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ABSTRAACT: The classical theory of Probability was established
on the base of the theory of Cantor’s set, and Fuzzy’s is estab-
lised on that of Fuzzy’'sset. Similarly, we can have the grey
probability based on the theory of grey set. This paper aims at
establishing the conception of grey probability and discussing
its basic properties so as to initiate the development of grey
probability.
I. Basic Space and Grey Events
DEFINITION 1: Let universe of discourse U be a Cantor’s set,
which is, in order to be identical with classical mathematics,
also called the basic space.
DEFINITION 2: Let g be a grey subset of U, then Q is a grey
event, and U is called an inevitable event, empty set is called
an 1lposs1ble event, and the event composed of silple elements in
the basic space is called the basic event.
DEFINITION 3: gug, and gng are respectively called the sum event
and the product event of Q and g. gng:is called the difference

event of A and B, and 5 is called the inverse grey event.

[ Q

DEFINITION 4: If AcB, g is the subevent of %’

DEFINITION S5: If §"§=\¢,é and B are mutually exclusive; when
gnp-¢, sum event gug is written in gﬁg, and if any tvo events of
a group of events 51, A2 ...are mutually exclusive, each 1tvwo
events are said to be‘exclusive in the group, and to the group
events 51, 52, ... ©Xxclusive in pairs, sum events é. U!L is
recorded as A @A, ,...
] [0}

DEFINITION 6 If the tvwo events 3 . g satisfy the conditions
gU§=U, gng-¢. events A and B are said to be inverse or opposite,

eventA is called the inverse event of event B (or opposite event,
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or co-event),

THEOREN: If é and %'ife mutually inverse, i.e. gugau, gng=¢,
Subsels,

and g are Cantor's\’ I.é. the subordinate function value coaes

from set {o,1}

Proof: Since gug-u and én§=¢, therefore
Tg(x)%ii(x)=l, gé(x)YQQ (x)=1

uA(x)/\ug(x) =0, gé(x)/\gg(x) = 9, xel

Provided that gﬂ(x)=l, ué(x)=g4(x)=l, ug(x)=ug(x)= @, their

subordinate functon value belongs to set {9,1}, which is Cantor’s
set

II. The Axiom System of Grey Probability

The introduction of grey probability is under two
conditions:(i) the elements of basic space U are finite or
infinitebut countable, and (ii) the elements of U are contiuous
type and infinite. Hovever, we here mainly discuss the first
condition.

It is pointed out in Literature [1] that grey subsets of U
fall into three classes: (i) Cantor’s subset, (ii) fuzzy subset,
and (iii) real grey subset.

First of all we introduce to Cantor’ subset the probability
of classical mathematics.

DEFINITION 1: Let the definition dom§yin of P(A) be a set, which
is composed of Cantor’s subset of U, satisfying the following
conditions:
(1) @<P(A)<1 for any event A,
(ii) P()=1, P(4)=0,
(iiil) PCA +A,+...)=P(A)+P(A,)+... is true for the inverse-each-
other random events A,,A;,..., in which A‘.nAj-r,b (i%j), P(A) is
called probability of event A.

This definition is completely classical probability built on
Cantor’s set in classical mathematics.

DEFINITION 2: Let U={e,, &,,...8,,...}
\ (Bycen, Lge))  (Uglen), Ua(ed) .
) €;, é:,

and probability of grey setgis defined as

P(A)=luy (@)PCey H+up(e)P({eh)+. ..+ Tyle;P({e, })+Ty (8, )P({ey})

wvhere “,.."” means tvo (i) countable infinite terms, (ii) the
finite terms.

THEOREM 1:  When g is a Cantor’s subset, and é-(ea,ea,...}, and



since u(ey)= ule,)=1, therefore P(g)aP(eL)+P(eg)+..., which is

identical with the probability in Definition 1

L 4L
EXAMPLE: Let u={a,b}, §= (‘r‘;) + (’l”a) P({a})=-4'— P({b‘})=73-

then P(g)=[yé(a)P({a})fné(b)P({b}), Eg(a)P({a})+q?P({b})]
sthdk e bbb e B g

I11. Properties of Grey Probability

Property 1: P(U)=1, P($)=0

Proof: From Theorem 1 in Part I1, we obtain P(U)=1, P(¢)=0

Property 2: If P(A)=[a,b,], then

o<min{a,bl<max{a,bi<1,i.e. @cagbgl.
(e, acen) . (Wye), uy(ey)

ei, eiz LN [
b= ﬁé(ei‘)P({ez, P+ ﬁé(e;,)P({e;z D+...

Proof: Let 9 = then

a= gé(eQ)P({e; })+g£(eh)P({eQ Pl+...

Since each term of a or b a additioned is non-negative,
therefore 0<minf{a,b}; since max f{a,b}=bSP({e; })+P({e; 1)+ ...£L1,
then O<min{ab}<max{a,b}<1l

Property 3: If éﬂg=¢, then P(A+b)=P(A)+P(B)

( 7_14<e-)é!44<€.)) . (ﬁf@"é ue)

Proof: 1If é&= and

Tlg(e), Uale, Ugle), Ugles
(g, gl )) + -(-‘iﬁ(-')é’-‘-}:&—)-)- +,.. are given, and as

(oY -]

]
AN B=¢ and lUgeg “GATy Ypg =YL s thus Uy, g= 0, Uy g= ® which
provide that Uy (e; )=uy (e, )=0, (k=1,2,...) If Uy (e, %0
(k=1,2,...). ° ¢ ¢

