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ABSTRACT

Definitions of the row rank, column rank and Schein rank of
a fuzzy matrix are given in (1}

Many papers on fuzzy mathematics established the these pro-
blems (as {1) == [6) ) and success fully given an algori-
them for solving the row rank, the column rank and the Schein
rank of any fuzzy matrix.

In this paper we put forward a concept of the fuzzy nonsin-
gular matrix and discusse preliminaly its propertes.

Keywords: The fuzzy nonsingular matrix, The fuzzy matrix of

a full row rank, The fuzzy matrix of a full column rank.

I FUNDAMENTAL CONCEPTS

Let fuzzy matrices A = (aij)mxn’ B = (bij)an and k€

{0,1) .+ The sum of the two fuzzy matrices, the scalar prod-

uct of a number and a fuzzy matrix, and the relation "g"

of fuzzy matrices are defined respectively as follows:

A+B = (aij + bij)mxn = (max {aij,bij} )i xn ¥
KA = (kaij)mxn = ( min {k’aij} )m Xxn ;
< i i <
ASB  iff Vi,3, ag;%b, .
The product of two fuzzy matrices ( A = (a,.) and B =
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(b, 5)

) is defined as follows:

+
AB = (cij)mxn = (KE;; aj.kbk;j)mxn

ijtxn
Under the addition and scalar product the set of all n-ary
fuzzy row (column) vectors forms a fuzzy semilinear space, de-
noted by Vn(Vn).
A vector set {X1,...,Xt}.E§Vn(Vn) is independent if and
only if there is notXi€ { X1,...,Xt} (i=1,...,%) such that
it is represented as a linear combination of elements of X1,
veesXy 19X g9 eeesXy. If there is some X, € {x,..., %} (1=
1 £t) such that it is a liniear combination of elements of
X1 9’ e .,Xi-’1 ’Xi+1 , ...,Xt) theﬂ Set {X1 ’...'Xt§ it Said to be
dependent.

The set of linear combination of all column vectors of a

my n fuzzy matrix A is a subspace of vo , denoted by C(4),

The rank f (A) of C(A) is number of vectors in minimum gene-
rating set of C(A), i.e. Dim C(A) = p(4).

Analogously define the row space R(A) and the row rank _j;(A)
of A,

A fuzzy matrix A is said to be of rank r if _f;(A) = .PE(A)
=r, writed by fP(4),

The Schein rank )’S(A) of a fuzzy matrix A is the least nu-

mber of rank 1 matrices shose sum is Ae.
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II FUZZy NONSINGULAR MATRIX

Definition 2,1 A mxn fuzzy matrix A is said to be nonsingular
if fr(A) =m and j’c(A) = n.

Definition 2.2 A fuzzy permutation matrix is a square fuzzy

matrix such that every row and every column contain exactly one
1, and other elements are O,

Definition 2.3 A fuzzy square matrix B is said to be an inve-

rse of a fuzzy square matrix A if AB =BA =1 , where I is
the unit matrix.
By definition for a fuzzy matrix of order nxn, we have that

Theorem 2.1 A fuzzy matrix A of order nxn is 2 nonsingular

if and only if all rows of A are linear independent and all
colums of A are also linear independent.

Theorem 2.2 A fuzzy matrix A of order nxn is a nonsingu-

lar if and only if fr(A) =fc(A) = P(A) =n,

Therefore By the theorem 3.2 in paper (7] we give that:

Theorem 2.3 A fuzzy martix A of order nxn is a nonsingular
if and only if fs(A) =n,

Proposition 2.1 Let A is a nxn fuzzy permutation matrix.

And let B is en arbitrary nxn fuzzy matrix. Then f (4B) =
f.(Ba)= £ (B), S(4B) = p (BA) = £(B), S (AB) = f(BA)
P(B). If a fuzzy matrix B has a rank , then f (AB) =
f(BA) =p(B).

Theorem 2.4 Let A is a pemutation matrix, then A' is an inv-

eres of A.
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Proof. Let
' ~
a seee 2
11 1n d11 [N ) d1n
A = o0 e o006 oo ’ AA' =D = eoee oo oo [
d [ X X ] d
a see & n1 nn
Ln1 nn |

Since every row of A constains exactly one 1, so that

7n
d.ii =£:‘," aik aik=1 (i=1’...,n) .
Let in row i of A the t-th element is 1. If i==j, since in

conlumn j of A' the t-th element is not 1. So that

7
Therefore D = I, Similarly may prove that A' A =1,
Therefore A' is an inverse of A.

Theorem 2.5 A fuzzy matrix A there is an inverse if and only

if A is permutation matrix,
Proof. <= By the theorem 2.4 we have that
A'A = AA' =1,
Therefore A there is an inverse.
=> If A has an inverse B, AB = BA = I. Suppose that A is
not a permutation matrix.

‘(i) If some row of A not only contains one 1, but also con-
tains one ﬁon-zero element. Without loss of generality, we let
the row 1 of A is (1,a8,0,...,0),(0<a<1). Since AB = I, thus
the column 1 of B is (1,0,*...*)', and the column 2, ... ,
the column n of B are (0 O *...*)', i.e.

/1 o) o Ow
0

O O L N ]
B — * * *

p——ni LI
s s 0 s e 0 LR X N J LN

\* * ce e *)
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So that
r* (X X ] * )
0 oo o
BA= * [N} * *I.
K* LI ] *J

This is contradiction.

