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In recent yeam the mathematic literature has been
bringing approaches to fuzzy integral constiuctian.i‘he Polish
mathematician Marian Mat*oka in paper [1] generalized the thee
ory of Riemann integral for fuzzy mapping,i.e.mapping with
values in the set of fuzzy numbers.The paper deals with gene=-
ralizing of Kurzweil integral for such a fuzzy mapping.

The book [2] describes Kurzweil theory of integral in
great detail.Here we only introduce briefly the definition of
integral in the Kurzweil sense,

Let 2:[a,b]—>R be a real function and Du{(E ,x,),i=1,..
n} be such a partition of [a,b] that x;€E, ,E;(i=1,...,n) are
compact subintervals of [a,b] such that Int EiﬂInt E aﬂ for
i#j(i,j=14.,n) and U1Ei=[a,b] The integral sum of f for the
partition D have the form

s(;f:,n)»ii1 £(x;) A (By) (1)

where Ais the Lebesgue measure.
LetA:[a,b]—-—'r(O,OO) be a function.A convenient partition
of[a,b] with respect to A is such a partition D that
E,C (xy~Alxy) ,xi+A(xi)),i=1,..,n (2)
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The set of all convenient partitions of [a,b] with respect
to A will be denoted by SD(A).It is easy to prove that for
any function A : [a,b] —(0,00) is & (A) £ 2.
Further we will consider a fuzzy mapping f : [a,b] — L (R)
where L(R) denote the set of fuzzy numbers,i.e.the set of
functions ;L - R—*[O,1] that satisfy the following conditions:
1) There is x_€ R such that pMlx =1
2) The set p = {xeR: ,u(x)).,(} is convex for all o e (0,1]
3) fA is upper semicontinuous function
4) There is a compact set KCR such that {x€R : u(x)>0}CK.
Definition 1. Let u¢L(R),V€ L(R) and y =[a,,b] ,V, =[c, ,a]
for ¥d4€(0,1]
i/ M€V ,if a < ¢ and b, <4 for all .€(0,1]
ii/ U+V is the fuzzy number for which
(/U.+V)‘ = [a&-rc* 2B + d.]
iii/ if & € R,there /Z/l is the fuzzy number for which
(wp), = baakn] 4 f20
(i), =Tav,, ha ] o £< 0 zor a1l 4€(0,1],
We can define on the set L(R) a metric d by the following
formula: a(M ,V )168[3?1?(/5" Y. )swhere d(f,, Y )=d([a_ ,b,],

Lecs 41 )= max{ |c,~ a. |, la.~ b |}

Puri and Ralescu proved that ( L(R),d ) is a complete
metric space.

Definition 2. A fuzzy mapping f : [a,b]—>L(R) is inte-
grable ( in the Kurzweil sense ) , if
JeceL(R) V€70 3 A: [a,0] 2 (0,o0): ¥DeD(A):a( S(£,D),0)<E .
The fuzzy number c¢ is called the Kurzweil fuzzy integral of

f and it is denoted by fb f aA.
a
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It is easy to prove that the following properties are satis=
fied: 1) d(L+Byd+5) £ d(X,¥) + d(B,9)

2)  dldyP)E d(d+Y4h+Y)

3)  dltdy kA= falk,A)

4) K+ =pds £

5) Oet=0
for alldy Bydsd € L(R) and all AeR, £>0

6) if Lye.s 4Ry 470 (i=1,..,n) are such that
zn: X; = bea and %i, A; € L(R) such that d(«L; 44 )< E (i=1y000,
;izthen d(%ﬂ’ﬁ'*’; ,121/7/-@ ) < £(b=a),
By the help of these properties the following properties of
the Kurzweil fuzzy integral can be proved.

Proposition 3. If f,g are Kurzweil integrable fuzzy

mappings and £ 4)€ Rythen oLf+ Ag is Kurzweil integrable and
P e + pglan = ‘Jb £dA+ /5‘; gd) holds.

2 Proposition 4. A fuzzy mapping f is integrable iff
¥670 341 [a,b] — (0,00 ):¥p, ,D,¢ D(4):a(s(2,D),5(2,D,)) <£.
Proposition 5. If a fuzzy mapping f is integrable on
[a,b] then f is integrable on every subinterval [c,d]C[a,b].

too,and 2 fdA = £ fdl+ f fdA
a a (o]

Proposition 6. If (fn),: is & sequence of integrable fuz-~
zy mappings on [a,b] suniformly converging to a fuzzy mapping

f then f is integrable ,to0,and
lim £° £ dA = !b £dA  holds.

n+o g
Remark 7. The uniform convergence of a sequence of fuzzy

mappings (fn)::'4 on [a,b] means the following:
ye>03W, 1 ¥ >N 2 a(£,(x),2(x))<E for all xela,b) ([31).
For the Kurzweil fuzzy integral there holds the following
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theorem.

Theorem 8. Let (f f° be a sequence of‘ integrable fuzzy
mappings such that £ &£ (n=1,2,...) and limf (x)af(x)
for all x¢[a,b].Let the sequence of fuzzy numbers(é £ dh.fo
is convergent.Then £ is integrable fuzzy mapping,toe, and

f £dA =lim £ £ dA  holds.

n-sc §
Remark 9. fn < fn-!- means that:

for all xe[a,b] is £ (x) < an(x) with respect to rela~

tion , € " on L(R).
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