It is accepted that U(x)=0 can be omitted in the expression

of fraction, which has two cases as follows
(i) The number of iy satisfying u (e; )x@ is finite, vhich can be

assumed as 1,2,...n, therefore

- (g6, 4yt ) . (Tglen), g8

o _ e' eos eV en'

g« (il ()

o4 Sty - D e

éuaamss.(_“.‘s_‘ﬁb_%_"l___ (g6, Ugts) + (gt &)
e 6 0 e, Cn. Coi
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and then
P(é"’@B) = [ l‘g (B, )P({B. }) +ooo+ l‘é (e,,,)P({e,,“ }) + ug(eﬂ.ﬂ )P({eﬂ',. })

+ .., ﬁ“(e, ) Pie, }) + ... + Hg(eu,) P({e,, })
@
+ ig(e,,,,)P({q,.,,}) t o]
= Lule, IP({e, 1) + ...+u,(e,)P({e,}),
s
ﬁée, )P({e, })+...+ii£(e,,‘)P({e"§)l
+[gg(e,,,,, JP({e,,, +..., ﬁs(e,,,,, )R[t,,,.}hP(é )+P(§ )
@
P(é+g)-P(g)+P(g) can be proved when the number of i, In “g(eix )R
is finite.
(ii)  When the number of e, in Eié(ei“ )¥0 and ug (ej, %0 is
infinite, ”g(eix )=U§(eik)=0 Can be omitted, and , to the conclusion

generalized, let

(%e.),er_we«)) . g, eyé(e,) ) . (ﬁé(emi,ug(cm.)) .
' 3 2n+4
Be (ag(e,),e_ug(c,)) , (ag(a),eugwg ., (g ,e!g(fu)) .

then P(é+g) [ u,e,)P({e, }) +l_lg(e,)P({e,})+...+ ﬁﬂ(e‘ )P({e, })

e
+ Hg(e, P({e, })+.,.,]

[ gé(e, JPUe 1) + .., + gé(ez,,,,)P({ez,,,,}) oo,
ﬁé(e, JP({e, }) + ... + Hg(ew, P({ezn, }) + ... ]

+ [ ugle,)P({e;}) + ... + Ugle,, IP({e,, }) + ... 1]
(2] @

P(g) + P(g),
thus Property 3 is proved by combining (i) with (ii).
THEOREM 1: If any two grey events of é. . é, g e é.‘ are autually
exclusive, then P(A,)+P(A,)+...+P(A,) = P(A, +A, +3>544, ).,
[0] [} [} e o} [}
Proof: By using mathematical induction,
(i) wvhen n=2, Theorea 1 is proved by Property 3;

(ii) when n=k, P(g,+...+é.<)aP(é,)+...+P’(§K) occurs ging,«cr

(1%j),j=1,2,...n. Therefore
(é‘ +éz+'oo+g)ngg«n = (é"‘éxﬂ )+(ézn ék" )+cto+(eAknéK+l )

=¢+¢+,, +¢=¢, and
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P(é,+ eee é“+ QKH ) = P(é,)+P(é)+...+P(éK)+P(ég¢.)

From (i) and (ii) we obtain, for the drbitrary naturual number n
p(é"" D) + é") = P(é|) + s + p(é”)o

DEFINITION: Define %1: (a,,b,] = [Lﬁa a,, klg b, 1 for the
sequence (a,,b,}, n=1,2,... of grey number.

DEFINITION: ng la ,b} = [a,b] + [a,,b,] + ... + [a,,b,1 + ...
is called grey series, and 3, -ig la;,b; 1 is the
sum of the first n terms of grey series with g =
Ll:’éndeflned as the sum of the series. If LEL gn

exists, the series converges, otherwise the series
diverges.

THEOREM 2: If basic space U is a finite set, ﬁinﬁj*# (iej)
Jj=1,2,34¢¢4, Q'-éz’ ...are grey events, then
P(é.+é,+...)-P(é.)+P(g,)+... .

Proof: Since U is a finite set, we can assume U-{e,,e,,...,en},
neR, and since é,,g,,...,gn .+s, (1) is a group of grey
countable events, and éﬂ\é;=¢(i*j). And for each ei
(i=1,2,...,n) there is at most one An;, SO uén.(el 1%0,
Othervise we can deduce that any two events of the set
of grey events are not mutually exclusive, and contradi-
ctary to hypothesi. Therefore we conclude that there
exfst no wmore than n grey subsets ém . em yosey Qn«
(k{1,2,...,n}) in (1), which are not empty sets but the
rest are all¢, Thus
P(g|+gz+o-c)=p(é"' +gnl+“'é"“)-P( éu‘)"p(énz )+000*P(én«)-
P(gn,)+..;4P(éux)+P(¢)+P(¢)+...hP(é,)+P(éz)+...

1V. Relations among Grey Probability, fuzzy Probability and

Classical Probability

Through the knowledge of “theory of grey set”, "grey number”
and the definitions of probability of classical mathematics and
fuzzy mathematics, ve can deduce that when grey evenls are

limited to Cantor’s subset of basic space U, grey probability and
classical probability are identical with each other; vwhen grey
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events are limited to fuzzy subset of U, grey probability and
fuzzy probability are identical. Therefore grey probability is
the expansion of classical probability and fuzzy probability, and
also they are the special cases of grey probability. The
conclusion deduced from axiom system of grey probability can be
used in classical probabllty and fuzzy probability without any
condition., Otherwise, careful considerations should be made.
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