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FINITE _ROUGH SETS_AS_PROBABILISTICLIKE FUZZY SETS.
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(Nicola Umberto ANIMOBONO - ROMA / Italy)

Pawlak [1] introduce the concept of rough set and he [2] show
that the rough sets are not reducible to fuzzy sets [3] expres-
sed by three-valued membership functions and the their basic
set-theoretic operations are not compatible,

On the contrary, Wygralak [4] show that the rough set theory
can be expressed in 3-valued fuzzy set theory language using
hetereogeneously defined operations,

Here, finite rough sets are expressed by means of fuzzy sets
and probabilisticlike operators.

Key-words. Triangular norms, probabilisticlike operators,
fuzzy sets, rough sets, boolean, zadhean, pawlakean,

Notations. # A is the cardinality of the (crisp) set A;
\/ is the sup (or max, if finitely) operator;
/\ is the inf (or min, if finitely) operator.

=mEmoomnms

1.Fuzzy sets.
bounded-
Let 1 be a universe of discourse,A aquattice and

AJ'L ={J1—)A} the totality of the maps fromJlL to N .

Def. The 3-tuple F = “,A,JL LA ) is called zadhean
~n
fuzzy set F and the map/” is called fuzzy membership
P
function of F,

v N
The collection QA W) = { f,n ,pw )'}“A} is called y
fuzzy zadhean ofJL (i.e. the totality of the fuzzy sets F
in L in the sense ofA).
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Remarks. For short but improperly, we write also

F=(@,A ,JLL>A) where ¥ represent the fuzzy set
and its membership function,

When we considere the subset /i, = {0,1}4_[\, the 3-tuple
R,A, N>A,) is called cantorian fuzzy set and the subset
Q;‘(ﬂ) = {(A,A,/*)I}we/\?} is called fuzzy boolean of JL.

Through isomorfisme, a cantorian fuzzy set is a crisp
set of /L and the fuzzy boolean is the boolean
B) = {a]a g_n} (totality of the parts of JL ).

Here, we considere the lattice A =[0,1] = {xe R l O£x51} .

3. Triangular norms [5] .

Def. A binary operation * in the real unit interval [0,17,
i.e., a function T: [o,1]><[o,1]—>[o,1] , is called
triangular norm (shortly, t-norm) iff it satisfay the
following conditions:

i) a % (b % ¢) (a % b)¥ ¢ ,

ii) axb=Dbxa |,
iii) ax b sc ¥ d if agc and bsgd ,

iv) a% 0=0andax1=a .

i

The dual binary operation/® , i.e. a function S :
(o,1)x[0,1)—[0,1] , defined by: a@b = 1 - (1 - a)¥(1 - b),
is called t-conorm : it ful?ills the conditions i)ii)iii) and
iv') a®1 =1, a0 =a .,

Moreover, if % is disgributive, then: a@b = a + b - ax b.

Examples. Important examples of t-normsT and their
t-conorms S are:
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aA b if aVb

i}
Y

Tw(a,b) =
0 if aV b <1
E1)
aV b ifafAb=0
Sw(a,b) =
1 if aAb> O
T,(a,b) = alA b
E2)
s, (a,b) = a V b
=0V (a+1b-1) [bounded difference @]

' Tb(a,b)
E3)
Sb(a,b)

Tp(a,b)

1/ (a + b) [bounded sum @:}

8 . b [algebraic product‘]

E4)

Sp(a,b) a + bea,b [alg.(or probabilistic) sum]

Remarks, We can define a partial ordering ‘< on t-norms,
with: T3 1" i T(a,b) < T'(a,b) ¥ (a,b)¢ [0, [0,7] .

If%’ is the family of all t-norms, results:
r,4rdr, Vel

and for the dual family S
s, % s% s, V¥sef.

In particular: T 4 Ty 3 T, 3 T, 4 s

.S 5,35, &5,

3. Fuzzy set-theoretic operations.

~ -~

Let”bed% = QA(Q-) the zadhean ofJl .
If A, B¢, we define:

A complement of K,

XNB  intersection of A and B,

iy ﬁ union of A and B

in the following way:
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s d ~ ~

A' = C where C(x) = 1 - A(xY V xelfl,
ANB =0 where B(x) = &(x) % B(x) ¥ xest,
AuB =E where E(x) = A(x) @ B(x) v XedJdl ,

with % and® t-norm and dual t-conorm, respectively.

