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Fuzzy fixed point theorem of probability metric space
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This paper gives the concept of fuzzy mapping of probabi-
lity metric space, and for [,I,[V class constrietion map-
pings of probability metric space in (1) carry on fuzzy
generalization, we obtain come fixed point theorems.

1. Preliminaries

@ denotes the collection of all left continuous distribu-
tion function.

Definitiont.1((1}). Let (E,F,A) be a Menger probability
metric space(simply write MengerPM-space),where E is a abs-
tract set,A is a t-norm, F is a mapping of ExE—¢@ and sati-
sfies the following condition(write F(x,y):Fx,y, Fx’y(t)de—
notes the value of distribution function Fx,y at teR=(00 ,00):

(PM-1). F_ y(t)=1 #t>0 if and only if x=y;
*
(PM-2). Fx’y(o)=0;

(PM-3). F F

XY ¥.x}
(PM-4). Fx’z(t1+t2)zA(Fx,y(t1),Fy,z(tz)) Vx,y,2€E, t,,t20,

If (8,F,A) is a MengerPM-space with continuous t-norm A,
then (E,F,A) is a Hausdorff space of the topology 7 induced
by neighbourhood system {Up(E,)\): peB, £50, A> 0 ([3)) ,where

Up(&,)x):{er: Fx,y(€ P»>1-X;. Let {x,y be any sequence in BE.
{xn} is callea 7-concergence to x*¢E, if for any £€>0, A\>0,
there exists positive integer N=N(£,\), as n>N, we have
F. ,x*(&)>1 -\, write xng-x*; {xn} is called 7-Cauchy seque-
n .

nce in B, if for any £>0, A>0, there exists positive inte-
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ger N=N(€,)\), as n,m>N, we have F ,X(6)>1-)\; (E,F,A)is cal-
n “m

led J-complete, if each 7-Cauchy sequence in MengerPM-space
is all J-concergence to a point in E.

Theoremt .1((1.theorem9.2.9)). Let (E,F,A) be a MengerPM-s-
pace with continuous t-norm A, then (X }cE 7-concergence 1o

x*¢E if and only if for each teR, pointlike have

()=H(t)= {§ 323

1imk t<0

n=—0o xn’x*

Theorem!.2( (1.corollary9.2.12). Let (E,F,A) be a MengerPM-

space with continuous t-norm A, let y€E be a fix point, and

xn42;x, then lim inffy  (£)>F, 4 (%) ¥teR. When t is conti-
y -9

—_— X
Ne=—co n

nuous point of distribution function F'x,y, ili}Ewan’y(t)=Fx’

y
(t)-

Definitiont.2({1)). Let (E,F,A) be a MengerPM-space, ACE
be a non-empty set. A is called probubility bounded set, if

sup inff (t)=supsup .infF  _(s)=1.
t>0x,yeaAX*¥ t>0s<tx,yea*"Y

Let (E,F,A) be a MengerPM-space with contimuous t-norm 4,
0 denotes the collection of all non-empty 7-closed probabi-
lity bounded sets. Now we define mapping F on 2x0 as follows
(write F(A,B):bA,B, FA,B(t) denotes the value of F, 5 at t):

¥ _(t)=sup (inf sup F_ ,(s), inf sup F_ . (8)) ¥#t>0
A,B s<t aeA beB a,o beB a€eA a,o

Now (2,F,A) is a MengerPM-space((2)). «2,F,A) is called
MengerPM-space induced by (E,F,A), i.e. F satisfies (PM-1)
(PM-4).

For any xeE, A€, we define function

.Fx.A(t)=:2€ 38(:}3. Fx,y(s) 1t>0.

Lemmal .1([2.propositiont)). Let (E,F,A) be a MengerPM-space
with continuous t-norm A, A€Q, then
(a). F_ ,(t)=1 4t>0 if and only if x€A;

o) By (et )2ACF L (89), Fy 0(85)) 81,820, yeE;
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\c¢). For any A,BeQ and x<¢A, we have
Fx’a(t);FA’B(t) ¥ teR.

