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ABSTRACT

In paper (1), we gave the concept of the fuzzy panpintegﬁ/
ral, discussed its elementary properties and proved some
convergence theorems of the sequence of fuzzy pan-integrals.
In this paper, the properties of the fuzzy pan-integral are
further discussed under the fuzzy pan=-additive condition .
Several cenvergence theorems of the sequence of fuzzy pane
integrals are given .

Keywords: Fuzzy Pan-integral, Fuzzy Pan-space, Fuzzy

Pan-additivity.
51 PREPARATION KNOWLEDGE

In this paper, we shall always assume that (X,%) is a
fuzzy measurable spacej (X,ﬁf,)g) is a fuzzy measure spacej
(R, ®,©) is an ordered commutative semi-ring with respect
to "@ " and "O" on Ry=[0,00]; (X,%, p, R,, ®,0) is a
fuzzy pan-space; S is the set of all simple funetions on X;
M is the set of all measurable functions on % and M'm{f: feM
and £20}, B ={E: E€F, E is a classical set}. (cf. (1))

Definition 1.1 Let (X, % , By R,y ® ,O) be a fuzzy pan-
space, E- is called fuzzy pan-additive if and enly if for any
Ay B , AnBofl , we have p(AUB)=n(4) @ pu(B) . o

Proposition 1,1 For any f€RE', there exists {s.)CS, such’
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that s, /'f .

Proof, For any natural mumber n , we define

nz—l

8 (x) @[z"o/{( s-for)s”" )J(‘D["@/{H“),n}("ﬂ VxeX

then {8y 'is the required sequence of simple functions.

1)

Theorem 1,1 . For any given Ae%, if we define p*(E)n

A(ANE) Y EeDB, then }:x* is a fuzzy measure on /3 .

Theorem 1.2(1] .(Transformation theorem) Suppose that

(X F }3) is a fuzzy measure space, A%, fe&M*, then
(] I p=(p) | y£ap*

The following discussions will proceed in fuzzy pan-sgpace
(X, F s gy R,y ® ,>) and we always suppose that B is fuzzy
pan-additive.

§ 2 SOME PROPERTIES OF FUZZY PAN-INTEGRAL

Definition 3,1 The real-valued function on X

s(x)= é (. @XE(x)) is said to be a simple function if
o4;20, Eieja (i=1,2, - ,n), EjNEj=P (if)) and UE1=K .

Note: The definition of a simple function here is diffe-

rent from (1), In (1), to assure P,(s) uniquely decided by
s, we demanded the supplement cnndzti@n aypoly (143) . But
when g is fuzzy pameadditive, the supplement condition can
be dropped,

Proposition 2,1 For any Aé%, s€S, if s= @ (O(i@,'t/E )=
@ (@J@ij). then

Pp(s)= é) (o opcAnEma@ (6 Op(anFy)) .
Proof. By us:mg the fuzzy pan-additlvity of B it is easy
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to prove this conclusion.

From Proposition 2,1, we can obtain the following conclu-
sion.

Proposition 2,2 For any A€%, if s,, s5,€S amd s(x)< s(x)
vx€X, then P’é(s,)$Pé'(s,_).

So, we knew for any s € S, the equality (p)[ Asdp:PA(s)
hOldSo

Synthesize Preposition 1,1, 2,2 and Theorem 4,1 in (1), we
can know that for amy fé& M', there exists {sp}C S such that

sn/ £, and (P)IA”%"%};'}, Pé(sn) .
Proposition 2.3 Let A, Be%, f, f,, f, &€ M', then
1).(p)[ JCap=COR(A), C €0, 00) ;
2)+(0)[ yyptdp=(p)[ y2dp ® (p)[g2dn, where ANB=g. Particularly
1f p(8)=0, then (p)] yptap=(o)] y2epm ;
3). ()] \(£, @ £2)3p=(p)[ 42,00 ® (P)f ytaep 5
4).(p)| J(aO ) dp=a@(p)] y2dp , a €(0,00) .

Proof. 1). By using Transformation Theorem and Theorem
1.1 in (2}, we have
(p) 4C3p=(p)f yCQ*=COR™ (X) =COP(AX) =COpP(A) 3
2). For any E€93, we denote ﬁf(E)z&(énE), pf(E)=£(§nE),
A*(E)=p((AUB) NE).
From the hypothesis that An,§=¢ and the fuzzy pan~additi-

vity of p, we can prove u*(E)=n)(E) @}a:(E). Therefore,

(P)f yptap=(p) [ gEan*=(p)f g2a(u} @ 5})=
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(p) [y tan © (p} grapi=(p)[ stan @ (p) ytap ;
3). By using Theorem 1.2 given in (2) and the Transformation
theorem, it follows that

(0)f 5(£, @ £.)dp=(p)] 4(£, ® £,)ap"=
()] x21 3" © (P 3£ 9" =(2)] y 2140 ® (P} y 220 ;

k). The proof of this conclusion is similar to 3) .
Proposition 2,4 Let A €%, {fy,f,g}c M*, then

1). f&gﬁaag:% (p)] y2dp=(p)] gdp ;3

2) . Write §fnalim @2, if D fy<oo, then

n>00 -4 n=|
] o
(p)] o( © 2a)dap= & (p)] yfndn .
~ n=z| ~ nh=] ~  ~
Proof. 1). The proof of this conclusion is easily given

by using Theorem 1,4 given in {2) and Transformation theorem.

