OF FUZZY DYNAMICAL SYSTEMS

Dagmar Markechova
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Pedagogical Faculty

949 Q1 Nitra, Czechoslovakia

Using fuzzy sets theory ideas [1] we introduce the
notion of fuzzy dynamical system which generalizes the notion
of dynamical system of the Kolmogorov classical model of pro=
bability theory [2) « The notions of isomorphism and conju=-
gation of fuzzy dynamical systems defined here are generali-
zations of the above notions of classical probability theory
[3] - Connections between all the above notions are presented

here, too.

1. BASIC DEFINITIONS AND NOTATIONS

Definition 1.1+ By an F=quantum space we mean a couple
(X,M), where X 1is a non-empty set and M is a subset of
o, X satisfying the following conditions:

(1.1) If 1(x) =1 for any x € X, then 1¢ M.
(1.2) If fe& M, then f'=1 - f € M.

(1.3} If f € M (n = 1,2,.0.), then v f, ¢ =sup f_€ M,
n=1 n

(L.4) If 1/2(x) = 1/2 for any x € X, then 1/2 ¢ M.

The system M 1is called in the fuzzy theory a soft fuzzy
§-algebra [4] . This structure has been suggested by Riedan
([68]1.,[6]) as an alternative model for quantum mechanics.

The set M may be regarded as a partially ordered set in which

the relation = is defined in the following way: f £ g iff

f{x) = g(x, for each x & X, If we define 4 fq ¢ inf fn' then
n
the meet A and the join Vv are related to each other by
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simple relations: 1 -\r: fn g\(l - fn). 1 -11\ fn = X (2 - fn)'

for any sequence {fn}n C M . In accordance with the theory
of quantum logics, we say that two elaments f,g& M are
orthogonal (we write f . g), if f<£ 1 - g.

Definition 1.2. By an F=state on 'am Fequantum space (X,M)
we mean a mapping m : M—» {0,1) satisfying the following
conditions:

(35) m(fy (2 =-f)) =1 for every f € M,
(1.8) It {fn}n::l. is a sequence of pairv:i.se orthogonal fuzzy

subsets from M, then m(°\7 fn) = Z m(fn).
n=1 "~ n=l

Example 1.1, Let (X, Y ,P) be a probabilitylvspace. Put
M = {‘XA; Aﬁ.‘f} » where Ky 1is the characteristic function of
the set A€Y . Then (X,M) is an F-quantum space and the
mapping m : M~ {0,1) defined by m(X,) = P(A) is an F-sta-
te on (X,M),

2, FUZZY DYNAMICAL SYSTEMS
" In the following we shall work with this notions

Definition 2.1. By a fuzzy dynamical system we shall mean
the quadruple (X,M,m, ¥ ), where (X,M) is an F-quahtum space,
m is an F-state on (X,M) and ¥ : M— M is a §~homomorphism
fulfilling the following condition:
(2¢1) m(UFf) = m(f) for every f € M.

Recall that U : M= M is a ¢-homomorphism, if ’l((f') =
=1 - U(F) and U (T f) = v 'Il(fn) for every f€ M and

n=1 n=1

any sequence {fn} M,
n=1

Example 2.1. Lst (x.y,P.T) be a dynamical system in the

sense of the classical probability theory. If we define (X,M)

and m as is Example 1.1 and the mapping W : M—=>M by the



96

equality U (X,) =X » then the guadruple (X,M,m,% ) is

-1
a fuzzy dynamical syzteéé)ln this case we shall say, that fuzzy
dynamical system (X,M,m, %) is induced by (X, ¥.P,T).

Example 2.2. Let any F~-quantum space (X,M) and any F-sta-
te m on (X,M) be given. Let T : X=X 1is an m=preserving
transformation, i.0. f € M implies feT€ M and m(feT) =
= m(f)s If we define the mapping U : M—~>M by the equality
(2e2) U(f) = fe T for any f € M,
then the quadruple (X,M,m,# ) is a fuzzy dynamical system. The
mapping ¥ defined by (2.2) is so-called Koopman operator.

By a fuzzy dynamical system induced by pointed mapping T we
shall mean the quadruple (X,M,m,¥ ), where ¥« 1is defined by
(242) and this system we denote by (X,M,m,T). The fuzzy dyna-
mical systam (X,M,m,¥W ) from Example 2.1 is induced by pointed

mapping T.

