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Abstract

In this paper, we'll introduce three concepts of fuzzy com-
plex number, fuzzy distance and limit of fuzzy complex numbers,
and give some elementary properties of the fuzzy complex number

and fuzzy distance and limit of the fuzzy complex numbers,
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Introduction

J. Buckley, R, Li, S. Yuan, B. Li and W, Fu etc. [ 2, 3]
have done some work about fuzzy complex numbers. They have
introduced the concept of fuzzy complex number and given some
properties of fuzzy complex number., In this paper, we'll define
fuzzy complex number anew and introduce two concepts of fuzzy
distance_and limit of fuzzy complex numbers, We'll see that the
fuzzy distance of two fuzzy complex numbers is a fuzzy number

and is also the extension of the fuzzy distance of two fuzzy
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numbers, this is to say the fuzzy distance of two fuzzy4comp1ex
numbers is the fuzzy distance of two fuzzy numbers, if two fuzzy
complex numbers are two fuzzy numbers. We'll obtain all the
properties similar to those of the fuzzy distance and limit of
fuzzy numbers{11].

The paper is divided into three sections. In Section 1,
after introducing the concept of fuzzy complex number, we dis-
cuss some properties of fuzzy complex number, and introduce four
fundamental operations of fuzzy complex numbers and the relation
" £ " of fuzzy complex numbers, and define the least upper bound
and the greatest lower bound of a set of fuzzy complex numbers,
and give an expression to each of them.

In Section 2, we introduce the fuzzy distance of two fuzzy
complex numbers, which possesses all the properties of the fuzzy
distance of two fuzzy numbers.

In Section 3,‘we introduce the limit-of the sequence of
fuzzy complex numbers and obtain all results similar to those
of the 1imit of the sequence of fuzzy numbers.,

We'll discuss some important theorems of fuzzy éomplex
numbers in other papers.

. .
1. Basic Definitions and Properties of Fuzzy Complex Numbers

Let C be the set of all complex numbers and R all real num-
bers and F*(R) all fuzzy numbers on R[{1]).

Definition 1.,1. Let a, b € F*(R), we define

(ay b) : C e——[0, 1]

X+iy = a(x) N b(y),
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then(a , b) is called a fuzzy complex number on C, a is called
real part of (a , b) and b is called imaginary part of (a , b),
we write ¢* = (a , b), a = Re c*, b = Im c*,
Let F*(C) be the set of all fuzzy complex numbers on C.
If we define c(z) by '
1 iff x = a, y = by
c(z) = {
0 iff x#aory#b,
for every ¢ ¢ C, with ¢ = (a , b), z = (x , y), then ¢ ¢ F*(C),

Proposition 1,1, For every c* ¢ F*(C), c* is normal, i.e.

there exists z = (x , y) ¢ C such that

. _ c*(z) = 1.
Proof. Since c* ¢ F*(C), then there exist a, b ¢ F*(R) such
that ¢* = (a , b), from a, b are normal, it follows that there
exist x, y € R such that a(x) =1, b(y) = 1. Let z = (x , y)¢€C,
therefore

c*(z) = a(x) A b(y) = 1.

this is to say c¢* is normal.

Proposition 1.2, For every c* ¢ F*(C), every A ¢ (O, 1],

A-cross section( 4] of c*
c, =1z; cx(z) 2 A}
is a closed rectangle region

Itx, ¥); (Re c*) £ x £ (Re c*L: , (Im c*%:-é vy £ (Im c*%:}

with (Re c*)i(+’((Im c*l:(+’) denote left(right) endpoint of A=

cross section of Re c*(Im c*),
Proof. Since c* € F*(C), then Re c*, Im c* € F*(R), therefore A~

cross sections of them are closed intervals [(Re c*L: , (Re c*xj,
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[(Im c*). , (Im c*)}] , it follows that

H

e =[x, ¥y); ex(x, y) 2 A}
{(x, ¥); (Re c*)(x) A (Im c*)(y) > A}

{(x, y); (Re c*)(x) 2A and (Im c*)(y) > A}

]

n

\(x , ¥); (Re c*) £ x £ (Re c*): and

- +
(Im c*). £y £ (Im c*), },
this is to say c, is a closed rectangle region.

