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1. INTRODUCTION

A usual mathematical model for the quantum statistical
mechanics is the quantum logic theory, i.e. the theory of ortho-
modular lattices ([5],[6] ).
A state m on an orthomodular 6~ complete lattice L(v,A,L, 0,1)
is a mapping m : L-*[0,1] ( [0,1] is the unit interval in the
real line) satisfying the following two conditions:

1. m{1) = 1

Ui

i o0 [l

2. if ay aly i # j, then m{V a,) = LImla.).
J i=1 * i=1 1

3. Rie¥an and A. Dvurelenskij pointed out {[1],[2}) that the
same algebraic structure has the Piasecki P - measure ([3],[4])
and they introduced a new mddel for the statistical quantum me-
chanies. The Piasecki measure m : M~>[0,1] is defined on an
appropriate set of real functions MC[O,l]X and satisfies the
following two conditions:

1. m{fve*) =1 for every feM,

& ) DS

2. if £, F f‘s, it3, then n(V£) =
i=1

Of course, here £t =1 - f.

wiMs

1m(fi) .

In the present paper we work with the mapping m : A--v[O,l}

where A Dbelongs to a class of lattices and in this way we
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obtain a common generalization of a state on a quantum logic
as well as the Piasecki measure. The main result is a measure
extension theorem. Special cases of our extension theorem is
theorem on extension of states on logics [5] and the theorem

on extension of the Piasecki measure [4].

2. THE MEASURE EXTENSION THEOREM
Let H be a &- continuous lattice with O and 1
(i.e. if x, X, y, ¥, n = 1,2,..., then X, Ay, XAy and
if xn\ X, yn\ y, n=1,2,..., then X,V yn'\ xvy . Let
i: H-—>H be a mapping satisfying the following conditions:
2.1 (M= x for every x€H
2.2 if x £y, then y* ¥ x*
Let AcCcH be such that
2.3 if a,b €A, then awvbega
2.4 if aeA, then a' €A
2.5 for every xe€H theol:e is a sequence (an )r:l’ a €A,
n = 1,2,..., such that x & \_/an.
There is given a mapping m I:1-2-&--"‘['0,1] satisfying the follo-
wing conditions:
2.6 m{ava‘t) = 1 for every a€A
2.7 if a,bed, a £ bl', a # b, then m{avb) = mla) + n(b)
2.8 1f a Na, b Ab, a,b €4, n=1,2,..., a £b, a,beH,
then m(an/\ btl) N0 (m is a strongly continuous mapping )
2.9 if a,b€A, then mlavb) + m(aab) = mla) + m(b)
(m is a valuation).

It is easy to prove that m has the following properties:

2.10 m(a) + m(at) = 1 for every aea
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2.11 if a,b€4, a £ b, then m(b) = mla) + mlba &)
2.12 m is non - decreasing (i.e. if a,b€4A, a £ b, then

m(b)

11728

n{a)
2.13 if a Aa, a ,aeAh, then m(a) A m(a)
2.14 if b _\b, b_,beA4, then m(bn) . m(b)
2.15 m is G- additive (i.e. if a €4, n = 1,2,..., a, % a’s .
[/ <] o .
i#3, Vaea, then nlVal) =2 nla) )
n=1 n=1 * n=1l ,
2.16 m is subadditive (i.e. m(avb) 2 m(a) + m(b) .

We want to extend the map m on the smallest 6- complete
lattice S(A), generated by the sublattice A. Our extension
will be made in the standard way.

Let a" ={beH,3b_Ab, b_€A} and n': a"—> [0,1],
n'(b) = lim m(b ).
n-»vo il
The definition of m is correct, due to the following assertion.
4 ‘
Lemma. Let a,b €A, n=1,2,..., an/a, b-n/b, a = b,then

lim m(a) # lim m(b ) .

- oo ‘ nN»oo +
It is not dificult to prowe that m is an extension of m,

a valuation, it is upper continuous, non - decreasing, additive
and subadditive map.
Let us define o™: H-» [O,l] in the following way:
m*(x) = inf‘{m+(b), b:éA+, b & x}.
The main result is contained in the following theoremn.
THEOREM. Let H be a @ - continuous lattice with O and 1,
which satisfies the conditions 2.1 and 2.2. Let A be

a sublattice of the lattice H which satisfies the con-

ditions 2.3, 2.4, 2.5. Let m : A=»[0,1] be the map

satisfying the conditions 2.6 to 2.9. Let S{A) be the

least G- complete sublattice of the lattice H genera-

ted by the sublattice A.
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Then there exists exactly one mapping T : S(A)-*[0,1]
being an extension of m and satisfying 2.6 to 2.9.

The mepping T coincides with o™ on S(A).
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