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1. Introduction

Let us consider the classical linear system of equalities and

inequalities

é a x =a_ , ieJ , (1)

n

jglaijxjéaio, iEJz. (2)

In the problem (1)-(2) the parameters aijER are supposed to be
well defined characteristics of the modelled problem. However,
these parameters are generally known only approximatively. It is
known, that the problem (1)-(2) in general belongs to the class
of ill posed problems, so a small perturbation in the input data
may cause a large deviation in the solution. Therefore it is a
very important to know in what degree can be acceptable a
solution as the solution of the original problem.

In this paper we will examine +the possibilistic solution of
(1)-(2) assuming that the same function g defines the side

functions of the fuzzy numbers and the t-norm.

2. Preliminaries

Let X be a universe and I be the unit interval of the real line
R. Denote #(X) = {u|u:X - I} the set of all fuzzy subsets on X.
The characteristic function of ACX as a special fuzzy subset will
be denoted by XA.

A binary operation T: 1 -1 is said to be a t-norm iff it is
commutative, associative, non-decreasing and T(a,l1) = a for all
a€l. A t-norm is Archimedean iff it is continuous and T(a,a)<a
for all 0<a<l. A t-norm T is Archimedean iff it admits the

representation

1This research has been supported by the Bungarian Research
Foundation at the project OTKA-606-1986
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T(a,b) = g° " (g(a)+g(b))
where the generator function g: 1 - R’ is strictly decreasing,
continuous on (0,1], g(1)=0, limx_.og(x)=go (gozm is ?}?o all??ed)
(x)=g (x)
if xE[O,gOJ and g(_l)(x)zo for all x;go. Every t-norm induces an
': 1”1 with the following rule

and g(-l)(x) denotes the pseudoinverse of g, i.e. g(

n-ary operation "

n-1

-2
T (al,az,...,an) = T(Tn (al,az,...,an_l),an).

If T is Archimedean then

n-1 (
T (al,az,...,an) = g

-1) n
(2 g(a )).
i=1 J
The T-fuzzy intersection and the T-fuzgy Cartesian product of
a fuzzy sets will be defined as follows:
If u,v€%(X) then (uATv)(x) = T(u({x),v(x)), and if u€F(X), veEF(Y)
then (uX v)(x,y) = T(u(x),v(y)).

At every fixed x€X a T-fuggification of the function value of the

parametrical function f(a,x) = f(al,az,...,an,x) by the fuzzy
parameter vector ua=(u1,u2,...,un), uiEQ(R), i=1,2,...n, 1is a
fuzzy set on R:
T (v ,x)(y) = { SupaeA(X:Y)¢ﬁTn-l(u1(al)’”2(32)’""“n(an)) ’
Toa 0 if A(x,y) = @
where A(x,y) = {a:(al,az,...,an)IaiER,yzf(a,x)}.

Let R be an unfuzzy relation on X. The T-fuzzification K of R on
%(X) is a fuzzy set on F(X)X%F(X):

R(u,v) = sup,p. T(u(x),v(y)).

3. g-fuggification of linear functions, linear equalities and
inequalities

The following definitions and theorems are the generalizations of
the analogous definitions and theorems in [1],[2].

Let g:I -~ R* be a fixed function with the properties of a
generator function of an Archimedean T-norm.

Let be denoted by ﬂg the subset of %(R) containing the fuzzy sets

with the membership function

{ g7 (1x - «|7d) if @0

X (x) if d=0
{o}

for all «€R, dER’U{O}. An element of 9‘ will be called quasi-

u(x) =
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triangular fuzzy number generated by g with the center « and the
width d and we will recall for it by the pair («,d).

Let Tg denote the Archimedean t-norm given also by the same
generator function £.

Shortly the T‘—fuzzification of a parametrical function value or

n
a relation by the fuzzy vector parameter uaEQ‘ will ©be called
&-fusggification.
Let us introduce the following denotions:

D(x)= max djlle; Do(x)=max(d°,D(x)).