3. ISOMORP-ISM AND CONJUGATION OF FUZZY DYNAMICAL SYSTEMS

Let two fuzzy dynamical systems (X,, Ml,,ml,‘ul),
(Xz, Mz, mse Wz) be given,

Definition 3.1. We say that two fuzzy dynamical systems
(s My, ml,'ul), (X5e Mo, mz,‘uz) are weakly isomorphic, if
there exist fuzzy sets f_ € Ml' f2€ M

1 2
= m2(f2) = 1 and a bijective mapping ¥ : {fe Ml; f £ fl}""

such that ml(fi) =

—?{f € My f < fz} fulfilling the following conditions:

(3.1)fpreserves the operations, i.e. ¥ (¥ f ) = & ()
n=1 n=1

W(f%) = (¥ (f)) for any f € N, and any sequence
o
C
{fn}n=1 Nye
(3+.2) For every f € M, f £ f1. it holds mi(f) = mz(v'(f)).
(3e3) The diagram N, —» N
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is commutative, t.e. ¥( 'l(l(f)) = U, (‘¥ (f)) for every fe€ N,
= . = . §f £ .
where N, = {fem; f2f), Ny ={f emuf £,3
In particular, we define the notions of isomorphism and
strongly isomorphism of fuzzy dynamical systems (xl'Ml'ml'Tl)'
(xz.Mz.mz.Tz) induced by pointed mapping Tl' T, respectively.
Definition 3.2. We say that two fuzzy dynamical systems
(xi’Mi’mi’Tl)' (X5, Mz'mz'Tz) are isomorphic, if there are
fuzzy sets fl'e Ml'
fl' T, = fl' foe T, = f2. and a bijective mapping

f,€ M, such that ml(fl) =my(f;) =1,

Y: ker fl-—# Ker f, fulfilling the following conditions :
(3.4) Let f< f,. Then fe& M, iff fe¥"1e M.

i i 2
(3.5) For every fe& M, such that f é.fl it holds ml(f) =
= my(fe ¥,

(3.6) The diagram T
Ker fi-——l* Ker f1

vl Y
—_—
Ker f2 Tz Ker fz
is commutative, i.8. Y(Ti(x)) = Tz(‘f(x)) for each
X € Ker fl'
Here Ker f denotes {x € X; f(x) = i}

It may be proved the following theorem.

Theorem 3.1. Two dynamical systems (xl,Yl.Pl,Tl),
(XZ'yé’PZ'TZ) are isomorphic in the classical sense if and
only if fuzzy dynamical systems (xl'Ml'ml'Tl)‘ (xz.Ma,mz,Tz)
induced by (X,.%.P,.T,), (XZ'yé’Pz'Tz)' respectively, are
isomorphic.

Definition 3.3. We say that two fuzzy dynamical systems
(xl'Ml’ml'Tl)’ (xz.Mz,mz.Tz) are strongly isomorphic, if there
exists a bijective mapping VY: X,—? X, fulfilling the follo-

wing conditions:

.,7 I 4 0 -1
(3.7) f &M iff f Y™ e M,
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e -1 v

(33) mi(f) = mz(fa ¥ ~) for any f & “1'
Ti

{3.9) The diagram X,—= X

h I
Xog—— X,

]
2
is commutative, i.e. V(Ti(x)) = TZ(Y'(x)) for every
X € Xl.
It is evident that if (X1:M13m10T1)o(xzrmzomlez) are
strongly isomorphic, then they are isomorphic, too.

Theorem 3.2. Let (xl'Ml‘m Tl)' XZ‘MZ' mz,Tz) are strongly

1t
isomorphic. Then they are weakly isomorphic, too.

Proof. Let Y: Xl—# x2 represents a strongly isomorphism
of systems (xl'Ml’ml'Ti)' (Xz,Mz.mz,Tz). Then the mapping

b & Ml—a M2 defined by the equality $(f) = f°‘{-1 repre-
sents a weakly isomorphism of above systems.

The following consicerations shall tend to introduction
of the conjugation of fuzzy dynamical systems. To this we
8hsll need the some auxiliary assertions and definitions.

Let be any F-quantum space (X,M) given. Let m be F-8ta-
te on (X,M). In the set M we define the relation ~ in the
following way: for every f,ge M, f~ g iff m(fa g) =20,
where fag=(f Ag')v(f'’Ag) is a symmetrical difference
of fuzzy sets f,g. Put [f] = {g e M; m(fag) = 0} for any
f € Mo If fl,fz € [f]. then m(fl) = m(fz). In the system
M) = {(_f]; fé& M} one can define the relztion £ in ths
following way : for any U[f], [a] & [M);[f_] 4 [gJ iff m(fAg’)=0.
The couple ([M], ¢ ) is a partially ordered set with the mi-
nimal element (0) and the maximal element (1).

We obtain immediately the following lemmas.

