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SOFELY DIFENED BOONOMIC MOIRL

Burian XANROXA

Intwedustion

aedel, Mowesver the smmoespt of tecimolegisal Wrajectowies of suoh a
sodel and thedx optimality ave hewe Jwesented, The starting peint
fox swr considerations is She medel of seomomic dynamics Fresented
by Noltamov snd Rubiney fn (1] ¢ Da this xmedel, as we lowy, an see~
nomie state at given tine zonemt i desanided by nsans of all geeds
located 1in this ¥ine menmnt, L.6. By & veotsr vith memnegative soewdis
s, e trenaition fyen one eagnonic state % another is desawided
bWy & anititwnotisn whieh piays the yules of the teaimolagios) mapping.
In oux model we will assums that we have not the exant infeamathisn
about the qumtities of geeds as givwen tine moment. Ve will asswme
that for sash geod we laww Lite quantities amd degyees Oof posaidilie
aunbew, S8, instead of veoter with nonnegative cvoxdinates at given
tine moaens we will have a vester with scoxdinates which ave fussy
ambewss e transifien Dxon ene such soenomic wtate %0 mother will
be deoemided 2y Pmuitifunotion (ses [2]), The model wAth suoh Anfew-
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By an intervel wo nesn & alosnd Downded 0t of "real” mmbere
(BeP] = (Xt <x<P} s
If A 45 an intewval, we will demote its endpeints Wy ) ot I, Shew,
Ae(g 2],
A convex and ngumel fusay subeet in R is eallsd a fussy nwwber,
Iet I{R) Be a sut of all fusay mambers in R such tha$ for any X< L(R)
« X is wypexr semiceoatinwwus,
»mx'um.
Fren %he above properties it follows that if X < I{R) shen for sy
o ¢ (Qgtly X™ A8 & copaot interval in R, whewe
- {tcut}z« L o« c(0y9],
t1X8)>0 42 <=0,
In this peper wo will wee the fellowing motion
PR) = BR) * wie “WR)
P times
An Pemmdtifwmetion, a 1 FM2) > WP(R)) wy, is a napping fres
) w» MR )),
In the sther wonds, 10 cash slemant X < JP(R) osxvesponds o st a(X)
fwem P(3™(2)),

2. Deoniption of the model.

1ot X be & subest of R with st least ¥ dAffwrent clennta, IS
4o assunsd ¥hat O < X, Elowmts of £ will Yo called tine mpnemie
and the slenent 0 Indtial tine moment,
Mt E= [ (87)c2 xtlﬁ“l’} »

Definition 2.4, Saf%ly defined ecoomenic model is an ohjsct

m e {B, "‘N‘.”ﬂel * ‘l.)te b 5 h‘.’t)ei}‘
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vheve :
-in‘(l) > Ky = opmwex coms,
- 87 ~ m Pemudiifunction, ay. ¢ K, ~ KK, ), sush that
1. supsredditive,
2, positively homoganecus,
3« alosed,
4. downded, (oo (2] ),
Nowssvem, it is ssewned that the @ass (A, )iy ;. ) 5 has e
PLIoubag JRORpertlen: &, . w Ay o Byg o (WByT ¢ By 80 <7 ),

Definitdon 2,2. A teoclmologion) trajectory of ™ is a famdlly
!lu‘l')‘e’ sauh thats

X <Ky, (8B,

cXpcag (B, ({87 € B
B this omse X, 1s ealled the state of trajectomy Bx st the tame 4
Xg s the imisfal state of Pr, It is saAd that the Brejectory
8008 out X Af Xak, md pasess Sheough X at the tine momemt § AL
the state of 2r ot the time nement t is X.

Thosren 2.1 (Meisten_se of tesimslogles trajesteny). Jet Ty Ky
o T ¢ gy (To)e Then Whewe exists s teckmelegionl twajectewy fv
of ™ geing out T, snd passing Swough I° at the mouemt of e t%,

Ixoud, Por ovany ¢ cE 20% we talke slsent l.e&“{l)”“
V, £ K, ok 1ot us demete L = {J,"w“""”‘s"‘t”"t“
Bext 1ot us chooss & submet X c L, _ of elsments of Tr sush thads

~mamnuamxhcsmm

a) 0 < Ry, o Sl |
B) AL 8T c By, o B < 4 thm !Te.‘,tﬁzt),
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R TR Are ¥ 2o

d) 4£ ¢ <3 \I” then x,n"g
By %he vagy Aot us mention that X s §. In X one o introdwos &
panttal oxdeving > an fellows 3

By Wy (Pry = (Ry .y <% ®rp = (R)y g < W
igx

1)*5‘ > &2 ’
D=2 (e ).

