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1. INTRODUCTION

In [1, 21, we introduce some basic concepts of fuzzy ideal the-
ory, as maximal L-fuzzy ideals, prime L-fuzzy ideals and primary
L-fuzzy ideqls and P-primary L-fuzzy ideals. These concepts ére
important to deal with decomposition problems of L-fuzzy ideals.

In this paper ve discuss L-fuzzy ideals with a primary L-fuzzy
decomposition. We define the concepts of primary L-fuzzy decompo-
sition, irredundant L-fuzzy decomposition and normal L-fuzzy deco-
mposition of L-fuzzy ideals which enable us to represent the the-
orem for L-fuzzy decompositions of L-fuzzy ideals. We prove that

a decomposabie L-fuzzy ideal will have only a finite nuiber of
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minimal prime ideals,and that these will be associated with every
primary L-fuzzy decomposition ( Theorem 4.1 ). In particular, we
show that if A is-a decomposable L-fuzzy ideal then the base sets
of the prime L—fuzzy ideals, which are associated with a normal
L-fuzzy decomposition of A, depend only on X, and not on thé par-

ticular normal L-fuzzy decomposition considergd.

2.PRIME L-FUZZY IDEALS AND PRIMARY L-FUZZY IDEALS

Throughout this paper L=(L,<,A,V) will be a completely dis-
tributive lattice with the least element @ and the greatest ele-
ment 1. Let X be a nonempty (usual) set. An L-fuzzy set in X is

a map A: X—~L, and the set of all L-fuzzy sets in X is denoted by
F(X)={AiA:X~L}

It is easily seen that F(X)=(F(X), <, A,V) is a completely dis-
tributive lattice with a least element @ and a greatest element j
in natural manner, where @(x)=@, §(x)=1 for all XeX.

Ve recall some basic definitions and propositions in the paper

{1,2] for reference purposes.

DEFINITION 2.1 Let X=(X,+,*) be a ring, and A¢F(X), A%Q . A will
be called an L-fuzzy ideal in X, iff

(1) AMX) AA(Y)<A(x-y) for all x,yeX;

(2) A(x) VA(y)<A(x-y) for all x,yeX.

And 1(X) will denote the set of all L-fuzzy ideals in X.

DEFINITION 2.2 Let A be an L-fuzzy subring of a ring X. Then the

set
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Xa={XeXIA(X)=A(0)}

where @ is the zero element in X, is called a base set of A.

We will follow the convention that X is tacitly assumed to be a

commutative ring vith a unit element e and a zero element 0.

DEFINITION 2.3 Let Aei(X). A is called a prime L-fuzzy ideal, if

for x,yeX, A(xy)=A(0) implies A(x)=A(@) or A(y)=A(0).

DEFINITION 2.4 Let Ael(X). A is called a primary L-fuzzy ideal
in X, if for x,yeX, A(Xxy)=A(0) and A(Xx)#A(Q) implies Aly")=A(0)

for some positive integer n.

THEOREM 2.1 Let PeI(X) and Q be a given primary L-fuzzy ideal,
and let X,={x:P(x)=P(0)} denote the base set of P such that
Q(x™)=Q(®) for at least one positive integal of n. Then

(1) P is a prime L-fuzzy ideal.

(2) XgS¥p.

(3) Xp is contained in base set of every other prime L-fuzzy

ideal which contains Xg.
(See {2, Theoream 3.11)

DEFINITIQN 2.5 If Q {s a primary L-fuzzy ideal and P is the pri-
ge L-fuzzy ideal of Theorem 2.1,ve shall say that Q belongs to P,
and also that Q is a P-primary L-fuzzy ideal.Expressed in another
way, if Q is a primary L-fuzzy ideal and P is the prime L-fuzzy
ideal of Theorem 2.1, we shall say that Xp is a minimal prime

ideal of the primary ideal Xg.

