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MEASURES OF FUZZINESS OF FUZZY CLUSTERS

Badko Mesiar, Sldvim Bodjanovd
Bratislava, Czechoslovakia

Introductian

Fuzzy clustering algorithms yield fuzzy partitions as cluste-
ring selutions for partitioming finite data sets. One of the ways
for evaluation of elusterimg results is te measure the amount
ef fuzziness of fuzszy partitioms. Some measures of fuzzinmess of
fuzzy elusters are givem in [1] , [2] . The aim ef this paper is
to develope an axiometie freamework for the measures of fuzziness
ef fuzzy partitions and to demonstrate a simple mesm for their
comstructing.

l. Prelimimaries

Let X = {xl,xg,...,xn} be a finite set of vectors im p-dimen-
sional Euclidian spaceg let us denote the class of all fuzzy sets
built on X by L(X). L(X) can be partially ordered by relatiom <4
called "sherpened™ ( De Luca and Termini [3]) defined for all
u,ve L(X) as follews:

1

v <_,u iff va)< u(x)<? and v(x)fzu(x)>-]§'-' (1.1)

8

De Luca and Termini [3] imtroduced for every fuzzy set uec L(X )
a measure d(u) of its "fuzzimess". This measure satisfies the folle-
wing conditions:

(1) d(a) = O iff for eamch x<X: ux) = O er ux) = 1 (1.2a)
(2) d(u) is maximum iff for each xeX: u(x) = % (l,Zb)
(3) if u,ve L(X) are such that v < , u then d(v) = dw) (1.2e)

Iet us denote the usual vector space of real kxnm matirices
ty Vi Partitions of X are defined ir [2| as follews:

Pp = iU‘e Viyn? Uy 5 € 50,1} for all i,j; Zi Uiy T 1 for all j;

l u; 5~ 0 for all i j, (1.3)
5 *d

H

¢<0,1) for all i,j; z
i

% uij‘>0 for all i_} . (1.4)

Poyp = EU-(:VH; Yy 5 5 1 for all J;
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We eall Pk the hard k-partitiom spaece and Pfk the fuzzy k-parti-
tion space associated with X. Beddek [2] used so ecalled classifi-
cation entropy as a measure of fuzgziness of UePfk

H(U) = - % Zigh(uij) , - (1.5)

where h(uij)z ui.j‘logauij for u,.>0, h(0) = 0, a is a real

constant, a >1,

Backer [11 proposed many quantitative partitioning charseteriza-
tions. Some of them are based upon the measures of fuzziness

of fuzzy sets ( by De Lucea and Termini ), e.g. for Uc Poyt

-1 &
Y(U) =1 = 'i%f i sz=r+‘ d(u,n us_) (1.6)

r=1

letting éwrm u's) be a measure of fuzziness eontained in inter-
section of fuzzy clusters U,y Uge

2, Sharpened fuzzy partitions

Definitiom 2.1.
Consider U,W€P,.. W is a sharpened version of U denoted by W+ U
if and only if

wijéuij<% and wij»2m13.>% . (2.1)
It is easy to show that relatienw{ satisfies the following
properties:
1) Py is partially ordered by 4

i) U= [%1 is a minimal element of P,

i11) for each UcP,: if V{U thea V = U.

Theorenm 2.1.
Partition Uc Pfk has & sharpened version Ve Pfk - {ul ifr there

Theorem 2.2,
Consider U,#c P,y , W« U, Then for j=l,...,m:

——

9 ) (ay- B 2Ly (2.2)

i
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k

k-1 k k-1
ii\) g?i ;l iurj ) qu‘ 1% s=r+ lwl’j " ¥ (2.3)

3. Measures of fuzziness of fuzzy partitions

Definition 3.1. :

Consider & real nonnegative function )’: Pfk——>R. This function
is ecalled a measure of fuzziness of partitioms from Pfk iff the
fellowing properties hold true:

Pl {(U) = ‘f(U ‘P) | where UP) is any permutatiom of U, (Bela)
P2 Y(U) = @ 1iff Ue P, (3elb)
P3 ¢(U) is meximum iff U = &], (3.1¢)
P4 if WAU then y(W)< [U). (3.14)

Theorem 3.1.
Let £ be a real function on<0,1) satisfying one of twec next
conditioms i), if) and the condition 1ii):

y -x 8§ -r
Osxcyé% %‘é r<s<l
ii) € = sup £ = £x) v —< X) _ ypp L0 =SB l - i‘(r) = D,

Oﬁxcye% %srzssl

i11) 4 - 8% + (c-D)°® # o
Then there exist eeastants ’ﬁ go that

Y(u) =0oizazf<uij) + /8 (3.2)
is a measure of fuzziness of fuzzy partitions from Por

and %(U): 1 for U= ﬁ:l‘

Proof:
We prove the cese A=>B,
Let V4 U, Then for j=l,...,n we have

L) - . L)) = ) - ., . | ) - .:)) =
Zi (f(uia) f(vla)) 2 (£ (t;ia) f(via)> + _5_ (£ (‘{ia) f(vla))
V.= 5 V; o< 5
ij7 k ij~ k

Z A 024(\1{13" vij) + Bo?__ (‘{“ij - Vij) =
Vi Sk Yii k
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s
o Vijcx
sé thatz)_f w,:) < Z}_f(u e
T3 iJ 153 iJ
Now it is emough to assure {(U)= 1 for U = &] and Y(W) =
for Ve Pk’ iees
‘;Conpkcf(‘]") = 1
and Kol (2Q) + (k—l). £(0)) +,/3= 0.

This system hes a solution iff k.f(E) #£(1) + (k-1). f(O)
If A >B, then we have:

k£(E) - £(1) - Ge=1). £(0) = (k=1).A. § - Be(1- §) = 55 (2-B)>0,

If A =B, then C # D, From C=A = B=D we get C>A or B>D.
Let e.g. C>A. Then f(%)- £(0) > A, % , 80 that
ket(}) - (k-1). £(0) - £V > &-1) s Ae § - B.(1 - )= 0.
Then the comstants . ,//a’ are as follows:
1
A= EKEE) - (&-1). £0) - @] °

== - GD. Q)] fen .

Cereollary 1.

Let £2<0,1>—> R be any nonconstant increasing em (O, 'E>

and decreasing on ( % 1) function. Then there exist conmstants
y /3 so that the function defined by equation (362) satisfies

the properties Pl - P4 in Definition 3.1,

Cerollary 2.

Let £3.0,1>—> R be any convex or any concave nonlinear functionm.
Then there exist comstants &£ , 3 so that the function defined

by equation (3.2) satisfies the properties P1 - P4 in Definitiom 3.l.

Examples:
The fellowing functions are measures of fuzziness of U« Pfk:
— 5 | _
K 2 1 ,.

94U = 1- i%(uij - &) (3.3)

7 1) 5 .2 »
B (U) =1 = —EZum (304
)1 3 44 v )
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¢ Vg(ﬂﬁ: H(U) (see (1.5{2 -~ (3.5)
9 fpW=1 - 2‘3(‘5}-‘17'21 g ‘“1;; - ;l (346)
e fS(U)= n - L max uy (3.7)

J i

The functions 7§ - }i are comstructed by Theorem 3.1.
Function Vg shows that there are also another means for construe-
ting ~* measures of fuzziness of fuzzy partitions satisfying
the properties P1 - P4 in Definition 3.l.
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