Lemma 3.1. Let any Fe~quantum space (X,1) and any

F-state m on (X,M) be given. Then (M] is a Boolean 0-algebra.
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Proof. [v f ] is a least upper bound of a sequence

{[f } d [M]. i.a. holds the equality y [f =[§7 fn]'
=]

Further [f]/\[g] = [f A g). For any [f]e_ [M] we obtain.
(]]a[#)= (e A £7)=[0] and [f]v[f] (f v )= [1] and
hence [f] = [f]

Lemma 3.2. If we define the function [m] by the equality
[m}((f)) = m(f), for any (f] € (M), then [m] is a probability
measure on the Boolean €-algebra [M], i.e. [m]([0]) = O,

(M (L1)) =1, [m] 20 and [f ] [fm]= (0] (n # m) implies
(") ¥ [fn 1) = Z;ltmh[f,,l)-

Lemma 3.3. Let any fuzzy dynamical system (X,M,m,U ) be

given. Then the mapping [Y]: [M]—> [M] defined by ul(s]) =
[%(f)] is a § -homomorphism on the Boolsan § -algebra (M) .

Definition 3.4. Two fuzzy dynamical systems (X,,M,,m,, .
(X .Mz‘.mz,uz) are called conjugate, if there exists a bijec-
tive mapping g : [Ml]—-? (M] fulfilling the following
conditions:

(3.10) @ preserves the lattice operations, i.e. g ( v [f ]) =
= vﬂ (E ), £ (1)) = (BCIFA).
(3.21) [ma} (_¢‘ (1)) = (mJ ([f)) for every (fle (m].
(3.42) The diagram [_Mil—-(-‘—:l'-)[M;]
s | | g
) 2
is commutative, i.e. for sach [f]) € [Ml] it holds
£ ()il - gy
Theorem 3.3. Let (xl,ml,ml,ul). (XouMy,moul,)  are
weakly isomorphic fuzzy dynamical systems. Then they are

conjugate, too.

Proof. Let "l’:{_f € M,; f¢ fi}'—’ (fe M., f 4 fz}
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be a mapping representing a weakly isomorphism of systems
(Xl.Ml.ml,ul). (Xz.Mz,mZ,ﬂé). Then the mapping @ : [Mﬂ-—?[Mé]
defined by the equality F( (f)) = [¥(f)), for any [f] € [Ml].
represents the conjugation of above systems.

By means of Theorems 3.2 and 3.3 we obtain the next theorem.

Theorem 3.4. Let (xl'Ml'mi'Tl)' (X2.M2,m2,T2) are strongly
isomorphic fuzzy dynamical systems. Then they are conjugate, too.

Theorem 3.5. Two dynamical systems (Xl.y',Pi,Tl),

XZ,YZ.PZ,TZ) are conjugate in the sense of the classical
probability theory if and only if are conjugate the fuzzy dy-
namical systems (xl'Ml'ml'Ti)’ (x2.M2.m2,T2) induced by
(Ry 2T 0P T )y (X ¥y PouT,), respectively.

Remark 3.1. Reverse assertion of the Theorem 3.4 is not
valid, in general. Frbm the conjugation of fuzzy dynamical
systems does not implies their strongly isomorphism. Namely,
from the classical probability theory is known, that there
are the dynamical systems (xl'jl‘Pi'Tl)’ (xz,yé,Pz.Tz) such
that they are conjugate and they are not isomorphic (in the
classical sense). By the preceding theorem the fuzzy dynamical
systems (X,,M,.m, ,T,), (X5.M,em5,T,) induced by (xl,ba,Pi,Tl),
(XZ,YZ,PZ,TZ). respectively, are conjugate. Since
(Xl.y PraTy ) (Xz,Yé,Pz.Tz) are not isomorphic, are not
strongly isomorphic even the systams (xl'Ml'ml'Tl)‘
(XpaMyamo,T,) s
Analogously as in classical case holds the following
theorem:

Theorem 3.8« If (xl'Ml'ml’Ti)‘ (xz,Mz,mz,Tz) are iso-
morphic, then they are conjugate, too.

Proof. Let Y : Ker fi—a Ker f2 represents an isomorphism

of systems (xl'Ml'ml'Tl)’ (XosMy,ms,T5), where f, ¢ My,
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f2 '3 M2. ml(fl) = mz(fz) =1 and f,eT, =f

12Ty =g fo0 Ty =15

Then the mapping £ : [Ml]--afmz] defined by g([f]) =
= [(f A f,)e Y'1]. for any [f] € [Ml]. represents the conju-

gation of above systems.

In the similarly way as in Remark. 3.1 we obtain that re-

varse assertion of the Theorem 3.6 is not valid, in general.
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