Proposition 1.3, Every c* ¢ F*(C) is a convex fuzzy set(4],

Proof. For every A €0 , 1], z, = (X1 s y1), z, = (X5, y2) € C,

since c* € F*(C), then there exist a, b € F*(R) such that c* =

(a , b), it follows, by using a, b are convex fuzzy sets that

a(Ax, + (1 -A.)xa) _a_L(x1) A ,a_(Xa);

1

b(Ay, + (1 =A)y,) = b(y,) A R(y,),

therefore

c*(nzy + (1 - N)z5)

= c*(A(x, , ¥y) + (1 - X)(XZ y ¥5))

= c*((Ax, + (1 = M)x5) , (AY, + (1 = A)Y,))
= a( Ax, + (1 = N)x;) ABCAY, + (1 - Nyo)
> a(x,) A a(x5) A b(yy) A R(Y,)

= (a(x,) A b(y)) A (alxy) A B(yy))

= o*(z)) Ac¥(zy),

this is to say c* is a convex fuzzy set,

Proposition 1.4, For every c* € F*(C) and every Nqs AZ €
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(0, 11, A1 £ KZ’ then

Proof. Obvious,

Definition 1.2. For every ci, c; ¢ F*(C), we define

1) c: + ¢ 2 (Re ct + Re c§ , Imc} + Im cg);
2) cY - c¥ 2 (Re ct - Re c4 , Imcy - Im cﬁ);
3) cx A ck 2 (Re cy A Re c% , Im ct A Im cé);
) c% V ¢} 2 (Re ¢t V Re ¢4 , Im ct V Im c¥);
5) c% -+ c3 2 (Re ct « Re cy , Imcy * Imc});
6) ct + c3 € (Re ¢t + Re ¢4 , Imc* + Im c3), with Re cX

(Im CE) is positive fuzzy number or negative fuzzy number{4]l;

7) ¢ + c* 2 (a*Re ¢c* , beIm c*), ¢c = (a , b).

It is easy to see that if cj, cX ¢ F*(C), then ct + c3,

ct¥ - c%, c} A ck, c§y Vv ck, c} - c3, c} ¢+ c¥ € F*(C).

Definition 1.3, For Cly CX € F*(C), we say that c} £ cx, if

L y
Re c? £ Re CE and Im c? € Im cé.

We say that cy 4 c%, if cj £ c% and Re ¢} £ Re c§ or Im c} 74

Im c5. We say that c* = c3, if c% £ c% and c% £ c¥.

Proposition 1.5. F*(C) is densel1],

Definition 1.4, For every c* € F*(C), if Re ¢* = o0 or Im c*

= w0, then c* is called fuzzy complex infinity, write co*,

Definition 1.5. Let A ¢ F*(C), if there exists M* € F*(C),

M* # w*, such that
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c* £ M* for every c* ¢ A, |
then A is said to have an upper bound M*, Similarly, if there
exists m* ¢ F*(C), m* ¥ «*, such that
m* 4 c* for every c* ¢ A,
then A is said to have a lower bound m¥*,
A set with both upper and lower bounds is said to be boun?ed.

Definition 1,6. Let A ¢ F*(C), M* ¢ F*(C) is called the

least upper bound of A, if M* has the properties:
1) Whenever c* ¢ A, we have c* £ M*;
2) For any £ > O, there exists at least one c* ¢ A
such that
M* & (Re c* + £, Imc* + € ),
we write M* = sup A.
Similarly, we introduce
Definition 1,7, Let A € F*(C), m* € F*(C) is called the

greatest lower bound of A, if m* has the properties:
1) Whenever c* € A, we have m* £ c*;
2) For any ¢ > O, there exists at least one c* ¢ A
such that
(Re c* - 51, Imc* - £ ) £ m*,
we write m* = inf A,

