98. .
SOME REMARKS ON THE ROBUSTNESS OF LL-TYPE FUZZY

LINEAR ALGEBRAIC SYSTEMS,

Abramovich F,

-
A4

The notion of membership function is the basic and eleme-
ntary object of fuzzy sets theory. There are differemnt methods
for obtaining membership functions (see, for example, [2]‘,[:4]),
but since an elementary ovject of some theory. "must be set out-
side the theory and therefore its adequacy can not be checked
by tools of this theory" ( [2}), all of them use some informa-
tion from outside the theory. The distinctive feature of fuzay
sets theory is the fact, that, as a rule, this outside informaw
tion explicity or implicity is of a subjective character, and
in most cases is obtained from experts or even from human in=-
tuition and experience, This being the case, this information.
may be sensitive td different factors; therefore membership. fum
nctions are equally sensitive. That is why the problem of the
sensivity of results, which are obtained by methohs that employ
fuzzy sets theory, to theknasedge of the injtial membership
functions becomes very actual,

In this work we will discuss one aspect of a wide set of
Questions which are arised by this important ppobiem, that of,
the solution of LL-type fuzzy systems of linear aléebraic eq-

ations, ,

Let us consider the following system:
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here 3, .=(a, ., )7, D:a(b,,b,,B e LL-t
where a;y=(a; 5,4, 5By )pps by=(b;,by, b ) are Ll-type fuzzy

numbers.
\
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(the reader can find detailed information about LL~-type
or more generally LR-type fuzzy numbers in the works of Dubois
and Prade, for example, in[L}J, [4] )

One'possible approach to the solution of_LL-type linear
fuzzy system (1) was introduced in [1] . The natural ‘suggest- .
on that 2; also belongs to the class of LL-type fuzzy numbers
was made (i.e. ;;a(xi,pi,qi)LL), and as a result of using me- )
thods proposed in [1:} such LL-type fuzzy linear systiem may in

some cases be reduced to the following non-fuzzy one:

1 1
R TRAN (121,1) - (@)
Af*= by - 31
whe;e it aijx3 N
3-1

Ag '555 (| @y y+Bs )+ Jag gl (pyrag)) (3
) | |
A,{x'% (xa(dia P13)+a (PJ q ))

In general, however, (1) is reduced to the following non-

fuzzy non-linear optimization problem:

3 ' | L Y x e L $ 3 T
( minl(A1-b1 peee ,An"bn,A1"(p_1+b1) poee 'An-(p_n+bn) peee ’An"(hn-bn))
xjopijj

IR ORI CRE A LT
Py 30 (3=1,n) (4)

qj>0
where F is a certain functional, measuring the deviatation of
the left-hand side of (2) from the right-hand one,lAi, AX AXX

i* 71
are given by (3) and L] 1(O) is the minimal positive root of
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the equation L(x)=0 (its existence and finitness were shown
in [1] ).
Finding the values of X51P5 9 (j=1,n) as the solution of
N
(4), we obtain the solution of (1) : xja(xj’pj'q')LL .
It is important to raise the problem of robastness of the

solution of (1) under changing of coefficient; andkright-hand .
sides of (1) (by "changing" we mean changing their membership
functions). Would little changes of parameters of (1) lead to
significant changes of its solution or not? In_ other words, wo-
uld the solution of (3) be stable, if the coefficients be cha-
nged?

conslder the following problem.

Let& {L (x)=max(0; 1~ ]xlt) Ost<+oo} where t is a-pa-
rameter.

Let @ = (a,d,P)LtLt. Figures 1a - 1e show that :t‘romg(t one .
may obtain'different types of fuzzy numbers:

P pabg T

Sl

t=+ 00

Figure ', Qifferent types of LL-type fuzzy
numbers obtained from {t-
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Remark 1. 'Vt 20, Lt(x)e,(,c

L;Z(O)sconatzﬂ
Remark 2. ¥+ 2o, I"t(X)e‘{t
supp &; 5= (ay ydly jioy yoBy 515 oupe By=[og-pyiv; b, ]
and they do not depend on the choice of t (or Lt(x)“’(t .« -
(remember that for ga(a,d,P)LL supp a = [a-L;1(6)o(;a+L_:1'(O) P])
Let t,20 Lto(x)amax(0;1-|x[t°)é<ft and consider the res-

pective Ltot -type fuzzy linear system, i.e. assume L=L in (1).

to
Let the solution of (1), obtained by solving (4) denoted as
(x 'pj’qj Lﬁ&‘t (:j?-1,n).
) tq

Now let us take t,20, t,ét , L (x)amax(o 1- |x] )éo( .
What will happen to the solution of (1) when L-Lt ; i.e. when
(1) is transformed from I%bto-type fuzzy linear system into
Lt4Lt4-type one?

In @ther words we are discussing the following problem:

Consider that we know exactly the mean values and the bou-
ndaries of the changing of coefficients and right-hand sides of
linear system, i.e. we know precise values of a

by,

ledge about membership functions of ai‘1 and bi 1ns:|.de their su-

ij? 13 Pia’bi’
‘ﬁi in (1) (i=1,n; j=1,n), but we do not possess exact know-

pports; we only know (or suppose) that they belong to Jt' How
will the solution of the linear system depend on the choice of
L, (x)ed,?

