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(Extended abstract)

Since Sugeno-[1] introduced the concept of fuzzy measure,
the structural characteristics of fuzzy measure have been studied
in a lot of papers, such as [2], [3], [4] and [5]..fhese charac-
teristics play important roles in the theory of fuzzy measure and
fuzzy integral. In this paper, a further research on the null-

additivity and the autbcontinuity of fuzzy measure Will'be made.

1. Definitions

Let X be a nonempty set, ¥ be a G-algebravof subsets of X,
and u: ¥ — [0,o] be a nonnegative extended real-valued set
function.

Definition 1. u is called to be null-additive, if u(EUF) = u(E)
whenever Ee¥, Fe¥, ENF =¢ and u(E) = 0.
Definition 2. u is called to be éutocontinuous from above (reﬁp.
from below), if

u(AlJBn)-—é u(A)

(resp. u(A-8.) 5 u(A) )
whenever Ae¥, B e#, ANB_ =A¢(resp. B,C A), n=1,2,""", u(Bn)—> 0;
M is called to be autocontinuous, if it is both autocontinuous

from above and from below.
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Definition 3. u is called to be uniformly.autocontinuous from above
(resp. from below), if ¥6>0, 3¢ =§(€) >0, such that

M(A) - € < u(AUB) < u(A)+¢

(resp. u(A) - & < u(A-B) < u(A) +¢)
whenever Ae¥, Be%, ANB=¢ (resp. BCA), u(B)<d; u is called to
be uniformly autocontinuous, if it is both uniformly autocontinuous
from above and from below. |

Definition 4. u is a fuzzy measure, if

(2) ACB = u(A) <u(B);
(3) (A }CF, ACACee = u( 0, A)) = pim u(A));
(4) (A }CF, A/ DA;D-+, and 3n,, such that ,u(An )< =

. ] .
“(ngtAn) = jim H(AL) .
2. Principal results

We know that the uniform autocontinuity from above (resp.
from below) implies the autocoﬁtinuity from above(resp. from
below), and the latter implies the null-additivity. When u is a
fuzzy measure, the uniform autocontinuityfrom above is equivalent
to the uniform autocontinuity from below.

In the following, we always suppose u is a fuzzy measure on
the measurable space (X,#).

Theorem 1. If u is autocontinuous from above, then it is autocon-
tinuous from below. When u(X) <m, the autocontinuity from below
implies the autocontinuity from above, and therefore, the auto-
continuity, the autocontinuity from above and the-autocontinuity
from below are equivalent.

There is an example (cf. [4]) to show that the autocontinuity

from below does not imply the autocontinuity from above'when u(x)
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=®. This example shows that as well, in general, the null-additi-
vity is not equivalent to the autocontinuity. However, we have the
following result. .

Theorem 2. If X is countable and u(X) <o, then the null-additivity
is equivalent to the autocontinuity.

The following example shows that an autocontinuous fuzzy
measure may be not uniformly autocontinuous.

Example. Let X = {1,2,:-:},F be the power set of X, u(E) =
exp{gé-%}— 1, VEeF. u is autocontinuous, and it is a quasi-
measure (cf. [3]), but it is not uniformly autocontinuous.

There is an example showing that the autocontinuity is not
equivalent to the uniform autocontinuity, even if u is finite.
Theorem 3. Quasi-measure is autocontinuous, and finite quasi-
measure is uniform autocontinuous.

The folloWing results are useful to constructing some examples
of fuzzy measure possessing the null-additivity, the autocontinuity
or the uniform autocontinuity respectively.

Let u,, U, be fuzzy measures. If we set u(E) = u,(E) +u.(E),
V(E) = u,(E)su,(E), VEe#, then u and v are fuzzy measures as well.
Theorem 4. If both u, and u, are null-additive (resp. autocontinu-
ous or uniformly autocontinuous), thén so is M.

Theorem 5. If both u, and u, are null-additive (resp. autocontinu-
ous), then so is ». |

There are some examples showing that when V(X) =® , V may be
not uniformly autocontinuous, even if both u, and u, are uniforhly
autocontinuous.

However, we have

'Theorem 6. If both u, and u, are finite and uniformly autocontinu-

ous, then so is v.
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3. Open problems

(1) Givingup the restriction that X is countable, does the
conclusion of Theorem 2 remain true?

(2) We havé proved such a proposition: Let {En}C;F; u(En)—e O,
if uw is autocontinuous from above (resp. from below, and u(X) <m),
then there exists some subsequence {Enﬁ of {En}, such thap

@ ) =0 :

“(jgt ig
[- -] I'd _
| igJ-Eni) = u(X) ).

1

neg o

jE
(resp. “(j

But we don't know whether the condition p(X)écn may be abandoned.
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