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SOME FIXED DEGREE THBEOREMS OF GENERALIZED FUZZY MAPPING
Su @uansheng

Hebei Institute of Mechanical and Electrical engineering,
Shijiagzhuang, China.

This paper obtains some new fixed degree theorems of fuzgy
mapping by concept of fixed degree of generalized fuzzy
mappings on the basis of [3).

1. Preliminaries

Throughout this paper (X,d) denotes a complete metric spa-
ce; H(-,-), the Bausdorff metric induced by metrie d; CB(X),
the collection of all non-empty bounded closed sets of X;
AX), the collection of all fuzzy sets in X. Let A e¢FH(X) .,
«€(0,1], we write

SuppA={xeX: A(x)>0);
Ay=(x€X: A(x)=0dl};
Wy =(xeX: A(X)>o;
T=(el: xeX, A(x)=re(0,1)) .
where {g:}cyf(x), ' gf\ is a fuzzy point which takes x as sup-
porting point, A a8 value, i.e.
U=X
Ef\(u):{ for ueX.
0 U$x

Definitionl.1. Let A¢%(X), the mapping F: A—>FR(X) is.
called fuzzy mapping over A. If for each g:gz, we have F(gﬁ)
<4 For convenience' sake, we write F(gf\)alj‘gl}s,thus Fg))&(y)deno-

tes the membership degree of the point y¢X with respect to
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the fuzzy set ng.

. Definition1.2. Let Aefﬁ(X),F be a fuzzy mapping over A,
g e, if ng(x)-o(. then —)\— is called fixed degree of g)\ for

fuzzy mapping F. we write

X A
Dfix(g)\'F)'_)'\' ‘

Specifically, if Dﬁx(gjf,r)ﬂ, i.e. gx(x)-)\, then g‘ is
called fixed point of F. If Fg}\(x)-ﬁ:gf‘gi(u), then we say
that P obtains maximal fixed degree at fuzzy point g‘\ o

Let A€ #(X), F be a fuzzy mapping over A.If for any zésup-
pA there exists a corresponding o(x)e(0,1) such that (yeX : -

ng( gy)utx(x))ECB(X).we can define a set-valued mapping F :
A(xX .
SuppA—>CB(X) as follows:

f‘(x)s(yeX: F§Ax_( gy)ad(x)} - for#xeSuppA (1.1)
X ‘

Clearly, for any xcAuppA, we have F(x) c SuppA,thus for any
ye?(x) we have g{(y)ex. From the definition we can immediate-
ly obtain the following result. |

Lemmal.1((3)). Let A¢(X),F be a fuzzy mapping over A, P
be the set-valued mapping defined by F according to (t.1) .
Then fixed degree of g:( )61 with respect to F is equal +to

ﬁé—}if and only if x is fixed point of the set-walued map-
ping P, i.e. xeF(x)a{yeX ng (y)so((x)}

Lemmat.2((4)). Let A, BECB(X), then for any aéd, gortainly



24

there exists a point b€B such that
(1). For any ¢>0, we have d(a,b)<H(4,B)+€;
(2). For any T»1, we have d(a,b)<rH(4,B).

2. Main resulte

Theorem2.1. Let Ac%(X), <A>rerB(X), 0<r<1, F,G be two
fuzzy mappings over A, if for any x,y€SuppA there are cor-
responding o(x), A(¥)e(r,1) such that (F.x (Goy

g ’ A, el )

€CB(X), and
H( (ng(xgd(x) » (G di(y;ﬂ(y) ) g a.d(XoY')*'b[d(X»(Fg:(x;o((x) )+d(y,

(G‘ {(y%g(y))] +°[d(1.(G§Xugﬁ(y))+d(y.(%§(x;o((x))] .
¥ x,yeSuppA

where a,b,c >0, a+2b+2c« 1 (a,b,c can be function of x,y too
). Then there exists a fuzzy point gﬁx*)ex such that the

common fixedaegree of gﬁx*) for F and G is equal to
*
min{ Alx )} i.e.

x* ’A x*

Desx(Ex(x),A¢)=atn {% TG

pProof. Let #,G: SuppA—»CB(X) be two set-valued mappings
defined by F and G according to (1.}) respectively.By using
lemmal .1, suffice it 0 prove that there exists feSuppA such
that x*e€(P(x*)nG(x*)). |