THEOREM 2.2 Suppose that P’,Q’¢1(X) for which the following
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conditions are satisfied:
(1) Xg X .
(2) lf‘P’(x)-P’(O), then Q’(x")-Q’(O) for some positive
integer n.
(3) If Q' (xy)=Q’(@) and Q' (x)#Q’(0), then P’(y)=P’(@).
In these circumsfances P’ is a prime L-fuzzy ideal, and Q" is a

P’-primary L-fuzzy ideal.
(See (2, Theorea 3.21)

PROPOSITION 2.1 Q is a P-primary L-fuzzy ideal iff Xg is a

xp—prinary ideal.
(See [2, Proposition 3.31)

PROPOSITION 2.2 Let A, Bel(X). if Q is P-primary L-fuzzy ideal,

XaXp SXg and X, ¢Xg, then X <Xp.
(See [2, Proposition 3.21)

PROPOSITION 2.3 Let A¢l(X). If Q is P-primary L-fuzzy ideal and

Xp € Xp, then Xg:iXp=Xg.

Proof. By Proposition 2.1, Xg is X -primary ideal. By (5, '(4) of
Proposition 1, p.71, Xp(Xg:Xq)SXg, hence, by our hypotheses and
bmemHMnLLXwMS&.mmminmym%,%s%mm

this proves our assertion.

PROPOSITION 2.4 If Q, Q, ..., Q, are all of them P-primary

L-fuzzy ideals, then XQ=X®nXaJr~nXQn is a Xp-prinary ideal.

Proof. By Proposition 2.1, X, x&’ vooy Kg, are all of thea
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Xp-primary ideals. Proposition 2.4 nov follows from [4, Proposi-

tion 4, p.121.

PROPOSITION 2.5 Let Ael(X). If Q is a P-primary L-fuzzy ideal
and if X, is an ideal not contained in Xy, then Xq:Xa is a

Xp-primary ideal. Ivf Xa =Xg then Xg:Xz=(e).

Proof. By [2, Proposition 2.21 and Proposition 2.1, XA is an
ideal and Xy is Xp-primary ideal. If &AEEXQ then every element

of the ring X is in XQ:XA, so that XQ:XA=(e). Suppose now that

Xa €Xq and put Xg =X, :Xs, ve shall apply Theorea 2.2 to @’ and

P. Since X, ¢X, we can find a,¢X, so that a,¢Xg. If now yeXg then
a, y€Xq and a°¢XQ. By Proposition 2.1, Xg is a Xp-primary ideal.
Consequently yeXp, which proves that Xe'SXP' Again, if P(x)-P(ﬁ),
then with a suitable integer m we have 0(x")-0(0),i.e.‘x”exaﬁixea
Hence Q’(x™)=Q’(@). Finally, assume that Q'(bc)=Q’(®) and that
Q(b)#Q(0), i.e. bceXy and bi¢Xg < Xg . Then for any aexA ve have
abceXg < Xg and béXg=X,, , i.e. Q' (abc)=Q’(0) and Q' (b)#Q’(0), so
that aceXP, i.e. P(ac)=P(@). By Theorem 2.2, Q" is P-primary
L-fuzzy ideal. Therefore, Xd=XG:XAis a XP-primary ideal from

Proposition 2.1,

PROPOSITION 2.6 Let A¢l(X) and P,, P,, ..., P, be prime L-fuzzy
ideals. If none of XP.’ sz, ey XP.. contains XA, then there exists

an element a¢X, such that no XP~ contains a.

Proof. By 12, Proposition 2.2 and Theorem 2.2], X, is an ideal
and XP.' )9’2' cees XP,, are prime ideals, hence, Proposition 2.6

follows from our hypotheses and by {5, Proposition 6, p.12].
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3. THE L-FUZZY IDEAL GENERATED BY AN L-FUZZY SET

DEFINITION 3.1 Let A¢F(X), A#0 . Then L-fuzzy set (A) is defi-

ned as follows:

W= A B
AsBel (X)

It is clear that (A)¢l(X), and (A) is called an L-fuzzy ideal

generated by A.

