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Abstract

In this'paper, we'll discuss the problem of the existence of
the 1imit of the sequence of fuzzy numbers and give some impor-
tant theorems of fuzzy numbers: monotone convergence theorem,
nested intervals theorem, Cauchy criterion for convergence, ac-

cumulation principle, etc.
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{1} has first introduced an importanﬁ concept of the fuzzy
distance of two fuzzy numbers, and given a concrete fuzzy dis-
tance, which possesses almost every property of the absolute
value of real numbers, and defined the 1limit of the sequence of
fuzzy numbers in the tuzzy distance, and obtained some results
similar to those of the limit of the sequence of real numbers.
In the paper, we'll give some important theorems on the exist-
ence of the limit of the sequence of fuzzy numbers,

Let A* be a class of some subsets of F*(R)[1], and A* has
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the properties:

1) Whenever A ¢ A*, if A is upper bounded, then there exists
sup A € F*(R);

2) Whenever A € A*, if A is lower bounded, then there exists
inf A € F*(R).

Obviously, A* is nonempty.

Definition 1. Let a, b ¢ F*(R), a £ b, we define

2, b} 2{x a<xé£b, x ¢ F*(R)},
then (a2 , D] is said to be a closed interval.
Similarly, we introduce
Definition 2. Let a, b ¢ F*(R), a ¢ b, we define

(a, b) 2 x5 2<x<b, x e xR},
then (a , b) is said to be an open interval.

Definition 3, Let ign} c F*(R), if

2n £ 2n+1s
for every n, then'igng is said to be a monotone increasing se-
quence of fuzzy numbers. If

an+1 £ 8p»
for every n, then {gn} is said to be a monotone decreasing se-

quence of fuzzy numbers,

Theorem 1. (Monotone convergence theorem) Let {gn} € A*,

1) If a, is a monotone increasing sequence, and has
upper bound M ( # ® ) € F*(R), then fa,} is convergent, and
lim a = sup {2, };

n

2) If ign} is a monotone decreasing sequence, and has
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lower bound m ( # « ) ¢ F#(R), then {2y} is convergent, and

Lin o, = 12f {eol-

Proof. 1) For arbitrary given § > O, by using definition of the
least upper bound, there exista an integer N X O such that

sup {a.t ¢ ay + €.
n>1 { n} N

Since {gn} is a monotone increasing sequence of fuzzy num-

bers, then

a_ % su a L g+ £ a +
=n né% i—nx =N € %2, ts

as n X N, therefore, when n ® N, we have

8a, , sup {a,1) £ a, , 2, + €)= £CE, 0) =¢.

N
That is to say

1lim a_ = sup fa 1.
na® n1 18n}

2) Similar.

Theorem 2. (Nested intervals theorem) Let ﬂgn , Qnﬂ is a

closed intervals sequence of A*, if it has the properties:

1)§_n£_a_ L b

L = L N ] . o @ .
n+ 1 -n+1 - bn’ n=1, 2, ’ §1’ D] # @)

h 0 Rp)=——=>0 (n —— ),

2) f(a
then

lim a_ = 1lim b_ % a,
Neo 11 nae 1

and a is uniquely common point of the closed intervals.

Proof. By hypothesis of theorem, we know

a ééa éooo cooéa —e s 0 coné b"

21 é 22 Diee ese En Deee oooé §1,
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therefore ‘én} is a monotone increasing sequence, and has upper
bound 21,,§pn§ is a monotone decreasing sequence, and has lower

bound aq. It follows, by using theorem 1 that

1im a_ = su a\;
new R né? 12n} 3
1im b. = inf ib 1.
N> -n n1 S. —nB

Consequenlty, we have

a %4 1lima_ and lim b £ b, .
K hse Na 1 K’

for every integer k > O, from theorem 3.611]

A L g
a &£ lima £Db, g %1limb £ b («)

N n=w
for every integer k » O, Therefore, we have

ﬁ(%iﬁ a, %1: b)) = 2-8(g , b ),

for every integer k > 0, it follows that

0 £ f(1lim a 1im b ) = 21im f(a b ) =0
fl(n->oo 00 nae TN k%w'ﬂ(_k » B ’

that is to say

|_-l
Tos
=
D
i

1im b = a.
nee I N-ac I -

inf b }, we have
n21 nx1

a ¢ la, » byl
for every integer n.
Suppose also that there exists a' with
a'e la, » byl

for every integer n, it follows, by using theorem 2.2.6)I 1

.

that
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£(a , a") = 2'.(’.(211 ’ _tln)a
for every integer n. Therefore
En ? =pn

04 f(a, a') = 21lim P(a b ) =0,
n-=¢

thus
&a ,
Definition 4, Let &gn} c F*(R), and has bounded, we define

a') =0 or a=a'.

Iim a_ = 1im sup §{a_};
nso O k+w nxk i ng’
lim a_ = 1lim inf {a 1}
new ©  kawo ndk t8n},

then 1im a , lim a are said to be the upper limit and the lower

N0 n-

8

limit of {a.}.

