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On the base of Aumann integral ([1]) of a set-valued
funetion, M.L.Puri and D.A.Relescu introduced in [ 5] the
notion of a fuzzy rendom veriable by the"folloving way.

Let P fR) denote the set of all fuzzy subsets u:R—» (O,l)
with the properties: (i) = ixeR : u(x))el-} is compaet for
all L>0 and (ii) ut= §_x€ R: u(x)= 1} 3.4 ..

Let (.Q,s,P) be a probability space where the probability
messure P is assumed to be nonatomic.

Now, a fuzzy random variable is such a funetion x:.n.-»rom)
that }_(w,x): X€ x"(w) } € SxB(R)for every de {0,1) where
*: L — 2R ig definea by XHw) = {xe R: X(\.»)(x)?i} and
B(R) is the Borel @ ~algebra of R. A fuzzy rendom varieble X
is cslled integrsbly bounded if for every X% there exists a
function H*: QL — R, K¢ Li(P) such that |x| & h"iw) for all x,w
with x¢ X(w) ,d€ (0,1) . The family of 211 integrably bounded
fuzzy varisbles we denote by FV(Q). ,
Definition 1: For eny fuzzy variable X €& FV(Q)we define jde,

: | «. 4
A€ S as such ue FQ(R) for which ixeR: u(x)Z.L} = (A) 5){ dp,de (0,1>

A
where (A) SX" ap = { ffdP, fe Ll( P): feu)ex'(‘u)} is Aumenn integrsl

A A



of x* ,L€ (0,1), A€S. |
The proof of existence and uniqueness of this integral is
quite the seme as in [5] end is based on thg following lemma.
Lemme 1: Let M be a set and let S\M;:Le(o,nz be 2 family
of subsets of M such that (i)vno =M ,(ii)l,spimplies .M&?_ Mp
and (iii)obls 4/2$ cee lzi.mel?1 = o implies M¢,=n M, .

D-yoe n

=1 “n
mThen the funetion ? : M-><O,l> defined by ?(x)= suxﬁ,l}:x&h{‘}
has the property thati;tme M ?(x) >,.L} =M, for everyd.e((),l).
Lemme 1 is proved in [4] and we shell use it to the construc-
tion of a conditionel ex_pectation of any integrably bounded
fuzzy rendom variable.
Definition 2: Let s0 be a sub—G'-algebra, SOC_S and X:.Q-)FJB)
be sn S-messursble (i.e.{(w,x): X€E x“'(w)}e SxB (R)'«/.E@,l)) integ-
rebly bounded fuzzy random varisble. A conditional expectation
of X reletive to So (let us write E(X/SO)) is such & funetien
Y: Q) - FJR) thet (i)Y is Sy-measureble and

(ii) ijP = fXdP for all K€ S,
A A
Theorem 1: Let X€ FYLL) be S-messureble and S, be a sub-6-gl-

gebrs of S. Then there exists such a Ye FV({1) thst Y is S,-

messurable and SXdP = SIdP for every A€ So*

A A
The point how to prove this theorem is following.

Let z&) = (&) &x*dp,cke ©,0), ae Sge Every z&,;Le(o,l) is 2 set-

A
velued P-continuous meesure of bounded variation and then,

according to LQ])Theorem 4.3., every Z& has & Radon-Nikodym
derivative F* i.e, So—meaaurable set~valued funetion such that

Z.L(A) = (A)yl*;de, A€ Sy. The functions F, we can choose so that
A

there exists EC. with P(E)= O and for every we{\E a femily



9

{Féw) yol € {0,1)} satisfies the sssumptions of Lemmea 1 if we
define Fow) = Ry we Lo Define the function

u€ FfR) where u(x)= eup{o(,: xXe F;éw)} if wellN\E

Yw) =

\ Ve chi) where v(x)=<é :: ;OO if we E.

pow, Y is & version of the conditional expectation of X
relative to SO.

Let d denote: the metric in the complete metric space
(F&R),d) introduced in {5] Then the following theorem is
true:

0
Theorem 2: Let {xng n=1 C FY) and X € FV(f2) be such that for
every &€ (O,1> * and Xi‘l', n=1,2,... have compact end convex
velues end Xr&“)"'d—’x(w) for elmcst every welsk., .
Let €4 be & sub-b-algebrs of S. Let there exist X3 Ll(P)

| !
such thet sup IX| { &) 021,470 and g,elL (P) such thst

xexg@»

sup |x| & g4w for 4> O. Then E(X,/Sg) (W) —-9—>E(X/s&(w)a.e.

XEX“@«:)
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