In fact, we have, for any Xx,yeX,

A A=t AN BOXOIAL AN C(y)}
AsBel (X) A<Cel (X)

= AN B(x) AC(y)

A<BAC
B,CeI(X)

< AN B(x) AB(y)
AsBel(X)

< AN Bx-y)
AsBel (X)

=(A) (X~y)

and

WX VMy={t AN  BIV{ AN Cy}
AsBeI(X) A<Cel (X)

= /N BXX)VCy)
A<BAC
B,CeI(X)

< /A BWX)VB(Y)
A<BEI (X)

€ N\ Blxy)
A<Bel (X)

= (A)(Xy)
By Definition 2.1, (A)<I(X).

PROPOSITION 3.1 The L-fuzzy ideal (1) is a prime L-fuzzy ideal,

and Xg,=(e) and there are no X.g,-primary ideals other than X,
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itself.

Proof. Assume that (I)(xy)=(1)(@) for X, y¢X. On one hand,

1=1(x)= VvV  BX)=(D(x) < (@D)X) YD (y) < (D) (xy);
1<Be] (X)

on the other hand,

(DxY)=(D@= V B(@)=1(0)=1
1<Bel (X)

Thus in either case we have shown that (1) (x)=(1)(@). By
Definition 2.3, (1) is a prime L-fuzzy ideal.

The second assertion of Proposition 3.1 is obvious.

4, DECOMPOSABLE L-FUZZY IDEALS

DEFINITION 4.1 Let Q,, Q,, ...,'Qn be primary L-fuzzy ideals and
the Ael(X). If X, can be expressed in the form

Xp=Xg, Xg, 00Xy, ,
we shall say that we have a primary L-fuzzy decomposition of A,
and the individual Q; will be called the primary L-fuzzy compo-

nents of the decompsition.

THEOREM 4.1 Let A¢l(X) and Q; be Pi—brimary L-fuzzy ideal for

1 <i<n, If X,=Xg 0 Xgn--N Xg,. Then any prime ideal vhich contains
X, must contain at least one of the XR;; the minimal prime ideals
of X4 are just those prime ideals Xﬁ which do not strictly contain

any other Xp .
J

Proof. By Proposition 2.1, Xafis X&—priuary jdeal for 1 si<n.
Let XP be a prime ideal containing X,, then.

XO'XQI"' XQ'\E Xa'{‘ Xa’n"'(‘XQnsx P ’
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consequently, by (2, Proposition 2.4}, we can choose i so that

XQ‘EXP , and then, by Theorem 2.1, XP_SZXP . This proves the first
] 1

assertion, and the second assertion follows from the first simply

by applying Definition 2.5.

Theorem 4.1 shows that a decomposable L-fuzzy ideal iwill have
only a finite number of minimal prime ideals, and that these will
be associated with every primary L-fuzzy decomposition. We shall
now consider what further properties two different L-fuzzy decom-
positions of a given L-fuzzy ideal vill have in coamon. Subpose
that Q; is P -primary L-fuzzy ideal for 1 <i<n and that

Xp=Xq,0 Xg,n0Xg, 3
it may happen that X, X%, ceey Xpnare not all distinct. Let us
suppose that
X&|=X&z=n-=qu=xp R
then, by Proposition 2.4,
| Xei'n Xg, N0 Xeir?XQ
is a P-primary ideal, so that we may replace all of th’ X&§,~~,

X, by the single primary ideal X& . Again, if XQ_contains the
]

Q“r

intersection of the remaining ngit may be left out altogether.

DEFINITION 4.2 An L-fuzzy decoaposition in which no base set XQi
of P,-primary L-fuzzy ideal Q; contains the intersection of the
regaining base set X@jof Pj—prinary L-fuzzy ideal Qj is called an
irredundant L-fuzzy decomposition, and an irredandant L-fuzzy
decomposition, in which the base sets of the prime L-fuzzy ideals
belonging to the various primary L-fuzzy components are all dif-

ferent, is called a normal L-fuzzy decomposition.
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THEOREM 4.2 Suppose that the L-fuzzy ideal A has a primary L-fu-
zzy decomposition, and let

X4=Xs,0 Xg,0-0Xg, =Xy NXgy0-0Xg,
be two normal L-fuzzy decompositions of A, where Q; is P, -primary
L-fuzzy ideal and 03- is Pj’-prilary L-fuzzy ideal. Then m=n, and
it is possible to number the L-fuzzy components in such a way that

Xﬂ'sx’/i
for 1 <ix<m=n.