Theorem 3. Let {a 1 e A*, 2 F*(R), then 1lim a_ = a if and

NN n
only if Iim a, = lim a = a.
N+ n-+ew
Proof. Necessity. Obvious.
Sufficiency. For any & > O, since lim a_ = lima_ = a, we
nao nae 1

can always find two integers Kqs K2 > 0 such that

P(sup a2,y , 8) 4 2¢&,
nxk

W

as k K and

19

f(inf {:a.n} , a) ¢ +¢&,
n2k

as k ® K,. Let K = max(XK, , K,), when k > K, we have

5
_ﬁ(igi {an} » sup fa ) ¢ €.

On the other hand, for every k, we have
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inf §a £ a £ su a
néki—n} & néf{’i——n"

thus, when k 2 K,

f(é , inf Sén}) < ¢ ’
nk ,

it results that

(g » 2) = B(g 33}1; fa 1) + _F(igi a3, 2)

3
L C + ;—f :-i-f,
as k > K, that is to say

lim a_ = a.
nes 1

Definition 5. Let {gng ¢ F*(R), then ja,} is called a fun-

damental sequence, if for any ¢ > O, there exists an integer N>
0 such that -

£(a

naém)LE;

as n, m > N,

Theorem 4. (Cauchy criterion for convergence) Let {a 1t € A%,

then ﬁgn} is convergent if and only if {gn} is the fundamental

sequence,
Proof. Necessity. Obvious.

Sufficiency. For any ¢ > O, let m = N + 1, then

.g(.@.n ’ 'a'N+1) <t ,

as n 2 N. Therefore
- ya
ayer ~E5 8p = By t
as n > N, hence
a - & inf { g £ sup fa £ a + €
ner T € €I {2y} S P iZ} S By ;
as n 2 N, By using theorem 1 and definition 4 that




a - f £1lima_ 4 lima_ £ a + £
N+1 neo 0 naw O N+1 ’

this shows that

e(lima_ , Iim £ 2¢ .
Naa 1 nsn 1

Consequently,

lim a = 1im a. = a € F*(R

Aoe ~ 1 N> 2 € (R),
from theorem 3

lim a_ = a

naw 1 -

Definition 6. Let ‘A < F*(R), £ be a nonempty class of open

intervals of F*(R), we say that A is covered by £, 1f for every
a e A, there exists at least an open interval Q (0 € £) such
that a ¢ Q.

Definition 7. Let A ¢ F*(R), a, b¢ A and a ¢ b, A is called

a M-closed interval, write [a , b]*, if for every ¢, d € A, with
the following properties:
1) atc<d£b;

2) (¢ + d)/2 € A,

Theorem 5, (Finite covering theorem) Let [(a , bij* ¢ A*, a, b

£w, if [a , bI* can be coveged by a class £ of open intervals,
then there exist finite open intervals Q; € £ 1 =1, 2,++ccceyn
such that {a , bJ]* can be covered by £' = {Oi; i=1,2,000:4,n}

Proof., Suppose [a , b]* cannot be covered by finite open inter-
vals of £, then there exists at least a closed interval{a , ﬂ%%r

or {gég , b]* which cannot be covered by finite open intervals

of £. There is no harm, suppose [a , (a+b)/2]* cannot be covered
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by finite open intervals of £, and we have
£(a , (a+b)/2) = 3f(a , Db).
Let a, = a, b, = (a+b)/2, that is to say la; , b,1* cannot be

covered by finite open intervals of £, thus there exists at

least a closed interval la, , (g1+§])/2]* or [(g1+g1)/2 y b,I*

which cannot be covered by finite open intervals of £, we write

12, 22]* and have
f.(éa ’ 92) = %ﬁ(é y b).

Repeating the procedure step by step, we obtain{[gn ’ gn]*}
with the properties:

)N
o’

1)§£-§1£_a_2 é-oo‘_‘_a_ fnuoéb é-o.‘_:b éb

2) f.(.@.n ’ .b.n) = ;n f(.@. ’ _b.)’

%i’;f(én ’ .b.n) = 0,

therefore, by using theorem 2 that there exists unique ¢ ¢ [Qn ’

Qn]* n=1, 2,+++, according to the definition of fgn s Qn]*,

¢ cannot be covered by finite open intervals of £. On the other
hand, since ¢ ¢ [a , b1* and [a , b]* can be covered by £, then
there exists at least an open interval Q ¢ £ such that c € Q.
This shows that [gi, bl* can be covered by finite open intervals

of £, and compete the proof of the theoremn.

Definition 8, Let A <« F*(R), a ¢ F*(R), A contains infinite
fuzzy numbers, then a is said to be an accumulation point of A,
if for any § > 0, (a~-¢ , a+§ ) contains infinite fuzzy numbers

of A.
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Theorem 6, (Accumulation principle) If A < [a , b]* and A

contains infinite fuzzy numbers, then there exists at least an
~accumulation point of A.
Proof. Obvious,

Corollary, If {gn] cla , bj*, then there exists a subse-

quence {gni} of {gn} such that ggni} is convergent.

Proof. Obvious.
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