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1. F;quantum spaces
There are meny analogies between fuzzy set theory and quen-
tum logic models of quentum mechanics as it has been noticed in
{7). In a new axiomatic model for measurement of quantum mecha-;
nical observables based on fuzzy sets ideas we solve the problem
of existence of a joint observable for a given system of obser-
vables of an F-'Quantum space,
Definition 1l.1. By an F-;'quantum space we mean a couple (X,M),
where X is a non;empty set and M is a subset of [O,].]X with (1)
if 1(xy = 1 for any xeX, then le M; (1iYif feM, then 1-f € M;
(1ii) if 1/2(x) = 1/2 for any x&X, then 1/2 & M; Uv) if{f jcM,
then \n/fn 2= sgp fn €M, Using |
Using the termikology of Piasecki [4] M is a soft fuzzy © -
algebra of fuzzy sets of X. Moreover, /r\1 fn = igf fne M for any
‘(fnl C M. A non-empty subset JMcM is said to be & Boolean algeb-
ra G-algebra) of an F-;quantum space (X,M) if (i) there are the
minimal and maximal elements O

A’

0, € T% 1(,( ; (i) a mapping A :f v £~ = 1-f, feM , satisfies

FVvEd = 1M for any feM ; (1ii) M is with respect to A, V, 1,

]V(G"M such that, for any fe M ’

1.« ,
=1/2 € M. It is simple that M is

OM yim a Boolean algebra (6 -algebra). We note that ?’4 #
in the opposite case OM
a Boolean @ -algebra iff f = £2 for any feM, i.e, M consists

from crisp cets,.

Let (Q, A) be a measurable space. We say thgt a mapping x:
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4 —»M is an L -observable(d- C_observabledof (X,M) if G) xU =
=1 - x(Wfor any Aecéd /here A’denotes the complement of A inf2 /3
(ii) xL&i) A= YXLA:.L\ for any finite (counteble) number of sets
from«k . For the quantum mechmmics it is of a great importnace the
case when A is the Borel 6‘—--algebra of some separable Banach
space Y, in particular, when Y = Rl' In this case we call X an
observable. The range of an(C;.) observable x, that is, the set
R(xy = zx(A\: Aé.B(Rl)} is a Boolean algebralb - .a%éebra) of (¥X,M)
with the minimal and maximel elements x{(@) and i‘calv , respecti
vely.

We say that a system {x,: teT}, where X, is a (b Jobser-
vable of (X,M) , has a joint (ﬁ-) observable if there is an R(.'D;
observable (B(T)—G'-v-obsex‘vable\ x of (X,M) , where ROI) (B(T))is
the minimal algebrs (G;algebra\ of R% containing a1l finite-di-
mensional rectangles, such that x(tHAt = tZL xtLAt) for any

A, € BQR) angl eny finite non-empty o < T,

2. Joint observables

Theorem 2.,1. Let { X, teT| be a system of(g—) observables of
an F-quantum space LX,M). The following assertions ere equiva-;
lent: (1) xswh = Xt(,QS) for any s,t T,

(i) XS(,R.D = x, (R for eny s,teT.

(iii) Any subsystem {xs,xtk , s,teT has a joint(b-)obaser-

vable.

Gv) {x,: t e T} has a Joint(6 -) observable.
Proof. The implication (iii) —=(i) 1is evident. Conversely)
for simplicity we put x = Xy ¥ 7 Xygo Denote by 3 -_-% AXB:‘ A,B€
3 B(Rf& and define = mapping n:¥ —» M via hxB) = xQAA
A yBY, ABe B(Rl) . Using the standardtechniques we may show
that h is a Y -observable of (X,M). Analogicely may be proved
the implication (iiid-s(iv).

For the case of © -observables, the proof of (i) —Uv).
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Since any Boolean algebra is isomorphic to some algebra of
subsets [ 87, the conditions (i) -(i%) for observables are equi-
valent in order to exists a Boolean algebra MM including all
ranges@\(xt) . Using the Zorn lemma, we may show that there is
a maximal Boolean algebra dlo of (X,M) containinglM; . We as-
sert that Mo is ;Boolean G -algebra of (X,M). Indeed, let ifdc
¢ M- Then £ = Vhis an element of M, and £V(1-f)= %, (R
for any t€&T. In fact, £fVQ-f) = max £3,1-£} = (1 + \2£f-11) /2 =
= ];}m (1+ l2gn-l\) /2 = Xt(Rl), where g = i\lzl fie,d\q o nyl,and
gv(1-gy = x,(R)ny 1. Define a Boolean algebra Mf =§xt(¢) ,
%{ R, £,1-£} of (X,M). The meximality of oM  entails M, ol .

