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FIXED DEGREE THEOREMS OF FUZZY MAPPING
Guo Baohuil

Hebei Institute of Mechanical and Electrical Engineering,
Shijiazhuang, China .

This paper obtains some new fixed degree theorems of
fuzzy mapping by concept of fixed degree of generalized
fuzzy mappings. The results given in this paper improve
and extend some results in (1) by Chang Shihsen.

1. Preliminaries

Throughout this paper (X,d) denotes a complete metric
space; H(',*), the Hausdorff metric induced by metric d;
C(X), the collection of all non-empty compact subsets of X;

SF(X), the collection of all fuzzy sets in X. Let AE?(X),
AE€E(0,1] . We write
supp A ={ xe X: A(x) =0} ;
(A={xeX: Alx)=cx} ;
Ak ={ xe X: A(x)=x} ;

:\’ ={g§ : xe X, A(x)=X 6(0,1]} R

where €% is a fuzzy point which takes x as supporting point,

. as value.

Definition 1. Let A€ J#(X), F: A—FAX) be a mapping, which
is called a fuzzy mapping over A, if for each E&fe€ A, we have
F(EX)C A. We write F(€X )=Fex .

Clearly, if A is an obvious set, then the fuzzy mapping
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defined above is considered in (1]. The set-valued mapping T:
X———>2x‘ can be taken as a special case of above mentioned

fuzzy mapping.

Definition 2. Let A€ %#(X), F be a fuzzy mapping over A, &Xe
K. If F(x)=a, the S is called fixed degree of & for
fuzzy mapping F, we write Dp (EX, F)=%. “

Specifically if D, (Ex, F)a1, i.e. %§.(1)=)\, then g% is
called fixed point of F. If Fpz _(x)=umeai: ng (u), then we say
that F obtains maximal fixed degree at fuzzy point ET .

Let Ae &(X), F be a fuzzy mapping over A, if for any xe
supp A, there exists a corresponding (x) € (0,1} such that
{yeX: Egzv(y)=<x(x) }ec(x), then we can define a set-val-
ued mapping ¥: supp A—C(X) as follows:

B(x)={yeX: By (y)=ox(x) } for Y xesupp A. (1.1)

Cleary, for any xe supp A, we have f‘(x)c:supp A, thus for any
y€ F(x) we have &f,,€A. From the definition we can imme-
diately obtain the following result..

Lemma 1. Let A€ S$#(X), F be a fuzzy mapping over A, F be the
set-valued mapping defined by F according to (1.1). Then
fixed degree of EX e A with respect to F is equal to F3 if
and only if x is fixed point of the set-valued mapping F,
Iy N A . - N N B ‘ ‘

i.e. xeF(x)=]yeX: Fg:m(y)s« olx) } .

2. Main results
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Theorem 1. Let A€¥(X), <Ay € G(X), O<=r=1, F, G be two .
fuzzy mappings over A. If for ang x, ye¢ supp A there are |
corresponding (x), @(y)e (r, 1} such that (Fex ey

H((FE:(:(] )0«’3. (G’gi'\(w )PG‘/) )< §(d(xs y)v d(x, (ngfi) L(&))’

d(y, (ngw Do 1) s - (2.1)

‘where the function &: [0,00)5—-{0. 00 ) ‘satisfies the follow-
ing conditions: |

(&) & is strictly increasing for each variable; and £1is
upper semi-continuous; o (2.2)

(&) &(t,t,t,at,bt)=< cf(t); ¥ $20 a,b=0,1,2; a+b=2; (2.3)
where ¢: [ 0,09)—={0, ) satisfies the conditions: P(t)=t,
vV t=0; ¢(0)=0. (2.4)
Then there exists a fuzzy point g;}‘,(.)ez such that the common
fixed degree of Elx for F and G is equal to

O x* x*
. min{ Aiz*% ’ Asx*g }

Proof. Let F, &: supp A—C(X) be two set-valued mappings
defined by F and G according to (1.1) respectively. By using
Lemma 1, it is sufficient to prove that there exists x* €
supp A such that x*&(ﬁ(x*)ﬂa(x*)). |

Denote

fp=inf { a(y, F(y)), yesupp A};
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%=inf{ d(y, &(y)), yesupp A}. |

Let [y}csupp A be a sequence such that a(y, » ﬁ(yn ))—-»f}; .