J=ly ey n

Theorem 3.1. The g-fuggification Z‘(ﬁ.,x) of a linear function

»
4(a’x)=j€,°;x; by the fuzsy vector parameter ﬁ=ﬂk1,...,ﬂ.),

|
ﬂjz(ai,d")e", j=1’nno’n’ .iB (J{IRJXJ,D(X))E", -i-e-
(-1) | .
£ (ly - J{_‘Ia,x’l/D(X)) if D(x)=0

2 , =
(%0 x)(¥) (5) if D(x)=0

{€(x,x)}
Proof. Let K={i:1§i§n,di¢0}, the cardinal number of which k=|K]|
and divide +¢(a,x) in two parts L(a,x)=&°(a,x)+bl(a,x), where
Lo(a,x)=SiEKaixi and Ll(a,x)=ZiQKaixi. Let us in:roduce the
following denotions y°=y-Ll(a,x), A(x,y)={a€R |y=¢(a,x)},
Ao(x,y)z{aERklyozbo(a,x)}. By virtue of the extension principle

and the g-fuzzy Cartesian product rule we have

SUPBEA(X,y)g(-l)(jélg(uj(aj))) if A(x,y)=2
L (u_,x)(y) = {

0 if A(x,y)=@

SuPaEA(x,y)g‘—l)(iﬁxmin(gorlai‘“il/di)+i§xg(x{ i}(E"i)))

(24

0

If K#3 then p

-1y, .
(lnf&EAa(X,y)iéx'ai—ai'/di) if Ao(x,y)ﬁz

4
z , .
(e x)(Y) { 0 if A (x,7)=0

If there exist i€K such that xi¢0 then An(x,y)¢ﬂ. In this case

the minimization problem in the argument is equivalent to the
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linear programming problem

". - .
2 (z; + z;) = min
JEK

subject to
+ -
2 (z; - z;)x, =y -t (a,x) = y-¢{(a,x) ,
i€K J [+] 1
+ -

Z; 0, 1z

Iy

z 0, JEK.

Indeed, introducing the nonnegative variables
z;=max(0,aj—aj), zZ:max(O,aj-aj), Jj€K,

we have

+ - + - .
taj—ajl=zj-zj and a,-a =z;-z; for jEK.

The optimal object value of this linear programming problem is
equal to the optimal solution of its dual problem
(y-2(c,x))u - max
subject to
xjuél/dj, —xjuél/dj, JEK.
From the constraints conditions follows that
|ulél/gg§ djlle=1/j  max d Ix. I,

consequently the optimal object value is |y-&(a,x)|/D(x). So

Z‘(ﬂayx)(Y)=g(_1)(Iy—L(a,x)l/D(x)) if 3i€K:x #0, i.e. if D(x)=0.
If K#g, but xi=0' for every i€K, then D(x)=z0. In this case
Ao(x,y)¢ﬁ only if y=L1(a,x) and Ao(x,Ll(a,x))=Rk, therefore

(-1) .,

g (1nfai€Rk iExlai—ail/di)

ZE(Ma,X)(Y)= if y=¢ («,x), x =0 VieK =
0 if y#¢,(a,x), x,;=0 Vi€kK

=X (e (a,x))(Y)=x{L(a,x)}(y)'
1

If K=2 then D(x)=0 and

SUPaea(x,y) € (58X 1(a))) if Alx,y)=0

Zz(ua,X)(y)={ -
0 ’ if A(x,y)=@

{ 1 if y=¢(a,x)

- 0 otherwise

X (a,xr{¥). n
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The Theorem 3.1 states that for every fixed x€R" the

n
g-fuzzification is a mapping Zg:& - 9‘.
£

Theorem 3.2. The g-fugsification o(x) of a linear equality

»
é(a,x)-a'=j£ ax —a.=0 by #.=Lﬂ‘,...,ﬂ.) and # 4 x}:(a},dj)6$‘,

=1 l ci
Jj=0,...n, is the fuszegy set aé’(R.):
(~-1) 2 .
£ (Ijglajxj—a.llD’(x)) if D.(x)#0
ei{x) = .
X{,:‘p_(“")za.}(X) lf Da(X)‘—"o