In fact, for any given X,¢ SuppA,‘ by using definition(1.1)
of F, then F(x,)c SuppA. Takimg X, € ff‘(r,). then ;’uyrc SuppA.
In fact, gﬁvu, Fgﬁlf A, follows from definitions og P
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and ¥ that
1‘40((1 )=F_x N0y §11) 41\(11)
Let u>H(E(x ) G(x.l)) by using lemmal.2(1) there exists x,

e(xy) (xpe<h>,) such that d(xy,x,)¢x ,and

H(B(x,) (%)) < ad(xy,x,)+b(a(xy, Flx)) )+d(xy,6(xy))] +e(dlxy,
6(11 ))+d(X.’ aﬁ(xa))
<ad(x, ,12)+-b[H(G(x1 ) F(xz) )+a(x, ,x,)+0]+c (0

+d(X1 ,x2)+H(a(X1 ) ﬁ‘(xz))

<-?ig—+—c- d(x‘ ,xz) £ Bot

where let -?‘—"'g—"'g-@ since a+2b+20<1 , a,b,c >0, hencs, O<%"—'%+g

=f<1,
By using lemmal.2(1), there existis x3e§(x2) (x3e<A>r)such
that d(xy,xg)<Pol. and
H(B(x,) ,8(x5)) < ad{xp,%3)+0(d(x,F(x) )+a(x5,G(x5))] +eldlx
a(xj))d-d(x}.f‘(xz)))
¢8d(xp,%3)+b[A(xp, x5 )+H(F(x7),G(x5))] +e(d(x;
x3)+H(§(x2).é\x3)))
<HBHC 4(xp,x5) < b
Continuing in this way we can produce a sequence {xn‘,i;ﬂ
c <A>, such that
x2ne@(x2n_1 ), n=1,2,°°
12n+1e§‘(x2n), n=0,1,2,°*"
d(xn,xn+1)<»5no< for r<u<1, 04(5<1.

Next we prove that {x )mﬂ is a Cauchy sequence in X. In

fact for any positive integers k,m we have
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k+m~1 k+m-1 Bk

hence {xn};‘;ﬂ is a Cauchy sequence. v
Let x.—>x*¢X, since <A?€QB(X), hence x*e<A>., tas x*¢
SuppA. _
Now we prove that x*eF(x*), i.e. d(x*,F(x*))=0. In fact,
1f d(x*,F(x*))> 0 we have
d(x*,ﬁ(x*))sd(x*.xzn)ﬁi(xZn,f‘(x*))
<d(x*,xy )+ H(G(x, ), F(x*))
5d(x*,x2n)+a‘.d(xzm__1 ,Jc*)+bl;d(x2n__1 ,a(xan-_.| )
+d(x*, B(x#))] +elalxy, 1, B(x))+a(xn,bx, )] |
<d(x*,x, )+ad(x,, 4 ,x*)+b(d(xy, 4 +X5, )+0+
a(x*,P(x*)) +dd(x,, 4 px*)+d(x*,F(x*))+d(x*, x5, )+0].
lLetting n——>c0 on the right of inequality above, we have
d(x*,F(x*)) < (b+c)a(x*, F(x*))
since b+c<l, this is a contradiction, it follows that d(x*

F(x*))=0 thus x*eP(x*), i.e. 5:5 (x*)ao((x*) thus
A(x*)

Dfix(gA(x*) oF)= f”; ;

similarly we can prove that
X ¥ 6 *
Dfix(gA(x*)'G)'A x¥
Therefore

*) B(x*
Dy (Xl ) N0 =min( AL EELLY

Theorem2.2. Let AeZk(X), <A>¢CB(X), O<r<t, {Fi}f,1 de

a 8equence of fuzzy mappings over A. If for any x,yé€ SuppA
there are corrsponding 0(1(1)6 r,1) (i=1,2,*°),

Fi CB(X),
( X(xgdi(x)e (X)
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and for any positive integers i,j, i*j, we have
l J -
H(F x( o () CFBY, ))‘g(y,)Qad(x.yhbtd(m(Péx(x;o(i(x))-t-d(

yo(Bly ) () +elalx, (By )i o))4a(y, (BEx o (xy)
Ean 4y Bl A U e ()]
¥ x,y Suppi
where a,b,c?0, a+2b+2c<1 (a,b,c can be functions of X,y t00)
Then there exists gﬁx*)ex such that the common fixed degree
* oo .
OfE:(x*) for {Fi}1_1 is equal to inf{I%-(x—f-))—}
The way pyoof of this theorem is analogus to the way of

proof of theorem2.1.