Theorem 1.1. Let A € F*(C), if A has the least upper bound

and the greatest lower bound, then

sup A = (sup Re c* , sup Im c*)
c*e A C*e A
and
inf A = (inf Re c* , inf Im c*),

C*e A C*e A
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Proof. Obvious,

2. Fuzzy Distance of Fuzzy Complex Numbers and its Properties

Definition 2.1. Afuzzy distance of fuzzy complex numbers is

a function e*: (F*(C) , F*(C)) —— F*(R) with the properties:

1) ex(cy , c3) 2 0, c¥ = cy 1ff p*(c1 , cé) = 03

2) p*(ct , cx) = f*(cy , c});

3) Whenever c% ¢ F*(C), we have
ex(ct , c%) £ p*(cy , cj) + Qx(cy, ci).

If ¢+ is the fuzzy distance of fuzzy complex numbers, we
call (C , F*(C) , f*) a fuzzy distance space.

In the’following, we introduce a function €*, which plays a
key role in the theory of fuzzy complex numbers.

We define
() ex(ct , c5) = f(Re ct , Re cx)V £(Im ¢} , Im cs),
for every c%, c% ¢ F*(C).

Theorem 2.1, E*(c§ R cg) defined by the equality (x) is the

fuzzy distance of fuzzy complex numbers,

Proof. 1) For every c% , c} € F*(C), then f(Re ct , Re cx) 2 0,

f(tm ey, Im c%) * 0, therefore
e*(c? ’ cé) 2 0,
Suppose that G*(c? R cE) = 0, then
£(Re c* , Re c3) V €(Im ct , Imc%) =0,

therefore



112

€(Re ct Re 05) = 0 and f(Tm ct Im ci) = 0,

it yields that

this is to say c? = cé.

Otherwise, suppose that ct = c%y then Re ¢} = Re c% and

Im cy = Im c%, therefore

L(Re ct¥ , Re cé) = 0 and f£(Im cy , Im ci) = 0,

thus
p*(c¥ , c3) = O,
2) Obvious,

3) For every c% ¢ F*(C), we have

N

£(Re c% , Re c3) P(Re c* , Re c%) + @(Re c§ , Re c%)

N
e
~~
=
(]
Q
& —

, Re c%)'V £(Im ct , Im c%)
+ €(Re c¥ , Re cé)‘# €(Im ct , Im c%)

= P*(ct , c%) + 9*(c3 y €5);

N
o
VY
P—q
=]
[¢]
: 3

f(Im cr , Im cx) 1, Im c%) + £(Im ct , Im c%)

N
o
~~
oy
>
o
*

, Re c§) V f(Im ct , Im cg)
+ f(Rre c§ , Re cx) V €(Im ct , Im c%)
= P*(Cﬁ ’ C%) + C*(Cg ’ Cé)a

therefore

(*(ct , c3) = f(Re c¥ , Re c3) V (Im ct , Im c3)
£Px(cy , cy) + Px(cy, c3).

Theorem 2,2, Whenever c%, c%, c%, cf € F*(¢), ¢ ¢ C, we have
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1) €x(ct + c%), cx + cg) = P*(ct , c3);

NO*

2) P*(cy - cy, o3 - cy) = ex(ct , c3);

3) (’*.(cg - ¢y, c¥ - cy) = p*(cy , c3);

) (|Re c| AlIm c|)f*(cy , c¥)
£|Re c|f(Re c% , Re c%) V |Im c|£(Im c¥ , Im c%)
= P*(ceck , crcy) £ (|Re c\V\im cl)@*(cy , c%);

5) If cx £ cy £ cg, then
px(cy , c5) £ Px(cy , cg) and p*(c} , c%) £ px(cy c%);

6) If cy £ c¥ £ c% and c} £ ct £ c%, then

Px(cy , c}) = 2+(*(ct , c%).

Proof. The proof is obvious.