Because of compactness of f‘(;g1 ), there exists x“el'?‘(xn) such
that | |

d(x] ’ xn)’d(yn ’ ﬁ(.‘ln ))9 n=1 v2a°°° . (205)
Since xhefe‘(yn ), it follows from definitions of F and F that

A(x,,)_;%igm (xy)=0(y, )=r. n=1,2,... . B
hence {x,} c<A% . Because of the compactness of A% ,{x,} has
a subsequence {x,ﬁ which converges to x*e <A*» < supp A.

We prove that the following hold:

x*e—(f‘(x*)na(x*)).
In fact,
d(x*, 6(x*)) <d(x*, x)+d(x,, (x*))

<d(x*, x,)+H(R(y, ), G(x)). (2.6)

However, '
H(B(x,), 8(x0))<2(dly, , x*), aly,, Hg,)), alxx,b(x0),

a(y, » 6(x0), alx*, Fly,))
sfP(d(y,,i. x“i)+d(xni. x*), d(y,,i- ,xni)+d(xn1. _f‘(y,,i)).
d(x*, G(x*)), d(y“i, x"i)+d(x“1’ x*)+

alx*, 8(x*)), dlx*, x,)+d(xy, F(y)))

Substituting the above expression into (2.6), and leting

n;——»pa, We have

a(x*, G(x )=, 7, alxr, G(x*)), Bed(x*, B(x0),
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0) (2.7)
If Tfe<d(x*, G(x*)), it follows from the strictly increasing.
property of & that '
a(x*, 8(x*))<s(a(x*, &G(x*)), d(x*, G(x*)), al(x*, &(x*)),
2d(x*, &(x*)), 0)
<P(a(x*, &(x*))=d(x*, G(x¥)).

This is a contradiction. By this cont‘radictioh we have
d(x*, @(x*))s‘ﬁ; . Hence B <% - ;

By the symmetric property of F and G, we can similarly
prove 1<l . Hence we have Ty=7¢ =d(x*, G(x*)).

Now we prove T =0. Suppose this is not the case, ¥ =d(x*,
&(x*) >0. Since G(x*) is nonempty and compact, there exists

z,€ §(x*) such that d(x*, z,)= >0,Therefore we have
a(zo , Mo ) <H(E(x%), Mz))
<a(a(x*, z,), d(x*, z, )+d(z, , G(x*)),
d(z. , Mz,)), dl(x*, z )+d(z, , f‘(éo )), 0)

(2.8)
From (2.8) we can prove d(z,, F(z, )) <d(x*, z,), hence we

have

TPSd(Zo ’ ﬁ(zo ))<T‘F .

This is a contradiction. From this contradiction it follows

that

a(z, , Pz, ))=T=n=d(x*, G(x*))=a(x*, 2, )=0
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and x* e (F(x*)NG(x*)).

Therefore we have

Dy (B F)‘%(I%ETT

Therefore the common fixed degree of gf;{} for F and G is

x(x* B(x* '
Min{l-{‘x—*';_. _ﬂ_x_;%-}o .

By using similar way of Theorem 1 we can prove the follow-

equal to

ing result.

Theorem 2. Let A€ZF(X), (Ay € C(X), O=r=<1, [R}” be a se-
quence of fuzzy mappings over A. Suppose that for any x,
yesupp A, and any positive integers i, j, i¥j there are
corresponding o4(x) € (r, 1] such that |

(Bgz o € CX) ~ (2.9)
and
HUE gl oo 2 (JEA«Y) i )

s &(alx, y), alx, (Fex  Jogeo 1o 43 (%ﬁm o)) >

d(xo (F'gd )x(‘y))' d(yo (R §A )O(i(x) )) (2.10)

where the function & satisfies ( & ) and ( %,),p satisfies
(2.4). Then there exists a fuzzy point E£l,»€ A such that

the common fixed degree of gﬁm for {Fi}z?;i is equal to
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