In particular, we have:

by set-th, expressed by with algeb,

operator operator
E2 n t-norm T z /\
" U t-conorm 5, vV

[ e T T e e e e e e e e e e e et cm——— . e e e

~

~ ~ a ~ ~ ~ ~ ~ ~ ~
Results: AA B€ A, BS ANBS AUBSATBEAYUB.,
Zadeh in [3] use the t-norm T  and t-conorm £,.

4. Fuzzy [sublspaces.

~ nv
The algebraic system ? = (&,U,N, ") is called
fuzzy~space, whi]&e (é",U s/, ') is called fuzzy subspace
when 8°¢%  and 2° is closed for U,Ngnd ' . The fuzzy
[-sub]space (é, i, :, ') is called probabilistic fuzzy
[subJlspace.

B. ROUGH_SETS.

s i e g tman s o o s

Let JL be a universe of discourse, (B:CB (JT) its boolean

and TV =TT ({1) the totality of its partitions.

It is know that if we(l then is ¥S&, i,e, J the immersion
map iﬂ,:ﬂ’—*oﬁ such that ig(®*) =o Vae€ .

Let me TT be ( m‘,,« is the equivalence relation associated

to ¥ and, in this section,(ﬂy is called indiscernibility re-
lation).
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Let f]trbe the map x —» fx]_v so defined:
if xen 31, and only 1 yMerw such that xeW s ;[x]f is
called equivalence class of x in the sense of ¥ .

1.Pawlak's rough sets.

Def. If P ¢ F and p,Fc®, the couple P =(P,P) is called
Pawlak's abstract rough set (inJdl in the sense of % )
while if PS , the subsets of L

2=gEe ¥000 o ¥ e owe ()

define the triple P = (P, P, P) called Pawlak's concrete
rough set and the set P is called its support.

v
The set P = P - P is called the rough boundary.

il

The couple 6 (L ,% ) is called approximation space of
JL in the sense of w .

(X4

The collections ﬁ and (P of all P and P are called the
abst®ct and concrete pawlakean of n, respectively.,

2.Rough set-theoretic operators.

From here we only deal the concrete pawlakeanﬁ .

¥e

If A B€<r” s results:
'_’éu;SAUB AUBC¢EXUEB=XUB and

ANB=ANBESANBSEABSEANTS

Prom this inclusions it is clear that if we want to define
in (ﬁ the set-theoretic operators "union", "intersgsection"
and "complementation", we dont meet a naturel formulation,
because AUB =AY Band AN B = A N B not hold in
general case, But if we privilege the support set and its
set-theoretics operators, we can define in natural manner
the rough operators UJ y 1 4, . We pose:
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—h=cC where C = /L - A, L - E, U - 1),
AUB=D " D= (AU B, AU B, £U B),
AMMB=F " E=(ANB, AN B, £~ B).

The algebraic system (fo ,l} ,N ,~ ) is called rough space.

T T i e o R e e o W vn o T e e o e e et o oo
PR R e o e e e ecr oo fend

In the rough and fuzzy set theory the main idea is the
membership predicate., In this theories one can say that

x surely or possibly belongs or surely not belongs: the
difference between Pawlak's and Zadeh's theorys consiste

in the various meanings of the word "possibly"., For Pawlak

the possible-membership values are ill-know, for Zadeh
this values are know, gradual and notequalg If we give
a constant value for the rough-possible, the rough set-
theoretic operators can modifier this value; on the con-
trary the max and min operators dont modifie the corres-
ponding fuzzy-possible valme. Consequently it is neces-
sary to find a good link between rough-membership value
and fhzzy-membership value,

1.Representation problem,

ne ~
Let JL be a universe of discourse andd)é " (76 ,% its

boolean, pawlakean and zadehan, respectively. Moreover,

_‘é = (f’U’ms-’) and %’ = (}i ,O,;‘,’;J)

are any associated algebraic systems,

If we want to find a connection between rough and fuzzy

sets, we meet the classical representation

s -

Problem: is it possible to f£ind a map u):{?’*’s} such

- W@AOB mw@ew©)w® =103
- w @AAB) =w@)w A)w(@B) =AA B
- WG A) = (5 )N(A) = AT 9

that:
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Naturally the startlng point stand in the association
between A and A =W (A), whence it is necessa.ry to find
a good membership value 1n§« s When x€A4, xeA xedl - &,

Now we go to examine this problem through the Pawlak's and
Wygralak's approachs.

