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SOME PROPERTIES OF FUZZY POLYNOMIALS
L, GERGO

COMPUTER CENTER OF EOTVOS LORAND UNIVERSITY,
H-1502, EBEUDAPEST 112, PF 157, HUNGARY

Summary The stability of the fuzzy solution of a poly-
nomial equation and an algebraic property of the solution
are investigated.- We can prove the stability of the sol=-
ution. The other problem to be studied is that under which
assumptions we can guarantee that the fuzzy solution of a
polynomial equation of degree n consists of the union of
a2t most n fuzzy numbers.
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1. Comprlex fuzzy numbers

Let R and € denote the field of real and complex numbers
respectively. Let L be given continuous function from

C into the closed interval [0,1] with the properties

(i) L(0)

1 and L(z) <1 z€ C\{0}

Ry, - [0,1] ——

X

(ii) . 3 ¢

L(z)

¢ iz Z€C where

IR: = {xe€R|x 2 0}

(iii) ? is decreasing
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(iiii) There exists a constant ¢, >0 so that for
each z,wegC

|L(z) -L(w)} §c0|z-w,

Definition 1.1 A complex fuzzy set z : € > [0,1] is said

to be an L type complex fuzzy number iff there exist z¢C
cxeRf and L is a function having the properties we mentioned

above so that

~ ey = pfzt
z(t) = L[ 5 }

Then z and a is called the mean and spead of z.

-~

Symbolically we write 2z = (z,a)L

1=t | if lt] <1
For example L(t) := . tecC
0 if ft] > 1

In that case the L type complex fuzzy numbers are

1_|z—t1

if fz-t| 1
0 if |zt > 1

where =z €C and o € R*

Now let us define the addition and scalar multiplication

of two fuzzy numbers in the following way (see [1])

Definition 1.2 z = (z,a)L , W =(W,B)L A€EC
zZ +wW = (z+w, a*-B)L
Az := (az , Ao
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So we can define a complex fuzzy polynomjal ﬁn of

degree n. Let us consider a complex polynomial Pn'

n

= ; i ] = (
Pn(z) ianiz where aiéjC i=0,...,n z£€C

an%()

-~

Definition 1.3 The fuzzy polynomial Pn is defined as

below

. no_y
P (z) := .2 _a.z
n i=0"i

0 .where a, = (ai,aEJare complex

fuzzy numbers with equal spreads for the sake of the
simplicity.

If z is a complex number ﬁn(z) will be a complex fuzzy
number.

We can write the explicit form of ﬁn

P (z) = N

——
J

(z), ay(z)}L where

Y(z)

It
nmMg
N
[}

~

Definition 1.4 Let z = (z,a)L and ‘7J==(w,6)L be complex

fuzzy numbers. Then let v(%=§&Jbe the degree of satisfac-

tion of the assertion z=w , where



Now we can define the fuzzy solution of the eguation

ﬁn(z) = 0 where 0 = (O,B)L is a complex fuzzy number.

Definition 1.5 The fuzzy set z*(t) = V[En(t) 5) is

that

]
[

said to be the solution of the egquation ﬁn(z)

is

A R

As we can see the solution z* is really a fuzzy set.

We are interesting in two problems

(i) Is the solution z* stabil or not with respect

to changing the centers of the fuzzy numbers?

{(i1) Under which assumptions will it be true that

~

the fuzzy set z* is the union of at most n

fuzzy numbers?

The problem (i) is solved by R.Fuller for Fuzzy Linear

Programming Problem. (see [2])

2. Stability

For §>0 , let aiejC be complex numbers such that




n -5
(z) = Z aizl z€EC
Then the solution of the fuzzy equation ﬁa(z) =0 is

¢
~ % _ Pnh(t)
25 (t) = L[&'?m]

What can we say about the gquantity

lz* =23l = sup |2¥(t) - z3(0) |
® teq
Theorem 2.1
For each §>0 ,
~ 3% -~
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where o is the common spread of the complex fuzzy
numbers 51 and 5? i=0,1,2,...,n , c, is the

Lipschitz constant of L.