Lemmal.2. Let (E,F,A) be a MengerPM-space with continuous
t-norm A, {xn}cE, A, xn—'l*x, then

lim infF (t)>F. ,(t) V¥ t>0.
n->o Xn oA X, A

Proof. By definition of F_ ,(%) and theorem!.2, we have
?
lim inf F A(‘(:):1.3'.xn inf sup sup F_
n—- n’ n—»c0 s<t yeA “n’

>sup sup F_ _(s)
s<t yeA ¥

=FX,A(t)

y(S) ¥ >0

2. Main resulte
Let #(E) denotes the collection of all fuzzy sets in E, w(
E) denotes this conllection of fuzzy sets, for each A€W(E)
set AeQl is defined by the following equality
A={x€E: A(x)=maxA(u)}.
uek

Definition2.1. Mapping T: E—UKE) is called fuzzy mapping
over E. ‘

Thus, for each x€E, T(x) is a fuzzy set in W(E), write T(
x)=Tx, such that for any y€E, Tx(y) denotes the membership

degree of y with respect to the fuzzy set Tx’

Definition2.2. The point x* is called fixed point of fuzzy
mapping T, if T _,(x*)>T_,(u) YuekE |
By fuzzy mapping T over E, we define a Multi-valued map-
maings T: E—: \ .
T(x)= . =] EpX
T(x)={yeE: Tx(y)—gleué Tx(u)}é . (2,1)

Theorem2.1. Let (E,F,A) be a 7-complete MengerPM-space wi-
th continuous t-norm A(A(a,b)rmax{a+b-1, 0y ia,bel0,1)), T
is a fuzzy mapping over E, T is the Multi-valued mappings
is defined by T according to (2,1), for any x,y€E, ke(0,1),
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Rd

FT(X)’T(y)(t)ng,y(-}{-) '} wo,‘ (2,2)

then T there exists fixed point x*eE.
Proof. onéE, by (PM-4), we taking x1éi"(xo), x265(11),for

any r>1 such that
By, (BIFAEY ,T(xo)((h‘;—)t),F@(xo).xz({,-)) ¥ £20

t
zFx (=) Dby Lemmal.l(a)
z I(xo)’XZ r ’

letting r—>1, by left continuity of distribution function,
we obtain

F x(t);FT(xo ,xa(t) ¥ £20

?“’T"(XOA)}T'(M )(1;) by Lemmal.l(c)

t
?FX ,X1(E) by (212)
Repeatedly above procedure we obtain sequence (xn}cE_,such
that
anT( xn_1 )G_O- n=1 92,°°° »
F (£)>Fx %, 1(t) ¥tzo0, n=1,2,:44(2,3)
xn'xn+1 T(xn_.‘] )’T(xn) ’ 1Sy ’

Next we prove that {xn} is a J-Cauchy sequence. In fact ,

any given positive integers K, m, we have

(t»FT(xK 1)’T(XK+m—1)(t) by (2,3)

() by (2,2)

F_ ,

XK KK+m
?F [

XK1 *Kem-1

t
}E"T("K-z) "T(xyg,n o) (?)
>F. (&)
g Xg o' XKam-2 K2
Z v

t
>F (—g)
XXy R
since ké&(0,1), as K —»’ —1-1-(-%, hence
K

lim P, (t)2H(t)a{] ¥0

K- x_K ’xK-i-m
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it follows that the <xn&n;1 is a g-Cauchy sequence in E.
Since E is g-complete, thus there exists x*¢E such that x
—>rx*.,

Now we prove that x* is a fixed point of T. Suffice it
to prove x*T(x*). In fact, any given positive integer n,

we have
Fxn’T(x*)(t)? 'T”(xn_1)'i(x*)(“) by Lemmal.i(c)
y opel ) oy (2,2)

Letting n—>o we have

lim Fx ’T(x*)(t)‘1 Vt>0 ,by theorem!.1 (Z,Q)
n—o n

Moredver
Fx*,@(x*)u»A(Fx*,xu(g—). Fxn,@-(x*)(-’g-)) #1420

as n —>, bY (2’4")9

Fx*,T(x*)(t)ﬂ ¥ t20.

By Lemmal.l(a), x*ef(x*)={yeE:'Tk*(x*)=33?Tx#(u»-. Thus
L XF)2T ¥ ueB . '

By definition of fixed point of fuzzy mapping T, the x* is
a fixed point of fuzzy mapping T.