Proof. By Proposition 2.1, X@i is Xpi-prilary ideal for l<i<m
and X&) is X',J_:—prinary ideal for 1 <j<=n. If A=(1) the assertion is
trivial from Proposition 3.1. We may suppose therefore that Av+(1),
in which case all the prime ideals

Xp, o Koo 7s Koo Xpls Xpr o Xy
are proper. From this set of prime ideals we select one which is
not strictly contained by any of the others. Without loss of
generality we may suppose that the one which has been selected is
Xp, - We assert that Xp ~occurs among XP,’ s XP,’ sy XP/" . To prove
this it will be enough to show that XP”EXP)g for some j, and, by
Theorem 2.1, the latter assertion will follov if ve show that
Xo. S Xp:i for some j. We shall now assume that for every j we have
Xaméxp,j and derive a contradiction. By Proposition 2.3, X@'j:XQM-X(,:‘:j ,
consequent ly, by [5, (5) of Proposition 1, p.71,

xA:X&M=(XQ'|:XQm) 0 (Xg’jxamm"'“ (Xa:\:XQM)

=ng“ .n~-(|XQ,"

=XA
But, on one hand, if 1 < iQI, XPM$XP.; (otherwise we should have

XP..=XV1‘ )} and therefore Xa...**xpj , again by Proposition 2.3,
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&%:xﬁm=xai; and, on the other hand, XQJX&:X(”=(9). These relation
show that
XA‘xam=(x65X&n)(‘(Xafxam)“"'“(xamjxam)’\(ngxam)
=X an XQ,(\"’" XQM—’\

but, since we already knov that XA:XQ:XA , Wwe have proved that

x/‘\sxﬂ\ (\ X&l(\“n XQM:|
This, however, contradicts the hypotheses that the given decompo-
sitions are normal L-fuzzy decompositionms.

Now that it has been proved the XP.-\ OCCUr'S among XP:, xr’;'"' X',,'1 s
wve may, without loss of generality, suppose that X&fxpf. Put
Xa=XaJ1X A then, by Proposition 2.4, Xa is a primary ideal;belong-
ing to Xp =X, . Also, in:xa=fo for 1si<m and xé":xa-x(,,-(e) -—-
the first relation follows from the fact that since Xl’.-'d*xh » Xa
is not contained in X, , while the second follows from X <X  ---

P &~ "Qm

consequent 1y

Xa:Xg=Xg, 0 Xg 00 Xg,,:
An exactly similar argument shows that

XA‘XQ’XG'.”Xa’,“"'"XQ’,\_:
hence

Xg,0 Xg, 10 Xg =Xy O Koy O 0gr,
and, moreover, both decompositions are normal L-fuzzy decomposi-
tions. We have, therefore, a situation entirely similar to that
vith which we started, conseqgently we can renumber the L-fuzzy
components in such a way that we have XH”=Xﬁm|and

X&(\ X500 XQ.‘_?XM 0 Xaz'(\'"(\x 'n .
It is now clear that the theorem will be established if we show

that m=n. But suppose, for example, that a@<n, then after m steps

ve shouid obtain
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(B):X“)s)(@in Xaz(\...(\xan-"g ',q XP;(‘"'QX ',

n-m

which is not possible since all the XPf are proper ideals.

J

Theorem 4.2 shows that if A is a decomposable L-fuzzy ideal

then the base sets of the prime L-fuzzy ideals, which are asso-

ciated with a normal L-fuzzy decomposition of A, depend only on

X4 and not on the particular normal L-fuzzy decomposition consi-

dered.
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