Proof. Using the g-fuzzification of the equality relation between

Lg(ua,x) and u, we have

(

0 (x)=8upy_, & TUHR(Z (k%) (7)) 48 (R (8,))) 3

(g7 (inf_y (1y-2(e,x) |/D(x)+]a -« 1/d,)) if d #0,D(x)=0
0
g (e, -¢(e,x) | /D(x)) if d =0,D(x)=0
= <e T eex) a1 /d,) if d,#0,D(x)=0
1 if L(a,x):ao and d°=0,D(x)=0
LO if L(a,x)#ao and d°=O,D(x)=0

The minimization problem in the argument in the case of do#o,
D(x)#0 is equivalent to the linear programming problem
(z"+z7)/D(x)+(v +v-)/d —> min

subject to

z+—z-+v*—v-=ao—L(a,x)

z+§0,z_§0,v+20,v-§0,
where z+=max(0,y—L(a,x)), z =max(0,¢(c,x)-y), v+=max(0,ao—a°),
v =max(0,ao-ao).
The corresponding dual problem

(o ~¢(a,x)u — max

us1/d(x), -usl1l/DdD(x), —uél/do, uél/do

can be immediatelly solved, since from the constraints

inequalities follows that

Iulél/max(do,D(x)).

Therefore
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maxu(ao—L(a,x))uzmin (ly—L(a,x)[/D(x)+]ao—a°|/do)=

y=a
=|ao—L(a,X)I/maX(do’D(X))=Iao—6(a,X)l/Do(X).

Since

D(x) if d =0
max(d ,D(x))=D (x):{ 0
0 0 do if D(x)=0

we obtain the wanted statement for o({(x). n

Theorem 3.3. The g-fuszzification 8#(x) of a linear inequality

2
t(a,x)—a'=i{13jxj—a‘=0 by‘x.zﬂal,...,n.) and &, ‘;=(“,'d,)6’,’

J=0,...,n, is the fuszsy set OE!(R.):

; |
af(x) if iz__‘lajx,_za.
a(x) = ’
1 ' if ,é,“;xjéa.
where
g(-l)(( 5 a x -a_)/D (x)) if D (x)=0
j=z1 4 3 [ [ ] ]
o (x) =
* x(l.’(—(cx,l)-‘a.}(x) if D0(x)=0

Proof. The g-fuzzified inequality relation gives

(

6 (x)=supy s, & TURIT (%) (3)) 4k (8 )=

(-1),, .
g (1nfy§ao(Iy—L(a,x)|/D(x)+lao—ao|/d°)) if do¢0,D(x)¢0
g7 (inf o, (Iy-¢(e,x) |/D(x))) if d,=0,D(x)=0
0
=< g(-l)(infb(a’x)gao(|a°—ao|/do)) if d _#0,D(x)=0
1 if L(a,x)gao and do=0,D(x)=0
. O if L(a,x)><xo and do=0,D(x)=0

The minimization problems in the arguments are equivalent to the
following linear programming problems:
(z"+z-)/D(x)+(v +v7)/d, —> min
-z*+z_+v+—v-_3_(,(o<,x)—ao if d _=0,D(x)=0
z 20, z 20, v' 20, v 20
(z++z_)/D(x) —> min
—z++z-§L(a,x)—ao if d°=O,D(x)#O

+ -
z 20, z Z0
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(v++v—)/d° — min

vi-vTze(a,x) -~ if d_=0,D(x)=0
V+§0, v 20
where z+=max(0,y—L(a,x)), z =max(0,¢(a,x)-y), v+=max(0,ao—ao),

v_=max(0,ao—ao).
The dual of all these problems is
(L(a,x)—ao)u —> max
Oéuél/max(do,D(x)):1/D°(x),
the solution of which

(¢{a,x)-a )/D(x) if ¢(a,x)Za
maxu(L(a,x)—ao)u={ o _ - °
if L(a,x):ao
Consequently
g 7" ((elo,x)-a ) /D (x)) if D_(x)#0 and £(«,x)Za
o(x)= 1 if Do(x)#O and L(a,x)éao
or Do(x)=0 and L(a,x)éao
0 if Do(x)=0 and L(a,x))ao
which is equivalent formulation to the desired statement. [

o and 0 express the possibilities of the corresponding relations
at the point x€R" .