Proof. For each t€C ,

- - P.(t) Py (t)
* - = I - =
z7(t) zé(t)i = lL[d’Y(t)+ B] [a‘y(t)+ B]l .
Py (t)-PJ(t)
ay(t) +8 | 7

|Pn(t) | |PS (t) | |
ay (t) +B oy(t) +B| - C0

Sy

. Sy (t) <c_6_
= Coqy(t) + B O o :

So we have

S

l E*- ESHOO§ COT

~ ~

This means that zg converges to z* in the uniform topoiogy.

Very often the support of the solution z* is unbounded,
namely it is € . We would like to change the solution z*
so that it has bounded support and its stabi;ity property
remains valid. Moreover that solution will be the union of
at most n fuzzy numbers.

Let us modify the addition and the scalar multiplication

so that for z= (z,a)L and §==(W,B)L , let

Z+w = (z+w, max{a,B})

Az &= (Az,a)L
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Now the polynomial ﬁn(z) that we get is

5 {
P (2) = (Py(2),a)
and the solution of the equation §n(z) = 0 will be
~ Pnh(t)
* _ nlt
z"(t) = L[OL"'B}

This solution will also remain stabil with a modification.

Theorem 2.2

For given ao,B€R and seR" , for each compact set G,

GcC there exists a yge R* such that

sup |z*(t) - z¥ ()] < Co¥G g
t€G a+g

where c, is the Lipschitz constant of L.

*

This means that z; converges to z*

in the topology of

\

compact convergence if § tends to zero.

Proof. For each G<«C , where G compact we have for

each t€G
8
- - 2
- - ) )
OL+B a+8
o len) mPR)] eos o e0d
= 0 a"’B = 0,4'8 Y = Q-"'B YG
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where Yg = Sup Y(t)

teG

3. An algebraic property of the solution z¥

Lemma 3.1 For a given polynomial Pn , there exist
£ >0 and Gi i=1,2,..,k k£€n closed disjoint discssuch that
for all distinct roots ti i=1,2,...,k of Pn ,

tiéGi and

n -
K, := {te«:{ |P_(t) ] s e} =iL=)1Gi hold.

Proof. The polynomial Pn is continuous. Consequently
V’e:>0 3 Gi i=1,2,...k closed circles such that

for each root t. of P t.€ G, and if
i n i i

<
t€G, then an(t)I e .

Let each Gi 5e the maximal one.

(that is if EiD Gi then there exists teEi so that
Pty >e)

But if € > 0 diam (Gi) - 0 also holds.

Taking into account that ti i=1,2,...,k finite many.
distinct points we have that there exists a positive number €
such that the accompanying Gi i=1,2,...,X are disjoint
circles moreover we get for that given €

n
K = UG,
€ i=1 1
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For the poiynomial Pn which has the roots ti i=1,2,...,k
we define the following complex fuzzy numbers Ei i=1,
2,44,k

Let a,Be'R+ a+ R £ €& Dbe given numbers where € is

the positive number that we gave in Lemma 3.1

¥ (t) if te€G,
-~ 1
zi(t) =

0 if t’éGi

Then we get the following

Theorem 3.1

For the polynomial Pn and the numbers o,B , given as

above, the solution z¥ of the equation ﬁn(z) =6 is the
union of the complex fuzzy numbers zg i=1,2,...,%k, k&n
that is
-~ k~
z¥ = v Z.
je1 -

where z, are the fuzzy numbers that we defined above

-

Proof. Let us consider any te € . Then

A

i., 4if I i:1<ic<k t€ G, where G, as in

Lemma 3.1
Then z*(t) = Ei(t) holds and

~

z.(t) =0 j#i hence

(]

k ~ -~
(.V z-] (t) =z*(t)
]=1 J




k -
ii., if tfU G, =  Z.(t) =0 F=1,2,....k
5=1 J J
k ~
=> vV z.l(t) =0
(J=1 J)()
n ~
But if t¢ U G. <=> |P_(t)]|>¢ <=> z¥(t) =0
j=1 J n

So we get for each te€C

z*(t)

!
—~—
(J
n< g
—
N2
.
) SE—
t
S
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