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On the Variance of a Fuzzy Random Variable
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In this paper, we shall introduce the concept of the
variance of a fuzzy random variable based on [3, 4], and
give formulas to calculus of the expected value and the
variance of a fuzzy random variable taking in ?KR').
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L.P.Madeh [3] introduced the concept of a fuzzy random-variable
and studied the expectation of it by using random variables set
theory [1, 2, 5]. Li [4] further discussed the properties of fuzzy
random variables. We shall investigate the variance of a fuzzy
random variable based on [3, 4] as follaws.

Let (,d,P) ve a probability space where P is a nonatomic
probability measure, R" n-dimensional Euclidean space, 93 the set
of all Borel subsets of R" and KO(Rn) the set of all nonempty
compact subsets of R%.

1

Definition 1 [4] A fuzzy subset u: R—>[0, 1] is called a fuzzy

number, 1f
(VY ae(n, 1], u, & {xe r1: u(x)ed} is a closed. interval;
(2) uy 4 { xeR - u(x)=1§ X ¢ .

A Fuzzy subset u: Rn—-a[o, 1] is called an extended fuzzy number:

> %
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if

(1) Yae(o, 1], Uy, gixe R%: u(¥) = o(} is compact;

(2) uy 2 {xcRn: u(x) = 1i X &.

F.(R") denotes the set of all extended fuzzy numbers, and
F(R') the set of all fuzzy numbers.

Definition 2 {3] A fuzzy random variable is a function X: Q—

7.(R") such that
{(w, x): xeX (W}e dxB , for every e (0, 1]

where X (w) = {xeR": X(W)(x)=2a} . '

The equivalent definition of a fuzzy random variable was
given in [4] .
Froperty 1 [4] X is a fuzzy random variable if and only if
for every o€ [0, 1], for every A ¢ BoKy) s

fwen; Lau(wWnixg¢jed

whers 53(KO) denotes the set of all Borel g -algebras of subsets
of KO(Rn).
Property 2 [4] Tet X]._ be a fuzzy random variable, and a, ¢ R1,
i=1,"+, m. Then the both ]._=1aiX.l and 1131)(1 are fuzzy random

variables, and for every « el0, 1]

m . m ' m m

Nefinition 3 [3] The expected value of the fuzzy random variable

of X, denoted by E(X), is the extended number Vv ¢ ?,(Rn) such that
Ve = {E(f): f is a P-integral section of X ,} 2 3(Xy),
for every o€ [0, 1]
Yow we 1define the variince of X as follows.

~

Definition 4 ILet ° be integrably bounded [3] , E((X—E(X))Z) is

called the variance of X, denoted by DZ(X).
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The existent and uniquesness of DZ(X) can be obtained by property

2 and theorem 3.1 in [3] .

In general case, the computations of the expected value and
variance of X are complex just as L.P.Madeh pointed out. The
following we limit a fuzzy random variable to taking in ;KR1).

Theorem: ILet X2 be integrably bounded, then we have

p?(X) = B(X%) - (E(Z))2 .
Proof: We first prove the property:

where Xi is any fuzzy random variable, i =1, 2.

I

Let (xi)d(w) [aiéw,&), bi(uLdJ] , for every &€ {0, 1] and for
every wef2, 1 = 1, 2. Then for some W, ai(uad) is an increasing
function of A and bi(mL&) is a decreasing function of o .
For some o e (0, 1], let
min (Xi)¢ :Sl—»R1
Mﬂ—9min(Xi)d(uﬂ = ai(uﬂd) .

1
For every ¢ R,

i wefd: min (Xi)d< c} = ( qke)Q {Weﬂ.: (Xiv).‘*(’\ﬂ) N {Q} X ¢ } )

q>c
N{wes : (Z) (W) N el & (P}
where 7 is the set of all ratinal numbers.
We have {wimin(¥X;), < ct ey according to the equivalent
iefinition of a fuzzy random variable, a.e. the function min (Xi)«

measurable about 93. Then min(X;),is a P-integrable section of



91

(G)y because of ai('\\i,d.) 3 [ai(w‘,o\), bi(w,cl)I .

3imilarly, the function

. . 1
max (Xi),c‘ N —R

w — max (X)W = b, (W)

is also P-integral section of ()4 .
It is obvious that for every P-integral section f of (Xj), we
have I( min(Xi)d‘) £ E(f) = B( max(Xi)&). So we can obtain:

[B(a (W), E(o;(w,q))]
then

(2(X,) + B(X,)) (B(X)) g+ (B(X50) 4
1 2774 1/7d 2

]

[E(aq (W,2)) E(oy (w))]

+ [Blay (W), B(o,(w o)) ]

[E(a, (W,d)) + E(ay(w, %)), B(b, (w,a))
+2(b,y (W, a)) ]

[ECay (o) + 2y (W), B(by (wWhd) + by (W, o)) ]

= (E(X1+X2))d
Similarly, we have Z2(dX) = AB(X), for every d¢ R1.
Then
D(X%) = e((x-3(x)?)

[l

B(X2 - 2B(X)X + (2(x))?)
- 5(x2) - 23(x) B(X) + (8(X))2

= B(x%) - (B(X))?
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By the prnof of the theorem, we know, if Xi(vJ) = [a(w,d(), b('uf:o()]
then
() = 4 ern, 1] MEatn D), b6, 2)]

and
U

(B2 = | 1] *[B(a0ma)), EOO,))]?

()]

=M(%’” Ala’()r b
according to L.i.Zadeh s extension principle. Where
2" (% = nin {32(atin,0), Balw«)-3(b0w,4), B (d(w )]
= max {E%(atw,0)), (2w, ) E(b(w, %), E2(b(w, ) }

In the similar way, we have

(X2 (W) = (Xg(W)Z = [F(w,o), Dlw, )]

where
T(w,2) = min {a2tw, ), atw,o b, , b2(W, ) |
b(W, ) = max iaz(w, &), a(w,a)-blw,), bz(w,.ok)}
then
B((X?) = 3((x%)a)

[2@EW,®), 3(b(w»)]

S0 we have

U

D2(X) =, ({0, F{BEGLW) = v (), BEOWR) - &’ (W]

Note: In general case, the above-proved theorem is incorrect.
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