3, Limit of the Sequence of Fuzzy Complex Numbers

Definition 3.1. Let {cr}cC Fx(C), c* ¢ F*(C), {ct} is said

to converge to c* in fuzzy distance f*, denoted by

1im c* = c* or c*— c*(n =—> o ),
n-+w n

if for arbitrary & > O, there exists an integer N A 0 such that

e*(cx , c*) £ § as n 2 N,

Theorem 3.1,

1im c* = c* iff 1lim(Re c*)= Re c* and 1im(Im c*)= Im c*
n-»-o nN'»eq n nson n

Proof. Obvious,

Theorem 3.2. TLet {cr}, {d; } ¢ F*(C), c*, d* ¢ F*(C), c ¢ C,

if 1im c* = c* and 1lim d* = d*, then
o gl ] Nn-»o0
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1) 1lim (c; + d;)

Nn-»oo

c* + d¥;

H

il

2) 1im (c; - d;)

n-»o0

c* - d*;
Z) 1im (cec*) = CcecC*,
N0 n

Proof. 1), 2) Obvious.

it}

3) Since 1lim c*
- N=>co n

c*, then by using theorem 3.1 that

1im(Re c*)
N=+e n

Rec* and 1lim(Im c*) = Im c*,
N+ n

therefore, for.any £ > O, there exist Ny, N5 > O such that
£(Re cx , Re c*) ¢ E/(|Re c*l+ 1),
as n 2 Ny, and |
f(Im cr , Im c*) £ &/(1Im c*l+ 1),
as n > Ny, Let N = max {N, , Np}, then we have
p*(cect , cec*) =[Re c| £(Re c* , Re c*)
ViIm c{€(Im cr , Im c*)

Llre cl&/(IRe cl+ 1)V |Im cl £/(|Im cl+ 1)
cf ‘
as n ¥ N, This means that

1lim (cec*) = cec*,
naw n

Theorem 3.3. (Limit uniqueness theorem) If 1lim cr = c¥, and
N+

lim cx = d*, then

Now

Proof. Obvious.
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Theorem 3.4, Let {cX} , {dx}, {er}] C F*(C), c* ¢ F*(C), if

for every n, c* £ d* £ e*, and lim c* = 1lim e* = c*, then
n n n nseg 1 nao o

lim dﬁ = C*,

Nn-c0

Proof. Obvious.

Theorem 3.5. (Boundedness theorem) Let {c;} ¢ F*(C), c* £ co*

cx £Fo*, n =1, 2,00, if %ig c* = c*, then there exist M*, m*

( £wo*) € F*(C) such that

m* £ c* £ Mx,

*
n
for every n.

Proof. Obvious,

Theorem 3.6, (Keeping sign property theorem) Let {c;}cF*(C),

c*, d* ¢ F*(C), lim cx = c*, if for every n,
na®

IN

L
c; d*(d* £ ca),

then

IN

C* d*(d* _l_. c*).
Proof,., Obvious,

Theorem 3,7, Let lim cx = c* and lim d; = d*, then

N-+w Nn-»o0

lim p*(c; , d;) = P*(c* , d*).
n-+w

Proof. Since lim c* = c* and lim d* = d*, then from theorem 3,1

that

1im (Re c;) = Re c*, 1im (Tm c;) = Im c*,
N N-~>x

and
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1im (Re d;) = Re d*, lim (Im d;) Im d*,

N N

I

By using theorem 3,7 of U 11 that

%ig.ﬁ(Re cr , Re d;)

€(Re c* , Re d*)

* and

1im P(Im c* Im d*)
N+ —( n '’ n

P(Im c* , Im d*),

therefore, for any € > O, there exist Ny, N2 = O such that

IN

P(Re c* , Re d*) - ¢ f(Re ct , Re d})

P(Re c* , Pe d*) + ¢

N

and

I~

€CIm c* , Im d*) - ¢ £Cm

(¢]
*

5 Im dg)

£ (Im c* , Imd*) + €,

thus, when n ® max{Ni , N>}, we have

(P(Re ¢c* , Re d*) -~ &£ )V (f(Im c* , ITmd*) - € )

£(f(Re cx , Re d*)) V (B(Tm cx , Im d*))

=(f(Re c* , Re d*) +€) V (£(Im c* , Im d*) + £ ),
it yields that

px(c* , d*) - ¢ =€x*(cr , dx) = €*(c* , d*) + €&,
as n > N, this means that

Lin p*(cp , dp) = Pr(cx , d*).
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