4. g-fuzgzy solution of the g-fugzy linear system

The g-fuzzy solution set v of the g-fuzzified system of linear
equalities and inequalities is obtained by the g-fuzzy
intersection of the g-fuzzification of the corresponding
equalities and inequalities.

Theorem 4.1. Let the linear system (1)-(2) be fuszified by
# =(a ,d’J)E$‘, iEJIUJ‘, Jj=0,...n. Then the fuzzy solution

157 i
reES(R ) is

(-1) ..
y(x) = {3 (G(x)) if xESIHS’
0 if x€S NS,
where
G(X)=m§(”l£(a,,X)—a, W7D, ,(X)+m2"”-ax (0, (t(a,x)-a, )/D, (X)),

D, (x)=max(d,  ,D (x)), D,(thgl;g!f .d,,lil ’

Slz{XER'It(a',x)za'.,PIEJI\P(x)),
S’zleR.lt(a‘,x)éa",PieJ‘\Q(x)],
P(x):{i&JllD'.(x)#O}, Q(x):{iEJ‘ID‘.(x)SO}.
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Remark. It is possible that either P(x) or Q(x) or both of them
are empty, in these cases the empty sums are equal to zero.
Furthermore, SI=Rn if P(x):J1 and Sz=Rn if Q(x):Jz.

Proof. Let oi(x),iEJ1 and ei(x),iEJ2 be the possibilities of the
corresponding g-fuzzified equalities and inequalities. Then the

g-intersection of the g-fuzzifications of the equalities is

v (=g V(8 g0 (x)))=
i€y, i

(-1)

=g (iQE(X)min(go,IL(ai,X)-aiol/Dio(x))+
+i¢§(x)g(x{z:L(“i'x)zaio}(X)))z
(~-1)
g (ig%(x)lL(ai’X)_aioI/Dio(x))

= if P(x):J1 or P(x)CJ1 and xESl, i.e. VxES1
0 otherwise

For the g-intersection of the fuzzified inequalities we have

v (0= 7 E g8 (x)))=
|l=.12

(-1)

=g iFE(x)X{z:¢<ai,x);aio)(X)mln(go,(L(ai,X)—aio)/Dio(X))+

+ X . = X =
. %(x)g( {z.L(ai.x) “io,( )))

(-1)
g

2 max((&(a ,x)-a )/D__(x)))
ieEQ(x) i io io

= if Q(x):J2 or Q(x)CJ2 and xESz, i.e. VxESz
0 otherwise

Consequently the solution of the joint system of fuzzified

equalities and inequalities

vix)zg T (g (v (%)) +g(v (x)))=
(870 8 el ax)—a, 1/D (x)+

iEP(x

+ig§(x)max(0,(L(ai,x)—aio)/Dio(x))) if xESlﬂSz
={eg" " T  Jela ,x)-aiol/D_ (x)+g ) if xE€S _,x€S

ieP(x) i io 0 1 2
g V(g4 = max(0,(&(a ,x)-a  )/D, (x))) if x€S ,x€S,

icqQ(x)

(-1)

\ & (22 ) if x€S ,x€&S,
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{g("l’(s(x)) if xe€s NS
= 2 n
0

otherwise
The last theorem shows, the connection between the penalization
of a subset on R" defined by equality and inequality relations
and the fuzzification of this subset, since G(x) may be
considered as a penalty function. In the case when only the right

hand side parameters are fuzzified, G(x) is a classical penalty

function.
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