Now, 1t will be checked ¥hat cach ehain im X is bownded fyon sheve,
Iet (B, ), , demste achaln in M, B, w (K)y g0 <&
uummmmmum“, sush that

~Kge Xy 4L 4 Ry

“XgeV¥y & 87 U Ry
belongs W K and 2y, = }5’*;5& +» Mowesvam; foxr swewy « ¢ A,
S W o, 8, the chain (By), . , 45 dupded fyem shove, as SooM-
ted, By Somn’s lewma the ot X has & maximel ¢lement, IS yemsfns mew
to prove that fa eash maxiaal clsuent fr of X thews helds By, = X,
MMuWMMMamwuenm
Pt Z- Ry, v Fy Boy theve Gdots m clomant §< X By, o Now, lat
us define

Pyw {ScBy, 180} 4 Ppu { tesﬁawr},rnr,xr’
ad far (8T )c¥

h‘.{ - I“tﬁx.t’ﬂ A'(I’),

(19 The suboet b, . 15 & nem-enply subsot.
In fao, 42 §< 0 <T b X, c By, (Xy) = 8y, © Bgg(Xy) them Whewe
oxASts i elomemt Y ¢ Ko sueh tha$ Y ¢ u”(éx‘},xte oy (T)s Faem
this inelumien 4% Sollews What Y c By, Lot By, # 6.
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(2) She set by,  is 2 ceupass ot
e Fanitifietion sy, 45 olosed md owded, W the Mt agy(X,)
As empest. Mereever ag. (X.) is closed. S0y %he 80t by, is am
intenssetion of o sets, & closed and & OeNPRSt 0ne. Thewerows By
is & congeed net,

(3) = itpi.)el‘gfui.)c? -ty > %
‘T‘t‘ C.T‘B »
w %y < <0, v have

a2 U TR N B

This mesns that a.!.ex,!)an,‘,u.é.mmmmm’

“)”(’f*gt) E?p ‘t”t) el and T‘ >Tg M‘T%‘Dht‘*’
Moem (1), (3) wd (4) &6 Mdiows that tha Samddy (By,)¢q v). » 48
MM@%}G! {intgnsepn) and Tl"&l'f—‘g**?\ﬁ &
B0y by, P\b vy o But b, + 8, thevefove é‘ t"t *0 .
fenpactuess of by . mmm““‘ﬂ‘%r’(hr)gp

M . M
e ey T P TC Ny 1ot s e

inte acoount m element W = (X.), , svoh thet

g o B s
3 = { Tg ¢ %0,

L “3‘%0{93)’#__
Hemnt e cX ad R = By v {8]sBo, gt B0 ad
B ¢ Br An omtwediotion with the suggomed that ¥ 43 the maximal
slemens in X, |
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3, Prohiem of the eptimaiity,

Nov, let us additionally assume that theve exists ¥ <E guoh ¥hat
t <7 forad) tck, |
ot Tdonote the 208 { I™ 1 X ¢ aye(X)] s

Detimitian 5.1, A teclmelsgiosl twrajectesy Pr with initdal stete
X, and tewminal state X, is onlled optimel AL theve @xAsts & Non-mewe
linssr fwotiomal p such that foxr any « € [Qyf)

’ig) = wm  »y)>o.
ye B®

et A denwte s axbitwary set such that A s f 4 (0], 4n el
nmi 3z of A As oxided the Madting podnt LG sowe of A AL 387 A
Sax & > %, For a nommal sovexing of A wo use the syabel ni (compawe
ese [1])s

Theowen 3e1s A Sechnologlos) trajechery Br with inttial state X,
and Semudnsl state X, is optimal Afffer sl) < c(041] , Ey 48 @
liatting point teem sbove of a¥.”

Proel, Iot By denote an optimal trajectory with fnisial and Yo
ninel states X, and X, zespectively. e will pwove that L 15 & Me
BAMRG Podnt from shove of A, In seutwmy, SUpDess there exists an
3>1ouh thet ajy' < W Decames B(Jg) >0 we gvt

Wig) = max Wy) - ) > Hakg) » a2(g) > 0,

1.0, 1 > a 0 comtradiction with a > 4.

Now, let us agewme that Jg' i# o Jimiting point fwom ahove of
the set 0 ( o ¢ [041]),00t 8 demote the sphewe BB -~ a0 e
- g% Ménkewsid®s nors. It As knowvn {e.ge [(1]) that this memm
is momstencus ond

 SEIER T JoVEs



131

Becoune Jo is a uiting point frem shove of the Set A, theve Melds
"h"nﬂ“"'

Shewefore, there sxists & neneawww, linear fwastionsl p such that
p(&“) F ogt ® Ve IPN =i,

80, 4t 18 Joved that for the tvajectexy P the cendition oF the

eptiuality is fulfilled snd thus the [roof is findehed,

A diveet consequent of this woof 48

Theoren 3¢2, A Waknelogienl trajectexy B¢ with Saitial cad Seww
ninal statos Xy wd Xy . 45 OPRIRG 420 U Zo ) o w § Sew Al
de[g"']g

(1] Vilelinkawow and A M Rubiney, Mathomasioal Theexy of Eoomomio
Dynenios and Bguilibrism (Meseow, 1973) (4n Rusetam).

(2] NeMatimka, Some Feperiies of Femultifunctiens,hwec.IE Cirol
Nathematisal Sessien, Pomad 1967.