Ly

o
A natural way consist in A 25 A where:
1 when x¢ A
A(x) = 0 " xfﬁK
v
1/2 " X¢ A

In this manner, Pawlak r2] examlne the present problem
in the case (P ,U ,MN ,~ ) and (’{ U,n, '), wheme the
answer is negative: he remarks that

(w (AU B)) (x) # max (A(x),B(x)) eand
(w (ATTB))(x) # min (A(x),B(x)) in the general case.

Against this handicap, Wygralak [3] instead propose
hetereogsneously defined operators.

2.Wygralak's rough operators.

Here we repeat the Wygralaek's mmkmkisms propositions and
their notations, where U is the universe of discourse,

Proposition 1. - For any rough sets Y, Z and for every xeU:

max (0,¥(x)+Z(x)-1) if Y(x)=Z(x)=1/2 and
[x] nniZ)=¢

(YN 2)(x) = k
min (Y(x),2(x)) otherwise,

Proposition 2, - For any rough sets Y, Z and for every xeU:

min (1,¥(x)+Z(x)) if ¥(x)=Z(x)=1/2 and
['X]( YV Z
R

(YU z)(x) =
mex (Y(x),2(x)) otherwise,
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Because in 1Top and 2Top is allways Y(x)+Z(x)=1, we can
give a semplified formulation of Wygralak's propositions.

v 14 i ) oee 7
V i,5¢d® ana Yxeq , ifo () = %, results:

0 if fonE
(w (AT B)) (x)

K(x)/\ "]'3(x) otherwise;

1 if x€AUB
(w (AU B))(x)

~N ~
A(x)V B(x) otherwise,

This formulation avoide the expression "heteregeneously
defined operations".

3.Finite probabilisticlike fuzzy space.

Let SL be a finite universe of dlscourse,é its boolean,
‘3; its zadehan and '.re'T a partltion of SL ,
VvV Fefy we pose this map: _fL__A{[\ so defined:

#( [:ﬂvn F)

(x) = Vxes.
/* <. )

N
Results: ¥ = (n » ) o )63‘ and F' = ( ,A ’/qu-F)
Moreover, if A,Be @ we can define a t-normTz

“’(["7,, N (AN B))

x (=],

/uA(x)T/uB(x) -
and its 1:-c:onormJ~ :
Jal® Ly <@gl - </~A<X>T/w3<x)) -

#( 1, 0 A)+ #(E*JVAB)-#@‘]“I\ (An&))

|

# [,
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The corresponding algebraic system (2 ,-L ,T, ') is a
finite probabilisticlike fuzzy space, where in particular
results: FLF' =R and ﬁ‘% Fr o= 6!. In this space the
fumzy sets are expressed by 3-valued membership functions,

4,Rough sets as probabilistickike fuzzy sets.

1134 ~
Let fL be a finite universe of discourse and 03 A /1 its
boolean, pawlakean and zadehan, respectively; and moreover
given the algebraic systems'-g (07,U o[1 571 ) ? = (’l_], T ")

oot ~

Proposition. There is a map w!: ‘f_? ‘3" such that:
D wW(AU B) = w (A)w (U )ow (B) = A1 B

2)W(@ENB) =w (A)« (7 ) (B) = AT B

3)W( qA) =w ()w (A) = A" ,

~

@N—#Q

1]
]

between d’-" and (fa there is a 1-1 correspondance (trivially

If we write the diagram:

PB>a ¢ j, (4, A, ©)e ). Moreover, let q be the corres-
pondance defined by q(4) = X, where its membership function
is the map//l defined in 3 of this section:

#( A)
X-&A__D [X]rn Vxéﬂ .

W (=],

Results: W(A) = q(j(A)) = q(A) ="A and 1),2),3) are
satigfied,

5.Conclusions,

For Pawkak and Wygralak, when x stand in the rough boundary,
its value is allways constant and equal to 1/2; in this
papger it is constant but only into the equivalence class.,.
Practically if we have, into the indiscernibility class,

for every element, a non-principal know information (a
measure), we can try an approach to the discernibility.
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