Fprmally we must find the value of

4/«‘;3 =  sup IA/L (x)l = sup 4/4;; - ig[ (5)

X€supp x X& supp

Remark 3. The values of xJ,pJ,q (j=1 n), obtained by solving

(4), involve the type of L-function only via the value L+1(0).
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Remark 1 and Remark 3 lead us to the important result:
Proposition 1. "4 t°70, t12 0, Lto(x)GJt, Lt1 (X)éc(t
o_._1 . 2%ant=n : q%an]
Xg=Xj=Xg3 Py=Py=Pyi 43=q;%qy (6)
(more generally this Proposition may be extended to an arbit-
rary set of L-functions o( 4 if L:l(o)sconst holds for all t) -
Remark 4. Vi 20, I‘t(X)éc{:t
supp X.= fx.-p.;x_.+q.j
J 3 I IR B
and it does not depend on the choice of t (or Lt(x) G.;(t).
Remark 5., If to or t.' is equal to O or infinite, it is clear
* ,
that A/«.).{j = 1, |
So in the following calculations we suppose that t and t

are both positive and finite, Then/« =0 and/u §1 are continious
3

functions (see Fig 1b - 1d) and we have:

Aﬂ;_z sup JA/& (x)| = sup /qu1— iol =

J xe&supp x. j Xésupp X
- max ~1(x) ,»o(x)
"p vl +q 1) /A /
a max. ( L, (%5& )1, (42X, L, (XA )1 (LA
- x‘(xlgfgjl ;xt‘] Pj l XGEtm?i +’q ﬂt‘ 9 % 9 D
t t
BZ¢XE§}1(;1]|Lt4 (z) - Lto(z)\ ma;c 1]"21 °- |zl 4' =
to t4 (
z % 2 7)
zé?o 1]' I
Remark ,A/M»- sconst for all j.
to
Let t_2t.,. Then ma (28%-1) where t=t,-t €0,
o} 1 e A/'R' 26[)8 ‘] 2 w A ‘
It is easy to show that in this case

2 . -44,28 g |
4/4%'('%':) ( Ty 1) (8)
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For the case >t (Aat>0) we have:
x 1o
X ooy et (4 Lo
4/413. ( t‘) (1 t, ) €9)

Together (8) and (9) will give us the following result:

A
£ to 1y el (v gz )
Az, - [ - 22| - e, feotvg,, T Ewk1+6) (10)
where € toa%%= 3“-‘,"—-3-1:'3)-1 (since t1>0) is a relative error of t..

If to(10) we add the result of Remark 5 we haye:

A r n’ ( Gt) £‘toa-1
A/ijs 1164 1+ &, ) | -1<€ cr00 (1)
=8 1, £t =+ oo

0

*
Remark 7. 4/“3? does not depend on j, nor on n, nor on the abso-

lute value of t_(! ).
‘ * .
Table 1 shows the values OfA/lg depending on different
J
values of Et :
o]

Table 1

&¢o -1.0 -0,9 -0,8 =-0,7 =0.6 =0,5 =0.4
6/4%1.0000 0.6968 0,5350 0,4178 0.3257 0,2500 0. 1859

£¢ -0.3 -0,2 -0,1 =0,05 -0,025 -0,01 0.00
»
A/lga.o.wos 0,0812 0,0387 0,0189 0.0093 0.0037 0, 0000
| . !

£, ©0.01 0,025 0,05 0.1 02 0,3: 0,4
d)uy’; 0.0036 0,0091 0,0179 0,0351 0.0670 0,0962 O,1232

5{0 0.5 0.6 0.7 0.8 0,9 :1‘..0 + oo

x
A/U;j 0.1481 0.1713 0,1929 0,2132 0.2321 0,2500 1.0000

1
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Table 1 leads us to the conclusion that the solution of
an LL-type fuzzy linear system of algebraic equatidns in case
LéJt is robust, that is, little changes of L-function lead to
wholly insignificant changes of the solution (in practice, as
a rule,|E & 10-20% (i.e. |.€tl$0.1-0.2) bec@use in the opposi-
te case it means that the researcher has too Little informati:
on about the problem he is studying).

We are now able to solve, for example, the following pro-
blem:

Given the value of the relative error 35%. how sensitive
will the solution of (1) be towards such changes of L-function?

We can now answer such a question:
*

~ = sup sup ~te= lot2| =
4
= max (0,0189;0,0179) = 0,0189 _
' *

Remember that %j(xj-pj)a%j(xj)aylij(quj)aO and that %ij
does not depend on the absolute value of t.

We can also consider an inverse problem:

Let us assume A/U; =0,04Q, What interval of change for t

J

is available in this case?

Using Table 1 we can find an approximate answer. The re-

lative error of changing t must be not greater tHan 0.1 or 10%.

Conclusion.

This work is devoted only to one particular case of the
important problem of robastness of LL-type fizzy linear alge-
braic systems. We have presumed that mean valﬁes and bounda-
ries of coefficients and right-hand sides remain cénstant, and
only the type of L-function varies inside the set & %

Obviously, consideration of cases where these parameteres

are also varied is connected with the problem of the.stability

" .
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of a non-fuzzy non-linear optimization problem (4), but that is

beyond the subject of this work,

A 4
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