We prove that fixed point is only. lLet we choose two se-
quence {x 1B, {yi?cE by this way, xﬂ$1>x*eE, yﬁ£Z>y*€E,x*
eT(x*), y*T(y*). '

t
x*’y*(t)’FT(x*)’T(y*)(t)’ x*,y*(r)z °0>Fx*,¥*(kn)
lettving n—>®, we have

Fx*,y*(t)=1 vvq

thus X*=y*,

Theorem2.2. Let (E,F,A) be a J-complete MengerPM-space
with continuous t-norm A, (A(a,o)>max{a+b-1, O){fa,be(0,1])
Let {T } _1 De the fuzzy mappings sequence over E, {Ii)i_

is the Multi-valued mappings sequence defined by {Ti}i 1
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according to (2,1) respectively. Let there exists constant
k>, such thatv for any positive integers 1i,j, i#j and any x
yeE have

f}fl(x) ,Ta(y)(t)?mln<rx9y(kt) ’FX’TI(X)(kt) yFyl”T'J(y)(kt)}

v 20 (2,5)
then there exists x*E is a common fixed point of {Ti)i=1
Proof, VXoéE. we taking x1ET1(xO)€Q, xzéTz(x1)&Q, for any
r>1, we have
v 1 t
\ > o 1—— s -— tz
rx1)x2(t)/A(Fx1 T'](xo)(( r)t)v FT1(XO)’X2(I' )} 'V /O

1
ZFT1(XO),XZ(EF) | by Lemmal.l(a)

letting r—#1, by left continuity of distribution function,
we obtain

F_,. (t)>Fx (t) ¥ t20
x4 x2 T1

(x,)'x,
>FT1(X0)’T2(X1)(t) - by Lemmal.i(c)

: 3min{Fxoyx1 (kt) ’Fxo”’f1 (xo)(kt) ’FX1 "rfz(x1 )(kt)>

by (2,5)
For any r>1, '

kt 1
Py o, () EEPA oy ()P g () ((1-)iee)

by Lemmal.l(b)
by Lemmal.1(a)

letving r—»1, we obtain .

J (kt)>F. ,. (kt) ¥ t=0
xo T1(xo) xo x1

by left continuity of distribution function.
Using the same method, we can obtain

Fx1 " (x, )(kt);Fx1 ,xz(kt)
thus Fx1 ,xz(t);min{Fxo,x1 (kt), Fx1 ,xz(kt)}

since k>! hence
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FX1,X2(t)> x_ X1(1‘:1:) v t20 (2,6)

Repeatealy auvove procedure, we obtain sequence {xr} n=1 Su-

ch that
x €T (x, 4)6  n=1,2,-..
F (t)2Fx e (t)2F. ,_ (K™$)¥t20
xn’xn+1 T ( 1) T 1(x ) g X0 X4

| (2,7
Next we prove that {xn} n=1CE is a 7-Cauchy sequence. In

fact, any given positive integers K,m, we have

XK *K+m )2 (XK 1) TK+m(xK+m-1) ) ¥ )

zmin{F , (kt),F
g Xg-1 *Km-1 Tx

y(kt) ) by (2,5)

v (
k-1 Tk(Xg1)

xK+m—' K+m( X

K+m-~1

>F (kt) by proof of (2,6)

XK1 *Kem-1
> .

;Fxo xm(k t) ¥ 20 by (2,7)

since k>, letting K—>%, we have

lim F_ , (t)21 4 >0

K—o “K “K+m
it follows that the {Xp} =t is a g-Cauchy sequence. Sjince
E is <7-complete, hence there exists x*€E such that x —’x*

Now we prove that x* Eﬁ T, (x ). In fact, any given pos:LtJ.—

ve integers i,n, i%n, we have o
P & (t)2Fx i~ (t) ¥t20 by lemmal.
X Ti(x*) Tn(xn-1) Ti(x*)

1(c)
;min{Fxn_1 v g+ (KE) 'Fxn-1 ,xn'( kt),F_y»
"T'i(x*)(kt)} by proof of (2,6)
thus lim F_ , (t)zl1im F_,, (kt)
' n—+co n T (x*) n-——»o x* T (x*)

moreover for any r>1
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1 kt
Fx*.;fi(x*)(kt)z./l( Fx*'xn( (1-=)kt) ,Fxn.ﬁji(x*)(?))