2). Let f= @fn, Fp= é)fi, then Fni‘ f, From Theorem 4,1 in -
=)

1=l
(1) and Proposition 2,3, 3), we have

8 ) yratpetin O 0] trgpmiin ()], @ 2y0p-

[- =4
Lin (p)f \Fodp=(p)] y2ap=(p)f , & fuap
The proof of this propesition is complete .

¢ 3 CONVERGENCE THEOREMS
Definition 3,1 An ordered commutative semi-ring (R4, @,

() is called an additive ideal semi-ring if and enly if

é;((ami)o@i)s( 1_@3 (210 1)) +( Iég orn))
1= = =
V ai'bi, Oieﬁ..., (i=1’2,"' 'n) .
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Evidently, (R¢,v,A), (Ryp,v ,+ ) and (R, +,+) are all
additive ideal semi-rings.

Definition 3.2 1If )i(x\koo , then we call fuzzy pan-space
(X, %, £,~'§+, @®,0) totally finite.

Lemma 3.1 Suppose that (X,%, m, Ry @,0) is a fuzzy
pan-space, (Ry, ® ,)) is an additive ideal semi-ring and
teM*, a €(0,00), then for any Ae¥% , we have

(p)IA(f+a)d£s(p)JAfd)i + a@u(4) .

Proof. By Lemma 2,1 given in (2) and Transformation theo-

rem, we have

(0)] p(£+2) pu(p)f y(2+a) du’s

(p) x2au* + aCOp*(X)=(p)[ y2an + aGp(A),
the lemma is proved . - -

From this lemma, we can immediately obtain the follewing
lemma:

Lemma 3,2 Suppose that (R,, @ ,(») is an additive ideal
semi-ring, f,, f¢M*, If |f,~f.|<€ holds on X, then for
any A€% , we have

| ()] 2, ap— () ] yfadp|< €Op(a) .

By using Lem;a 3.2, we ;an obtain the following theorem:

Theorem 3.1 Suppose that (X, %, p, Ry ®,0) is a
totally finite fuzzy pan-space, (R,, @ ,(0)) is an additive

ideal semi-ring and {fn, f}CM', If {f,} converges uniform-
ly to £ on X, then for any A€,

lim (p)IAfndE,“(p)fAde .

n»a
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Lemma 3,3 A fuzzy measure B is autocontinuous from above
and for any A €%, p* is also autocontinucus from above.

Proof. Let {An, AYC % » ANAp=f (n=1,2,- ) and p(4y)->0,
then 1im p(AUAn)=in (2(2) ©p(ia))2(8) © Up p(A) () -

That is to say, B is autocontinuous from above. It is very
evident that }1* is also autocontinuous from above.

Theorem 3.2 Suppose that (X,%, u, Ry, ®,0) is a total-
ly finite fuzzy pan-space, {fp,f}< M* and (R+, ®,O) is an

a.e.
additive ideal semi-ring, If f f and if {f,} is uniformly
n X n
bounded, then }im (p) IAfndP,(p) j Afdp VAeZ,
- 00 2 r~ o~

Proof. Using Theorem 2.2 in (2), Lemma 3.3 and Transfor-
mation throrem, the proof of this theorem is very easy,

Combine Theorem 3,2 with Theorem 4,1 given in (1), we have

Theorem 3.3 Suppose that (X,%, m, R,, ® ,©) is a total-

ly finite fuzzy pan-space, (Ri, @ ,() is an additive ideal
semi-ring and {fp,f} CE:". If {fy) is uniformly bounded and

A.C0 1
fn232251, then lim (p) j éfnd,g (p) f AT9R » VA €F.

Definition 3,3 Let {fp,f}c M, we say {fp} is convergence

in measure p to f if and only if for any given €>0, we have

lim p( |£n-£| 2 € )=0. We demote it by fp—->t.

n»oo ~

In the final of this paper, we give the principal theorem
of this section.

Theorem 3.4 Suppese that (X,%, n, Ry, ®,O) is a total-
ly finite fuzzy pan-space, (Ry, @ ,() is an additive ideal
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semi-ring and {fp,f}CHt, If {fp} is uniformly bounded and
i € 4
Ln (0)] ytatp (p)fptop » VAEF .
Proof, By Tramsformation theorem, we have
*
It follows from the hypothesis rngdg}ef that

F(12n-2] 2 € )mp(An{] fn-£]| 2€} )< p( |£4-£|>€)—0, V £>0.
*

Therefore, fnfég—af, the conditions of Theorem 2,4 in (2)

o % 1 *
are satisfied, hence ril._i’.g (P)_(andP -(p)j,xfd;.\ .

Observe that (p)IX;Qp*a(p)jAfdp , the proof of this theo-

rem is complete,
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