(11) If some row of A not only contains one 1 ,‘but also
contains non-zero elements, similarly may porve that there
exist a contradiction.

(iii) If some row of A contains not 1, then for any B,AB =% T,

Therefore every row of A contains exactly one 1, and other
elements are zero.

Analogously may prove every column of A contains exactly
1, and other elements are zero.

Therefore A is a permutation matrix.

By this theorem we see that a fuzzy matrix with there is
an inverse, in fact, is a Boolean matrix.

In fuzzy mathematics "a nonsingular fuzzy square matrix"
and "fuzzy matrix with has inverse matrix" are not equival-
ent concept .

For example

0.1 0 0
A=l0 0.2 0
0 0 0.3

is a nonsingular matrix, but it there is not an inverse
ma'trix .

On the contrary we have that

Theorem 2.6 If a fuzzy square matrix there is an inverse matrix,
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then it is a nonsingular metrix.
In fact, a fuzzy square matrix A there is an inverse if and
only if A is a pemutation metrix. And every pemutation matrix

is a full row rank and full column rank. Therefore A is

a nonsingular matrix,

Theorem 2.7 Let A is a nx n fuzzy nonsingular matrix and B is

a nx n fuzzy matrix., If pig { 2;41248% {b;} , then C.(AB) =
Pr(BA) = p.(B), p@(4B) = @ (BA) = p(B), @(4B) = . (BA)
=fs(B). If B has the rank, then P (AB) = p(BA) = p(B).

Proof. Obvious.

Theorem 2.8 Let A is amxn nonsingular fuzzy matrix, and

3 } <
let B is a nx t fuzzy matrix. Ther:t S.(AB)< p (B).,

Proof. Let P (B) =c, and let'is B = (By ... B, ... B,),
Without loss of generality, we Suppose {B1,...,Bc}' is a basis
of C(A). Then BiseesyBy are the linear combinations of Bysoee
By, « Let B, =o( B, + ..o +to¢, B (i=1, eee ,t)

ic ¢

Thus ABi = A( O(i1B1 + ...ﬂxich)

=XghBy * eee ko ABL (i, 000,t)
That is AB1, oo ,ABt are the linear combinations of AB1,
L N 4 [ ABC. .
Therefore f’c(AB)s c =ﬁc(B)-
Notice that it is uncertain whether p (4B) = o (B) or
rlaB)< P (B).

Example 2.1 Let

0.1 0 ¢} ‘ 1 0.9
0 0o 0.3 , 0.8 0.7} .

Then
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0.1 0.1}
AB = OQ2 0.2
003 003 [}

Obvious A is a nonsingular fuzzy matrix end 1 = fc(AB)< 2 =
Lo(B). If let

0.9 O O 0.1 0.2
C = 0 0.8 O D=]0.2 0.3
0 0 0.7} , 0.3 0.4] .
Then
0.1 0.2
CD =| 0.2 0.3
0.3 0.4]

Obvious C is a fuzzy nonsingular matrix and fc( CD) = j’c(D)
= 20

Corollary Let A is a m xn fuzzy nonsingular matrix, and let
B is & txm fuzzy matrix. Then P (BA)< f (B).

Let a mxn fuzzy marix is
X

A= = (Y1 coe Yn). (2.1)

Pleoe

m
all rows of A are a linear independent if and only if there
extist not X, € £y -00 »X } (i=1,...,m) such that it is
repersented as a linear combination of elements of {X1 9 ooe o
Xi—1 ’Xi+1’ cos ,Xm} , if and only if equations
Ky = XXy eee g Xy g xR b e 5

(i= 9 oo ,m)

there are not a solution. If and only if fuzzy relational

equations
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, i-1 _
(x1 see xi_1 xi+1 ) xm) —Xi (i=1, ...v’m) (2.2)

there are not a solution.
Similarly a8ll columns of Ais a linear independent if and on~

ly if fuzzy ralational equations

/y1 N
(Y, oo ¥, ¥ v YNy (etyenem) (2.3)
1 oo j-1 j+1 L n Yj+1 j J=lgeney .
{ Yn J

there are not a solution.

In summary we have

Theorem 2.9 Let as A as (2,1). A is a fuzzy nonsingular ma-
trix if and only if fuzzy ralational ‘equations (2.2) there
are not & solution, and fuzzy ralational equations (2,3) th-
ere are also not a solution.

Example 2.2 Let

1 0.9 0.8
A = 0.9 008 007
0.8 0.7 0.6

Since

(0,9 0.8 0.7
(X2 x3) = ( 1 009 008),
L 0.8 0.7 0.6

1 0.9 0.8
(0.9 0.8 0.7)

(x,

™
W
ll

L 0.8 0.7 0.6
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1 0.9 0.8 ( )
= 008 007 006
(x4 ) 0.9 0.8 0.7
there are not a Solution. And since
(1 0,9Y 7. ) (0,8)

0.9 0.8 0.7
v )
0.8 o0.7)J72) 10:6) 3
(1 . {0.9)
0 8} fy1\ 9

0.9 0.7 0.8
3
LO.B 0.64 \ J LO.'?‘

(0.9 0.8)(.) (1)

008 0-7 009
Y3

0.7 0.6jL 7} 0.8

/

there are not solution.

Therefore A is a nonsingular fuzzy matrix.
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