00

Theorem2.3. Let A€F(X), <Aye€CB(X), O<r<l, {F}  be a

sequence of fuzzy mappings over A. For any x,y ¢ SuppA and

any prositive integers i,j,i+j, there are correSpdnding °<i(

x)€ [r,1] . we have (Fix ;0( (x) CB(X) and for any qe(0,1),we
Eax)% |

have
H((-[':gx )o(i(x)v( gy(y))g (y))<qmax {d(xo)')o (I (FEA x, 0(1(

) a(y.(g e (y)>,4[d(x.(r§y e, (,))m(y.(rgﬁ RIS
Then there exists EA(X*)EA such that the common fixed degree
of gA(x*) for {F }i 1 is equal to in.f{o—((—x—*r

Proof. let {Fj) =1 be a sequence of set-valued mapping de-
fined by {Fi};:“ according to (1.1) respectiwely. for any
given x{SuppA, we taking x,eF1 (x,) C SuppA. By using lemmal.2(
1), Then x,eqbrc: SuppA. By using lemmal.2(2),for any T-:1<r<—:—l-
there exists xzef‘.\z(%) and Xx,€<A» . SuppA such that

d(x1 ,xz)srﬁ(l?‘.[(xo),Fz(x1 )).
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By using lemmal.2(1),(2) again, there exists x3e§3(x2) and
x3e<A>rcSuppA, such that

a0 %5 KTH(F, (%) By (xp))

Continuing in this procedure we can produce a sequence {xn

}%’;1 SuppA and x <Ay, (n=1,2,++.) such that

P ( ) 1
xnern xn-1 ’ n= ’2’...

d(xn'xn+1)srﬂ(ﬁn(xn—1)’%n+1(xn))‘
Next we prove that {xn‘}‘;in is a Cauchy sequence in X.In

fact, for any prositive integer n we have

d(xn’xnﬂ )ém(ﬁn(xn—‘l )’%n+1 (xn))
<Yamax{d(x _q4+%.), a(=x ’ﬁn(xnd )), a(
J“n'ﬁnﬂ (x.n...)). Z[d(xn-1 '§n+1 (xn) )+d(xn'§n(xn—1 ))J} |
s‘rqmax{d(xn'_1 ' Xp) s a(x,_4 VX )+0, d(x,,
X ,4)+0, Z[d(xn_1 ,xn)+0+oj}
<Tamax{d(xy_qo3y) s 4lE %5000
since rqd hence for all prositive integer n we have

d(x,, X q )eTad(xy g0 %)< c(ra)®dalx ,xy)

For any prositive integers m,k, we have
k+m-1

d(xy o oxy )< _ d(xy,q0%4)< ﬂ:‘ 1(rq)id(xo,x1 )41(‘]_-—_3%15(%,11)
Hence {Fi}‘zﬂ be a Cauchy sequence in X. Since <A> £CB(X)
hence there exists x*e<A>rCSuppA such that xn__.)x*.

Now we prove for any prositivev,integers i,n,i%n, x*e'F\‘i(
x*) i.e. d(x*.f‘i(x*))ao.

Therwise, if d(x*,f‘i(x*)bo, we have



d(x*, B (x%))sdx*,xy )+d (2, B (x%))

sd(x*.xh)+ﬂiﬁn(xn_1).ﬁi(x*))

<d(x*,x )+quax{d(x,_,,x*), d(xn_1.§n(xn_ﬂ)
a(x*, By (x%)), Blalxy g, By Ge))va(xr, Bo(xy 1))}

<d(x*,x, )+rqmax{d(x, q,x*), dlx _4,x,) +0,
d(x*,ﬁi(x*)).%[dﬁxnr1,xﬁ)+d(xﬁ,ﬁi(x?))+d(x*.xn)+0J)

Letting n—»>c0 on the right side of inequality above, we
have

d(x*,ﬁi(x*))sqd(x*,ﬁi(x?))
since q<! this is a contradiction. It follows that d(x*,%i(
x*))=0. thus x*eﬁi(x*))(i=1.2,---). By using lemmal.! com-

o (x*)
mon fixed degree of {Fi}§i1 is equal to.inf{;%gzjj) .
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