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Generalized Convex Fuzzy Sets
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Abstract. In this paper, new classes of generalized
convex fuzzy sets are introduced, extendinglfhe concepts
of convex fuzzy sets’strongly convex;gazzy‘s@ts;strictly
convex fuzzy sets, and their associate subclasses. Some
properties are investigated in this paper.
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1. Introduction

Convex fuzzy sets were first defined by zadeh inC(11].
Some properties were subsequently studies by Brown int2]},
weiss in £3], katsaras and liu in {41, lowen in [5]liu n
{6]. In this paper we extend the notion of convex fuzzy
sets, and present generalized convex fuzzy sets. That is,
generalized convex fuzzy sets, generalized strongly convex
fuzzy sets and strictly eonvex fuzzy sets. Somes properties of
them are discussed in this paper. -

2. Extensions of Convex Fuzzy Sets.

Throughout this paper E will denote the n-dimensional
Euclidena space R™. Fﬁzzy’géti and . values:will berdenoted
by lower case Greek letters and we shall make no difference
between notations for a fuzzy set with a constant value
and that value itself.

Definition 2.1, BRI 4
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contlnuous connected, if for every pair of points x e €,

X e €, there exists a continuous vector valued function
Heo cdefined on the unit 1nterva1.£o 1JCR and with
values in C such that H ;(o) =" , L(1)=x RN & D

In the sejuel, ngxzﬂlll denote a continuous are
connecting x1 with x°. Note that every convex set in R

is continuous connected, since the function Hx’x 2(9)
¥

= (1- 9)x1+0x2 veeeses(2) 1is a continuous vector function.
In the sende of the above definition. Thus, the concept

of continuous connected sets is a generalization of convex
sets.

In this work, we shall focus our attention on certain
extensions of known families of convex fuzzy sets, strongly
convex fuzzy sets, strictly convex fuzzy sets. We first
extend the concept of convex fuzzy sets.

Definition 2.2 A fuzzy set A , defined on RY, 15
called generalized convex fuzzy set if, for every x er®

X e:R such that A(x ) £ A(x ) there exists a continuous

vector-valued function H - satidfying
9

NEg 2 (8)) 2 A" ceeien(3)
for 06 < 1.

Convex fuzzy sets are generalized convex fuzzy sets
with H, .o given by (2), it can be shown that A is
generallzed convex fuzzy set iff the level sets of A\»
given by Ly (A)={x|A (@} .eee (4)

are coni'inuous cennected for every ® €R.

Following ihe same idea as above, we introduce
additional families of fuzzy sets. ’

Definition 2.%3. A fuzzy set A , defined on "%, is
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called gtrongly generalized convex fuzzy set if, for every
x &R,xéR,x#x?‘,suchglthat }\(x) )\(x ),
there exists a continuous vector-valued function H
satisfying  A( Hey 52(8)) > M) e (5)
for 04 @<1. Unde¥ the same assumptions, Ais called
strictly generallzed convex fuzzy set, if (5) is satlsfied
for every x! & rD, x° c R® such that )\(x ) <. )\(x )e

Clearly, strongly and strictly convex fuzzy sets

(Ref.1, T) are strongly and strlctly generallzed convex
fuzzy sets, respectively.

2

, X

3, Some Properties of Continuous connected Sets.

In this section we give some properties of continuous
connected sets.

The following results are easy to establish.

Proposition 3.1 Suppose that X and Y are continuous
connected sets of RZ. Then

(1) X+Y is continuous connected set;

(ii) ol Xi:is continuous connected set for any real
number pl ; RLET s

(1ii) X+x is continuous connected set for any x ¢RD

Propersition 3.2 Let £ be a contibmous function from

R® to Rn; then, if A C_Rm is continuous commected set,
so is f(4).

Proof. 1let A C_Rm be a continuous connected set.

Then, for every pair of points a1,a2 in A, there exists

a continuous function H,; .2 such ghat H, a'-( @) in 4.

let b1,b2 in £(4). There exist a’ ,,a.2 inAA. such that

ga)=b!, £(a2)=v?
Now, (follg gd@i= £( H, ,(0))= £(ah)= ',
(£0H,, J(1)= £ K. .(1))= £(a2)e 12,
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Moreover, foHJ'*;is continuous and

foH,a;(Q)C,f(A.) for 0<06<£1
Proposition 3.3 1let C and D be continuous connected
subsets of R™ and Rp, respectively. Then-
c+D = {(c,d): ¢ €c, deD}
is also continuous connected Set of Rm+p.
Proof. Suppose that (cld'), (¢®,d%) €C+D. Then,
there exist continuous Hcﬂc?,Hdﬁd* such that
1 2
chcZQO)sc , Hcﬂd‘1)=c
2
Hy g2(0)=d',  Hg 42 (1)=d
c o . (8)c.c, Hd,,d,,(e) c.Dfor O0%£8<1.
Now, ( H, Z,Hdldl) is the desired continuous function
ORI 2 2
for the pair ((c ,d'), (c“,d%)9.
It is obvious that the above result can be established

for the direct sum of any finite number »of subsets.

4. Some Properties of Gereralized Convex Fuzzy Sets
In this section, we shall deal with some properties
of the classes of sets that were introduced in the

preceding section. Here many results are generalization
of corresponding results for convex fuzzy sets due to yang
(Ref.7)

we now prove a necessary and sufficient condition for

a strictly generalized convex fuzzy set to be gereralized
convex fuzzy set. let

sV = Joer: I (MF ¢

and let LA)
L
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where ol o= SUP { dER; JEG(A) |

Then, we have the following theorem.

