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R.FULLER, Computer Center, L.E6tvos Univ., H-1502,
Budapest 112, P.0.Box 157

ABSTRACT.Linear equality systems with fuzzy parameters and crisp
variables defined by the Zadeh's extension principle are called
possibilistic linear equality systems. This study focuses on the
problem of stability (with respect to small changes in the
membership function of fuzzy parameters) of the solution in

these systems.

1.INTRODUCTION.

Using mathematical models of reality we often encounter the

problem of finding all solutions of the linear equality system

a;1Xq *...t a; x = bi R i= 1,...,n, (1)

Such systems are frequent e.g.in operations research.
Unfortunately, this problem is generally ill-posed;a small error

of measurement of parameters,a bi,or rounding error in digital

ij?
computation may produce a large variation in the computed answer.

In this paper the system (1) with fuzzy parameters a ,bi,crisp

ij
variables X 5 and extended relation is considered. We shall prove

that the system (1) with continuous fuzzy numbers is well-posed;

the solution depends continuously on the (fuzzy) data.
2.BASIC NOTATION AND DEFINITIONS.

DEFINITION 2.1. A fuzzy number is a fuzzy set a, a:R - [0,1]1=1I,

¥ This paper was given at the International Conference "Fuzzy

Sets in Informatics" ,Moscow,September 1988,
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which is upper-semicontinuous, normal, fuzzy convex and compactly
supported.
We denote the set of all fuzzy numbers by % and the set of all

continuous fuzzy numbers by %8.
For any 8 z 0 and a € %8 we now define the quantity

w(a,o)

max |a(u) - a(v)|
where the maximum is taken with respect to all points u,v in R

such that |u-v| = 6. We shall call v(6) the modolus of continu-

ity of the fuzzy number a. The following statements hold [5]

(i) If 0 =6 = 6', then vw(a,0) = w(a,0’). (2)

(ii) If « > 0, 8 > 0, then o(a,x + 8) = w(a,x) + w(a,8). (3)

(iii) lim w(a,8) = 0. (4)
60

[

if a,b € % and A\ € R then a + b, a2 - b, xa are defined by the
Zadeh's extension principle in the usual way. Denote by [al®

the c«-level set of a.

Let a,b € % and [E]az lay(a), ag(a)], [B]a = [by(a), bolx)].

We metricize % by the metric [6]

D(a,b) = . - b. .
(£,8) = sup max, (I2;(a) = b3() )

The truth value of the assertion "a is equal to Bb",which we write
a = b ,is Poss(a = b) defined in [9] as

Poss(a = b) = sug min{a(x),b(x)} = (a - B)(0). (5)
xXE

3.AUXILTARY PROPOSITIONS.
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LEMMA 3.1.[6] Let a, b, ¢, d € % . Then

(i) D(xa, 2b) = |x] D(a, b) for » € R,

(ii) D(a + ¢, B+ d) = Dp(a, B) + D(c, A),

(iii) Dp(a - ¢, b - d) = D(a, B) + D(c, d).
LEMMA 3.2. Let \ # 0, u # 0 be real numbers and let a, b € %&
be fuzzy numbers. Then

(i) w(ra,o)

w{xa + ub,0)

HA

(ii)

where w(0):=

LEMMA 3.3.Let 8 2 0 and a,b

a(t) - b(t
igg la(t) (t)|

The proof
of Lemma 3.5.[4].

4 .WELL-POSED FUZZY EXTENSIONS.

= ola, 6/|x]),
6
"’[m + |u|]’

max{w(a,0), w(b,0)} for 6 =

S

HIA

(6)

0.

9¢. If D(a,b) 5, then

iA

max{w(E,B),w(B,b)}

of this lemma is carried out analogously to the proof

Generalizing the system (1) we consider the following

possibilistic linear equality system

ailxl + ... + &in

where aj 50

X, = b, i = 1,...,m

(7)

b, € 98 and "=" denotes possibility.

We denote by ui(x) the degree of satisfaction of the i-th

equation at the point x in (7),i.e.

ui(x)zPoss(ailx1+.

..t B

b).

in®n ~

Following Bellman-Zadeh [1] the solution (or the fuzzy set of
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weak feasible solutions [2]) of the system (7) is the inter-

section of the ui’s such that u(x):mini_1 n ui(x) for x€ER®.
=Ly,

A measure of consistency for the system (7) is MaX cpn p(x)=ut,

An important question is the influence of perturbations of the

data to the solution [10] of the system (7). In the sequel we

will assume, that there is a collection of data EEJ,BE available

with the property

3

max . 'D(aij’aij)

i < 5, maxiD(Bi,Bg) = 5. (8)

Then we have to solve the following problem

al ad = B?, i=zl,...,m (9)

aijxl + ... F+ ainxn
In the following theorem we establish a stability property (with
respect to perturbations (8)) of the solution and the measure

of consistency in possibilistic systems (7),(9).

THEOREM 4.1.Let 3 2 0 be a real number and let aij’Bi’EgJ’B? be
continuous fuzzy numbers.If (8) holds, then
sup |u(x) - «®(x)| = w(5), (10)
xERN
fu* - u*(8)| = w(3) (11)

where w(d)= maxi,j{m(gij,b),w(E?j,B),w(Bi,a),w(Bg,a)}, ©? is the

solution of perturbed problem (9) and «*(5) is the measure of
consistency for the system (9).

Proof.It is sufficient to show that
lus (x) - w(x)] = w(5) (12)

for each x€R® and 1=i=m, because (10) and (11) follow from (12).
Let x€R» and i€{1l,...,m} arbitrarily fixed.From (5) it follows
that
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-

ui(x)={_§ a, :x. - Bi)(O), 7 (X)"( : z a%.x. - Bﬁ](O)

j=1 237 jz=1 137
Applying Lemma 3.1.and (8) we have
n n
- ad .x. - B%| = . |D(B. .,a°.
[ ZlalJ 5 B, jElaleJ El] = j§1]XJ|D(a1J,alJ)
+ D(B,,B%) = a(|x| +1)
where !xll = |x1|+...+(x |. By Lemma 3.2.we get
n ‘ 5
a - B. 3 - B2 s o|—
max{”(jﬁlaijxj LI [lealeJ B.0)}p = ”[|x,1+1]'

Finally, applying Lemma 3.3. we have

g -kd 01 = [ £ 8 % - B;)(0) - [ £ adx, - B2](0)]

j=1 j=1 19

1A

te '[leala 5~ B ](t)'[JfluiJ J B?](t)l

[6(!x|1+1)] - i)
Uk T e

ilA

Which proves the theorem.

REMARK 4.1. From (4),(10) and (11) it follows that
SuUp, cga l#(x)-u2(x)| - 0 ,|u* - u*(3)| -~ 0 as 8 - 0, which means
stability with respect to perturbations (8) of the solution and

measures of consistency in possibilistic systems (7) and (9).

REMARK 4.2.As an immediate consequence of this theorem we obtain
the following result [3]: If the fuzzy numbers in (7) and (9)
satisfy the Lipschitz condition with constant L > 0, then
suprRn[ﬂ(x) - u¥(x)| = L&, |u* - u*(3)| =2 L8. Furthermore,
similar estimations were obtained in the case of symmetrical
trapezoidal fuzzy number parameters [8] and in the case of

symmetrical triangular fuzzy number parameters [7].

REMARK 4.3.It is easily checked that in the general case 515’5159

the solution of the system (7) may be unstable under small
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variations in the membership function of fuzzy parameters.
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