. . kt
lim F__ .5 (kt)z1lim F_ ,% (=)

R Ti(x*) O Ti(x*) T
letting r—1, we have

lim F. .= (t)>lim F_, .= (kt)zlim F. ,~
11 ->0 xn Ti(x*) n—»00 x* Ti(x*) /n—roo xn Ti(

. 2 : ,
(kt)zlim F_,,% (kSt)zeeezlim F_, & (x¥Pt)=1 ¥t>0
x*) oo X7 T (x*) n o X% T, (x*)

t t
Fx*’Ti(x*)(t)}A(Fx*’xn(?)’Fxn"'fi(x*)(-?))
letting n—»oq we obtain ‘
Fx*,’.fi(x*)(t)=1 ‘V t70

thus x*ef.(x*) i=1,2,.+¢, i.e. x*é/\"f (x*)
1 i=1 i

So the x* is a common fixed point of fuzzy mappings sSequence
(.

Theorem2.3. Let (E,F,A) be a 7-complete MengerPM-space wi-
th continuous t-norm A(a(a,b)zmax{a+b-1, Q}aﬁoe@ﬂl let {Ii
Ji-1 De the fuzzy mappings sequence over E, (ﬁi}i=1 is the
Multi-valued mappings sequence defined by {Ii}i=1 according
to (2,1) respectively. For any x,y€E, any positive integers
i,j, i%j have '

iy, (), () (2P g B8D) 4 120 (2,8)

where ¢ is a function of satisfying the following condition
(¢|»): '
(P)). @: [O,oo)~>LO,ob), $(0)=0, p(t) is strict increase wi-
th respect to t and for all t>0 lim ¢"(t)=th where $"(t) 1is
n-th iteration of ¢(t), then {Ti}i=1 there exists common
fixed point. ‘ |

Proof. Follow suit theorem2.1 ,'v‘xoéE we choose sequence

{xn}n=1c_E such that

xnel‘n( x

n-1 )&Q' n=1,2,.-



69

F_ (t)=zFz

’ (t)/g‘/ 'y f (t)
*n *net T (xn 1) X g il(n(xn--1) Tn+1(xn)

n=1,2,+-- (2,9)
We prove that {xn}n=1cE is a 7-Cauchy sequence. In fact ,

n+1

any given positive integers K,m, we have

F_, (t)zF~ | Vi (t by (2,9)
XK XKem )2 I'KucK--1) TK+m(xK+m—1) : d
2F_ . (®(%)) ¥+t20 by (2,8)
K-1 “K+m-1
Fr e %
Ty (3 ) TK42-m—1(xK+m-2)(¢( )
2F , (9°(t))
= XK-2 xK+‘-m--_2 ¥ )
Z e e
2F_ <¢K<t>)
O m

oy (@), $(0)=0, ¥#t>0, $(t) is strict increase , thus d(£)>0

and lim 4?(1:) 0, letting K—agq we obtaln
n-—»a

lim F, , (t)z1 V>0
K00 “K “K+m

it follows that the <{x 3 n=i 18 a o7 -Cauchy sequence in E. mo-

reover E is ZJ-complete, there exists x*¢E, such that xm-Z»x*.

Now we prove that x* is a common fixed point of fuzzy map-
pings sequence {T]} i=1° i.e. x* N Ti(x*). In fact, any gi-
= i=1 ’

ven positive integers i,n, i¥n, we have

Fxn,ﬁi(x*)(t)zf‘,r (x, 1)'"T'i(x*)(t) 7120 by lemma

1.1(¢)
(P(t)) by (2,8)

=F

X1 'x*
letting n—a, by (¥,), #t>0 have .
Lim B g (xx)(E)=1 ¥ €20  (2,10)
- t
other X*’fi(x*)(t-)>A(FX*'xn(-2_)’rxn’-Ti(X*)(T))

by lemmat .1(b)
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letting n—»e by theorem!.1 and (2,10)
Fx*,’f. (x*)(t)=1 ‘Vt>0 i=1 ’2'...
i

. ,
it follows that the x* \ Ti(x*).
‘ i=1
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