Theorem 4.1 let A be a strictly generalized convex
fuzzy set defined on R®. Then, A is generalized convex
fuzzy set iff 5)‘ is continuous connected set.

Proof. Dy definition;necessary:is: obviously.,
Assume now that S, 1s contlnuous connected set. We only
have to show that x! ¢ RY, xeR , and )\(x )= )\(x ) imply
the existence of a continuous functlon satlsfy (3) of
Definition 2.2, since the case )\(x ) £ /\(x ) is cowered
by Definition 2.3. If S)\# ¢ and xe Sa» X é S,, then we
are done, by hypothese. Otherwise, there exists a point
x e‘_—R satisfyibhg

AE) > M (x'¥= AG=2).

Since )\ is strictly generalized convex fuzzy set, we have
Hi-,xland He o such that

b

N By y L(8)) > Axh) 0ch< i
N Hz 2(8)) > (x°) 049 <1
Take q
g, .(0)= Hx,xt1- ~28) 0£6 =& .. (6
e (O f 2(26-1) 3 < &1 ©)

Then, the continuous function given by (6) satisfies (3).
of Deflnltlon 2.2.

!.‘heonem 432. let /\ be a strgctly generalized convex
fuzzy set defined on R" , and let x 6 R® be a loeal maximum
*
of A\ - Then, x is a global maximum of A over R™.

Proof. Suppose that x is a local maximum; 4.e., thnre
exists an open ball Ns(x ) such that, fbr every xEN 5(x ),
we have /\(x ) 2 A(x) ceosaeeslT)

M
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suppose now that there exists a point X € rR™ satisfying

ANE) > A(xT)

Then, since A\ be strictly generalized convex fuzzy set,
we have a continuous function Hi xﬁsatisfying

N g £ 6))> Alx)

for every O < 61<1. It follows from the continuity of
He £#(0) €XN (x7) as @ approaches 1, conrtadicting (7).

For strongly generalized convex fuzzy set, we have
the folloeing result, its proof is $imilar to theorem
4.2.

Theorem 4.3 Let )\ be a stongly generalized convex f
fuzzy set defined on R , and let x be a local maximum of
A\ . Then, x* is a unique global maximum of ) over rR™.

Now, let Lo(()\) {x eR )\(x)>o(} denote the strict
level set of ) defined on R® at ol €R.

Then, we have the following definition. .

Definition 4.1. 1let )\ be a fuzzy set defined on RP.
Then, )\ is said to be with property (o) if, for every
o € R such that L& (A) is continuous connected set, it
follow that L;()\) U {x! is continuous connected set for
every }I\(ec‘L;(/\), where cl indicates the closure operation
of sets in RE.

In the seguel, we shall mainly deal with fuzzy set.with
property (A). Our result deal with conditions under which
a generalized convek fuzzy set is also strictly generalized
convex fuzzy set. First, we have the following lemma.

Lemma 4.1 let A be fuzzy set defined on R™ with
property (A), and assume that Ld (N) is cont:hnuous
connected set for every o{ €R. Suppose that x & rR" y X éR

w
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}\(x1 ) £ N(x°), and x> is not local maximum of \ . Then,

there exists a continuous function Hx' X,_satis:t‘ying
. b4

A 2 (8) A=) oeeinii(®)
for every O <8< 1 :

Fal
Proof. let o = )\(x1) “hen, x° - LA()\), and we can
find a sequence {x }C,L»(/\), converglng to x1 such that
X ENS(A ), where 6(X )= {x\\\x-x |\<X,}and 3-1/1,
—2 3, e ® o0 00 :

Thus, x! is a cluster point of L A()\). Since A have

property (A), the set LA(")\?)U&} is sontinnsus.. connecfed”
set,and there.exists a” continuous function Hx' rcon-

“tained in’ LA(/\) for 0¢6<1.
The follow:.ng lemma will be useful in the sequel.

Lemma 4.2 let )\ be a generalized convex fuzzy set
defined on R". Then, L; (A) is continuous connected set
for every & R. ‘

Proof. Let A be generalized convex fuzzy set defined
on R Then, the sets I, (\) are continuous connected sets
for every g e R. Let ueR be suxh that'Lb_((/\) is not empty.
Then, for every x eL (/\), e eL 2N, we have )\(x Y>>
)\(X )>b( Assume that )\(x )< )\(x ). Since Ais
generalized convex fuzzy set, there exists a continuous
function Hy asatisfying Al Hx,x,iﬁ)) >/\ (x") >«
for every O <6 < 1. Hence, Hx g2is in L (A) and L-()\)
is continuous connected set.

Now, we can state and prové the follow theorem.
Theorem 4.4 let \ be generalized convex fuzzy set
defined on R® with property (A). If every local maximum

of ) is a global one over Rn, then )\is strictly generalized

convex fuzzy set.

m
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Proof. Suppose that x1~é Rn,x?'é_- R®, and )\(x1)< )\(xz),
it follows from the hypothness that x1 is not a local
maximum of ) . By lemma 4,2, L;(A) is continuous connected
set for every o €R. Taking & =A(x1) we conclude' (by
lemma 4.1) that there exist a continuous function Hx&x‘
satisfying (8), for every O 40 £1. Hence Ais a
strictly generalized convex fuzzy set.

Generalized convex fuzzy set have been defined here;
Some properties have been discussed. We consgder that a.
there are many areas of this paper in which further work
is needed.
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