The © -distributivity of M entails that M hes a 6 -strong
evtension property, for definition see [83, According to Sikors-
ki [8, Theorem 37.1) , the joint observeble x of X,M generated
by %xt: t&T\ may be extended uniquely to a Jjoint- ?—observable

of (X,MY . Q.E.D.

Let f: R, —> R1 be a Borel Measurable function and let x be
a & -observable of (X,M). Then by fex we mean a & -observable
of(X,M) defined by fox(B)= x(f"X(EY), E€ B(R)). According to
the terminology of the theory of quantum logics (see[ 97 ), we
say that two G-—-observables of (X,Mx and y are compatible if
x(g) = y@). |
Theorem 2.,2. Let §Xt: te T\ be a system ofG -observables of
an F-guantum s»ace LX,M‘). The following assertions are equiva-
lent: (1) %Xt: th} is a system of mutually compatible obser-
vebles.
@i %xt: te T( nas a joint G -observable. |
(i11) There is a measure space (8 ,¥),an # -measurable func-
tion g,:SL->Ry, and an ¥-6 -“obser'vable h of CX,M)
such that h(gi'CEY) = %, () for all t& T and Be BCR).
17, moreover, (¥X,M) is separsble in the sense that any Boolean

g-algebra of (X,M) has a countable generator, or that T 1s coun=-
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table, then (i) is equivalent to €iv) There exists a b -obser-
vable ¥ and measurable functions ‘tt: R, —»R; such that, for
all te¢ T, Xy = ft.x.

Proof. It follows from Theorem 2.1 and Theorem 6.9 of £91. Q.E.D.

Theorem 2.3. Let X;,...,%, be mutually compatible @ -observables of
an F quantum space (X,M) with a joint G'-vobservable x. If g is

any real-valued Borel function on R, then golXq,e0e,%X)) ¢BE—>
x(g"1(EY), E€BR), is a © —observable of (X, M. If gq,eee,8y

are real-valued Borel funetions on I% and y.

i = giO(Xl,...,Xn),

then Yqreees¥y are mutually compatible © -observables of (X,M),
and for any real-valued Borel function h on R o(Fqseeesdy) =
= (h(gl, cees8 N olXy,yeee,Xp) , where h(gy,...,8) is the func-
tion t = (tl, ooe ,tn)l-—a h(gl(’c),. .ol gkgt\) .

Proof. It is straightforward and therefore is omitted. Q.E.D.

Theorems 2.2 end 2,3 are of a great importance for building so-
called functional calculus for compatible G--obse]:‘vables. There-
fore, for compatible G -observables x and y of (X,M) we may de-
fine x+y, X.y, etc., if we put, for example, x+y = (f+g)o 2z, whe-
re x = foz, y = goz, according to Theorem 2.2,etc,

In the rest of this section we concentrate on the problem
of existence of a Jjoint distribution of a given system of mutually
compatible © -observables. For the gquantum logic approach to
quantum mechanics it is of great importanceyit is known U2 7 that
there are cases when it falls. By an F¥state on F:quantum space
(X,M) we understand a mapping m:M~—= [0,1] such that m(f\l(l-vf)) =1
for any f eM; (ii)m(\:{ fi\ :zi m(f;) whenever fiél—fj for
i#j. In the terminology of Piasecki [4) and F-:state is a P-measure.
Theorem 2.4. Let ?xt: te T} be a system of @ -observables of an
F-quantum space (X,M). The pairwise compatibility of %.Xt’» t's.T}

’
implies that there exists a unioue propability measure Nealled

. ) on the preduct Borel © -alge bra B(T)
a joint distributien of 3%,: te %%%ﬁm‘k
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#(E At) = m(t/e\’,_ %, (AD) for eny A€ B(R)), ted , and any
finite subset L C T in any F-state m.
Proof. According to Theorem 2,1, there is & joint G -observable
x of ilxt: teTf. Let us put /LL(.A) =nxQ@)) , A&BU). We |
assert that(}& [1 is o probability measure in question.Q.E.D.

The authors hope to study also the problem of qb01nt distribu-~
tion for noncompatible observables.
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